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(a) [0, 1] (0)| ;| OF. | ;| 


1 1 1 3 
a) — b) — Cc) dj 
oe Oar Sos Oo. 
If the letters of the word ASSASSIN are written down in a row, the probability that no two Ss occur together, is 
1 1 1 1 
a) — b) — GC) d)— 
35 5 cr 35 


A box contains 2 black, 4 white and 3 red balls. One ball is drawn at random from the box and kept aside. From 
the remaining balls in the box another ball is drawn and kept beside the first. This process is repeated till all the 
balls are drawn from the box. The probability that the balls drawn from the box are in the sequence 2 black, 4 
white and 3 red, is 


(a) 


1 1 1 
ss c 
126 


OY a5 ( Por a) E0 


If three distinct numbers are chosen randomly from the first 100 natural numbers, then the probability that all 
three of them are divisible by both 2 and 3, is 


(a) 4 (b) 4 : 


4 
aie =e (c) an 
55 35 33 


(d) ase 


There are 2 vans each having numbered seats, 3 in the front and 4 at the back. There are 3 girls and 9 boys to 
be seated in the vans. The probability of 3 girls sitting together in a back row on adjacent seats, is 
1 1 1 1 
a) — b) — (o) ees d) — 
5 °) 39 (65 ) o1 


Aand B stand in a ring along with 10 other persons. If the arrangement is at random, then the probability that 
there are exactly 3 persons between A and B, is 
(a) 1 2 3 


= (b) (c) = (d) 


2 = 
11 1 


11 


= 


The first 12 letters of English alphabet are written down at random in a row. The probability that there are 
exactly 4 letters between A and B, is 


(a)! (b) " u 


5 
ae os (Cc) —- 
33 66 99 


33 
Six boys and six girls sit in a row randomly. The probability that the six girls sit together or the boys and girls sit 
alternately, is 
3 1 2 4 
a) —— b) —— c)—— d) — 
() 308 °) 00 ©) 508 *) 207 


(d) 


If from each of three boxes containing 3 white and 1 black, 2 white and 2 black, 1 white and 3 black balls, one 
ball is drawn, the probability of drawing 2 white and 1 black ball, is 


13 1 1 3 
a) — b)— c) — d) = 
ya Oy Ses Oey 
The probability that a year chosen at random has 53 Sundays, is 

i] 3 5 3 
a)= b) = C) = dy 
( Me ( Me ( Mg ( P56 


If the letters of the word MATHEMATICS are arranged arbitrarily, the probability that C comes before E, E 
before H, H before | and | before S, is 


3 1 1 1 
er Oe 


Session 2 
Some Important Symbols, Conditional Probability 


Some Important Symbols > P(AUB)=P(A)+P(B)-P(AN B) 


If A, B and C are any three events, then Rana 


(i) AM Bor AB denotes the event of simultaneous lf Aand Bare mutually exclusive events, then AN B= 6. 
occurrence of both the events A and B. Hence, P(An B) =0. 


(ii) AU Bor A+ B denotes the event of occurrence of “ P(AUB) = P(A) + PCB) 


atleast one of the events A or B. (b) P (exactly one of A, B occurs) 
(iii) A — B denotes the occurrence of event A but not B. =P(AN B)+P(AN B) 
(iv) A denotes the not occurrence of event A. = P(A) — P(AN B) + P(B) — P(AN B) 
(v) AN B denotes the occurrence of event A but not B. = P(A) + P(B) -2P(An B) 
(vi) AM B=(AU B) denotes the occurrence of neither 
= P(AU B)- P(AN B) 
A nor B. ; 
(vii) AU BUC denotes the occurrence of atleast one (c) P (neither ance #) ee 
event A, BorC. =P(AN B)=P(AU B)=1-P(AU B) 
(viii) (AM B)U (AN B) denotes the occurrence of 
exactly one of A and B. Remark 
(ix) AM Bo C denotes the occurrence of all three P(AUB)=1~-P(ANB) 
A, Band C. 2. If A, B and C are three events, then 
(x) (AN BN C)U(AN BN C)U(AN BN C)denotes (a) P(AU BUC) = P(A) + P(B) + P(C) — P(AN B) 
the occurrence of exactly two of A, B and C. ~P(BAC)—P(CA A) + P(AN BAC) 
eiuel with the help of figures — 
lf A Band Care mutually exclusive events, then 
F ao U ANB=06,BAC=6, CNA=06, ANBNC=0 
Yj = P(ANB) =0,P(BAC) =0,P(C AA) =0, P(ANBOC) =0 
PAU BUC) =P(A) + P(B) + P(C) 
Y ae General form of Addition Theorem of Probability 
a AQBOC 


P(A,U A, U...U A) =¥ P(A) - FPA Aj) 


i<j 


y 


+ SY P(A;N AGO Ay) - 


isziale| i<j<k 
et (-1)"7 P(ALA AQ... A,) 
Important Results — 
Remark 
ac Aone 2 ane aupitery events, thet IfA,, Ao, «., Ap are mutually exclusive events, then 
(a) P(AU B) = P(A) + P(B) — P(AN B) FPA AA) =0, PPA AA A) =0 
Proof Let S be the sample space. Since, we know that i<j i<j<k 
n(AU B)=n(A) +n(B) —n(AN B) and a a 
n(Av B) _n(A) , n(B) n(An B) = P(AVAYU.W.UA) = HP(A) 
= i=1 


n(S) n(S) n(S) n(S) 


698 = Textbook of Algebra 


(b) P (atleast two of A, B, C occur) 
=P(AN B)+P(BOC)+P(CO A) 
—2P(AN BOC) 
(c) P (exactly two of A, B, C occur) 
=P(AN B)+P(BOC)+P(CO A) 
—3P(AN BOC) 
(d) P (exactly one of A, B, C occur) 
= P(A)+ P(B)+ P(C)— 2P(AnN B)- 2P(BNC) 
—2P(CXO A)+3P(AN BOC) 
3. (a) If A;, Ay,.... A, are independent events, then 
P(A, ON AQ ...0 Ayn) = P(A) P(A2)... P(A) 
(b) If Ay, Ag,.... A, are mutually exclusive events, then 
P(A,;UA,U...U A,) 
= P(A,)+ P(A2)+...+ P(A,) 
(c) If A,, Ag, ..., A, are exhaustive events, then 
P(A,;U A2gU...U A,) = 1 
(d) If A;, Ag, .... A, are mutually exclusive and 
exhaustive events, then 
P(A, U AN... An) 
= P(A,)+ P(A,)+...+ P(A,) =1 
4. If A,, A,,..., A, are n events, then 
(a) P(A; UA2U..U Ay) S$ P(A}) + P(Ag)+...+ P(An) 
(b) P(A;AN AQ... A,)21-P(A,) — P(A2) 


..— P(A,) 
Important Result 


If E, and E, are independent events, then 
(a) E, and E, are independent events. 
(b) E, and E, are independent events. 
(c) E, and E, are independent events. 
Proof Given, E, and E£, are independent events, then 
P(E; 0 E,) = P(E): P(E2) 
(a) P(E, 0 E2)= P(E,)— P(E, 9 Ep) 
=P(E,)—P(E,)- P(E2) 
= P(E,)[1~ P(Ez)]= P(E;)- P(E2) 
So, E, and E> are independent events. 
(b) Same as in part (i). 
(c) P(E, O E2)= P(E, U Ep) 
=1- PEE, VU E,)=1-[P(E,) + P(E2)- PE,  E,)] 
=1— P(E, )— P(E2) + P(Ei) PE2) 
= P(E, )— P(E) — P(Ey)] 
= P(E,)~ P(E2): P(E)= P(E;)[1~ P(E,)] 
= P(E,) P(E.) 


Remark 


ITE), Eo, ...,E, are independent events, 
then P(E, UE, U... UE, ) 
=1- P(E, Up U... UE) =1- PIE, AB N,N EQ) 


, 


== P(E,)« PES) ... PUE,) 


Example 7. For a post, three persons A, B and C 
appear in the interiew. The probability of A being 
selected is twice that of B and the probability of B 
being selected is thrice that of C. What are the 


individual probabilities of A, B and C being selected? 
Sol. Let E,, E, and E; be the events of selection of A, B and C 


respectively. 
Let P(E;)=x. 
Then, P(E,)=3P(E3)=3x and P(E,) =2P(E,) = 6x 


Since, E,, E, and E, are mutually exclusive and exhaustive 
events. 


P(E, UE, UE;) = P(E,) + P(E,) + P(E3) =1 
P(E,) + P(E) + P(E3) =1 
=> 6x+3x+x=1 


Hence, P(E,) =6x = 23 
10 5 


3 1 
P(E,) =3x = —and P(E,) = x = — 
(E;) rf (E3) A 


Example 8. If A and B are independent events, the 
probability that both A and B occur is : and the 


probability that none of them occurs is = Find the 


probability of the occurrence of A. 


Sol. We have, 
P(A OB) === P(A) P(B) =~ Ai) 
[A and B are independent] 
and P(AMB)= “=> A) PCB) == 
— (1- P(A))(1~ P(B)) = 
a 1- P(A) P(B)+ ss : [from Eq, (i)] 
= P(A) + P(B) = - Gi 


The quadratic equation whose roots are P(A) and P(B) is 
x? —[P(A)+ P(B)]x + P(A): P(B) =0 
3 
2 


- a + ; =0 [from Eqs. (i) and (ii)] 


=> x 


or 8x7 -6x+1=0 or x= 


> 


Hence, P(A) == or 


1 1 
20 4 
Example 9. A and B are two candidates seeking 
admission in IIT. The probability that A is selected is 
0.5 and the probability that both A and B are selected 
is atmost 0.3. Is it possible that the probability of B 
getting selected is 0.9? 
Sol. Let E, and E, are the events of A and B selected, respectively. 
Given, P(E, A E,) <03 and P(E,) = 0.5 
Since, P(E, U E) = P(E,)+ P(Ex) — P(E; 0 Ep) 
P(E, UE») <1 
P(E,) + P(E,)— P(E; A Ey) <1 


= P(E,) + P(Ey) <1+P(E, A Ep) 
=> 05+ P(E,) <1+03 = P(E,) <08 
Hence, P(E,) #0.9 


Example 10. Let A, B and C be three events. If the 
probability of occurring exactly one event out of A and 
Bis1—a, out of B and C is 1—2a, out of C and A is 
1—a and that of occurring three events simultaneously 
is a’, then prove that the probability that atleast one 


. : 1 
out of A, B and C will occur is greater than = 


Sol. Given, 
P(A) + P(B)-2P(A A B)=1-a (i) 
P(B) + P(C)-2P(BNC)=1-2a (ii) 
and P(C)+P(A)-2P(C A A)=1-a ...(iii) 
: P(ANBNC)=a@ ...(iv) 


“. P(A U BUC) = P(A) + P(B) + P(C) — P(A OB) 
—-P(BAC)-P(CNA)+P(ANBNC) 


- 5 {PCA) + P(B) —2P(A A B) + P(B) + P(C)-2P(BAC) 
+ P(C) + P(A) -2P(C 1 A)} + P(ANBAC) 


{1-a+1-2a+1-a}+a’ [from Eqs. (i), (ii), (iii) and (iv)] 


1 


1 
=~-2a+a’ =(a-1)? +=>= [a#1] 
2 2 


Example 11. If A,B and C are three events, such that 
P(A) = 0.3, P(B) = 04, P(C) = 08, P(AB) = 0.08, 

P(AC) = 028, P(ABC) = 0.09. If P(AUBUC) = 075, then 
show that P(BC) lies in the interval 0.23 < x < O48. 


Sol. Let P(BC) = x 


P(A UBUC)= P(A) + P(B) + P(C) — P(AB) 
— P(BC) — P(CA)+ P(ABC) 


Since, 
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=0.3+0.4 +0.8—-0.08- x — 0.28+0.09 = 123-— x 
But given that, P(A UBUC)2075and P(A UBUC)S1 
0.75 $1.23 0.75 2-123+x2-1 
or 1.23 -0.75 2x 2123-1 or 0.23< x £0.48 


x<s1> 


Conditional Probability 


The probability of occurrence of an event E,, given that 
E, has already occurred is called the conditional 
probability of occurrence of E, on the condition that E, 


has already occurred, it is denoted by P (= : 
2 


n(E, 1 E;) 
Thus, °(2)- EOE ge. UV) 
2 P(E) n(E2) 
n(S) 
- _ mE, O E;) 
n(E2) 
Remark 


1. If£, and E, are independent events, then (2 = P(Eo) 


2. If£, and E, are two events such that Eo # 9, 


hen P tal +P et =] 
Es Es 


3. If E,, Eo, Es, ..., &, are independent events, then 
P(E, U Ep VU E3U...UE,) = 1- P(E,)- P(Eo)- P(E3)...P(En ) 
. If &, Eo and E3 are three events such that &, # 6, EE # o, then 
PE, vy nE,) = PCE) -P| £2 |.P| 63 
E, E,E, 


Generalised form 


wy Ey Ep Eg...E,_1 # 9, then P(E, AEs NE3 A... Ep) 


=r6) (2). Es ial = }[ En } 
E) (66) \eee) (eee. 


Example 12. Two dice are thrown. Find the 
probability that the sum of the numbers coming up on 
them is 9, if it is known that the number 5 always 
occurs on the first dice. 
Sol. Let S be the sample space 
S= (1,2, 3,4, 5, 6} x {1, 2, 3,4, 5,6} 
n(S) = 36 
and let E, = The event that the sum of the numbers coming 
up is 9. 


If Ej, Eo, E3,....E,) are nevents such that £, # 6, & Eo #0, ££ Es # 4, 


E, = The event of occurrence of 5 on the first dice. 
E, al {(3, 6), (6, 3), (4, 5), (5, 4)} 
n(E,)=4 


and 
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and E, = {(5, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6)} Sol. Let S be the sample space. 
n(E,)=6 If n(S)= 100, then 
E, OE, = {(5, 4)} E, = The event that the student chosen fail in English 
n(E; 0 E,)=1 “. n(E,) = 30 
Mone P(E, 0 Ey) = n(E, 0 E2) _ 1 and E, = The event that the student chosen fail in Hindi 
n(S) 36 1. n(Ey)=20and n(E, 0 Ey) =10 
n(E2) 6 1 n(E,) 
and P(E,)= == P(E,)= 2 
“ n(S) 36-6 (Ez) n(S) 
.. Required probability, _ 20 1 
ee Ea 100 5 
f ‘|= (Eo 2) = 36-1 and PUB, A F,)= ME OEs) _ 10 _ 1 
E, FED) a 2 sali n(S) 100 10 
1 
E E,QE 1 10 
Aliter : ')= nts 0 Fa) . Required probability, P a OES) 2 10.32 
E> n(E,.) 6 E, P(E) i 2 
5 
s Ss te 
Example 13. In a Class, 30% students fail in English; ‘i p( 21) _ (EOF) 
20% students fail in Hindi and 10% students fail in wer Ee! Ae 
English and Hindi both. A student is chosen at random, 
then what is the probability that he will fail in English, 2S) 
if he has failed in Hindi? ae 
Exercise for Session 2 
1 If P(A) =0-8, P(B) =0-5, then P(AMB) ies in the interval 
(a) [0-2 0-5] (b) [0- 2, 0-3] (c) [0- 3, 0- 5] (d) [0: 1 0-5] 
2 IfP(A)= > P(B) = and P(AMB) = =then the value of P(AMB), is 
3 5 7 9 
a) — b) — c) — () 
er O35 3 O33 
3 \fAandBare independent events such that P(A 7B ) = 2 and P(AMB) = > then P(B) is 
‘l 1 4 5 
a) — b) — c) — d)< 
( i ( Me ( i ( i 
4 \f Aand B are two events such that P(AVUB) = 2, P(A) = > P(B)= . then A and B are 
(a) mutually exclusive (b) dependent (c) independent (d) None of these 
5 |f A,B and C are mutually exclusive and exhaustive events associated with a random experiment. If 
P(B)= 5 P(A) and P(C) = 5P(B) then P(A) is equal to 
2 4 6 8 
a) — b) — Cc) d)— 
53 0) 53 33 O33 
6 \f Aand B are two events, then P(A)+P(B)=2P(A7B) if and only if 
(a) P(A) + P(B) = 1 (b) P(A) = P(B) (c) P(A) + P(B) > 1 (d) None of these 
7 \f Aand B are two events such that P(A MB) = > P(AAB) = - and P(A) = P(B) = p, then p is equal to 
17 19 21 23 
a) — b) — 6). = d)< 
Or, 0) 20 70 0 


10 


11 


12 


13 


14 


15 
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If A and B are two events such that P(A UB) = - P(AMB) = ; P(A) = a Then (AMB)is equal to 
2 3 5 1 

a) — b) = c)= d)— 

( Pe ( Me ( ( Mf 


If P(B) = - P(ANBOC)= : and P(ANBOC)= ; then P(B AC) is equal to 


1 
(5 0) 5 7 3 


If Aand B are two events such that P(A) >0 and P(B) # 1, then P (2) is equal to 


(a) 1-P(2 (0) 1-P(5) (c) ee (d) a 

If P(A) = 4 P(B) = 2 and P(AUB) = . then P (4) is equal to 

(a) (0). (4 (a) 

If two events A and B are such that P(A) = 0-3, P(B) =0-4 and P(AMB) =0-5, then P 5 =| is equal to 
(a) (0) 2 (2 (a3 
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Two dice are thrown. The probability that the number appeared have a sum of 8. If it is known that the second 


die always exhibits 4, is 


5 1 2 1 
a) = b)— c)— d)— 
(a) . (b) (c) 5 (d) 5 
Ais targetting to B, B and C are targetting to A. The probability of hitting the target by A, B and C are = > 
respectively. If Ais hit, the probability that B hits the target and C does not, is 

1 1 2 3 
a) — b)— c)— d= 
(a) (b) : (c) - (d) r 

A B 

If Aand B are two events such that ANB +0, P B =P 7 . Then, 


(a)A=B (b) P(A) = P(B) 
(c) Aand B are independent (d) All of these 


wo] oa 


Session 3 


Total Probability Theorem, Baye’s Theorem or 


Inverse Probability 


Total Probability Theorem 


Let E,, Ey,..., E, ben mutually exclusive and exhaustive 


events ie.,E; 0 E; = fori # jand|JE; =S. 
i=l 
Suppose that, P(E;)>0,V1Sisn 


Then for any event E 
= E 
P(E)= 5 P(E;)- P| — 


Proof Since, F,, E,...,E, are disjoint 


W EO E,, EO Ey,...,EQ E, are also disjoint. 


p-ens=eo( Ye: |-Uter E;) 


i=1 


Now, 


_N ye ¥ pre). P| £& 
a ee 2 P(E) (2) 


Example 14. The probability that certain electronic 
component fails, when first used is 0.10. If it does not 
fail immediately, then the probability that it lasts for 
one year is 0.99. What is the probability that a new 
component will last for one year? 
Sol. Given probability of electronic component fails, when first 
used = 0.10 
ie., P(F) = 0.10 
P(F) =1— P(F) = 0.90 
and let P(Y) = Probability of new component to last for one 
year 
P(F) + P(F)=1 
Obviously, the two events are mutually exclusive and 
exhaustive 


P zZ = (and P z = 0.99 
F F 


P(Y) = mye] + POP). of) 
F F 


= 0,10 x0+ 0.90 x 0.99 
=0 + (0.9) (0.99) = 0.891 


Example 15. Three groups A, B and C are contesting 
for positions on the Board of Directors of a company. 
The probabilities of their winning are 0.5, 0.3 and 0.2, 
respectively. If the group A wins, then the probability 
of introducing a new product is 0.7 and the 
corresponding probabilities for groups B and C are 0.6 
and 0.5, respectively. Find the probability that the new 
product will be introduced. 


Sol. Given, P(A) = 05, P(B) = 03 and P(C) = 02 


P(A) + P(B)+ P(C)=1 
Then, events A, B, C are exhaustive. 


If P(E) = Probability of introducing a new product, then as 
given 


P Z = 07,P ' = 0.6 and P = = 05 
A B Cc 


E E E 
P(E) = a)-7( 5] + 18)-F( 5) + cya 4) 


= 0.5 X 0.7 + 03 X 0.6 + 0.2 x 0.5 
= 0.35 + 0.18 + 0.10 = 0.63 


Example 16. An urn contains 2 white and 2 black 
balls. A ball is drawn at random. If it is white, it is not 
replace into urn, otherwise it is replaced along with 
another ball of the same colour. The process is 
repeated, find the probability that the third ball drawn 
is black. 


Sol. For the first two draw, the balls taken out may be 


Let EF, = White and White; 
E, = Black and White; 


E, = White and Black 
E, = Black and Black 


P(E,) = ow)-7() = a =< 

P(E>) = Pow) 2( = |= or 

P(E3) = (5) PF) = =< 
and P(E,) = (8)-2( 5) 7 a -= 
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a 3 
2. P(E) + P(Ez) + P(Es) + P(Ey)= 2+ + 2+ Remark 
10+ 20412418 ; The probabilities P(E.) and P (= : ‘are known as priori and 
60 posteriori probabilities, respectively. 


Then, events E, E, E; and E, are exhaustive. Obviously, Remarks We can visualise a tree structure here 
these events are mutually exclusive, then P(A) = p, P(B) = 


(2)=2-4e{2)=! Bema) 


E, 2 E, 4 P(A)=0 P(Z)=4 
= |= Pa Pia |= % 
B) 3 B) 4 2 B 7 
P =—and P =—= 
E,) 4 E,) 6 3 q, -R 
«. Required probability, KO 
p Ge 
P(B) = P(E,)-P| =| + P(z,)-P| & O q, -R 
E, £, OS 


B B 
+P(E3)- P| — |+ P(E,)- P| — 
(Es) (2 (E,) (2) Ap T 
1 1. 3.1.3 I we are toting P{ “) we go 
=-xX1+-x—+-x—+—x R R 
6 3 4 5 4 10 3 p(a)-P() 
. p(A)- A 
ee en “ R P(A p(B P(B AR 
6 4 20 5 (A): (5) + e@--(Z) 
_10+15+9+12 46 23 
60 60 30 Example 17. A bag A contains 2 white and 3 red balls 


and a bag B contains 4 white and 5 red balls. One ball 
is drawn at random from one of the bags and it is 


Baye's Theorem or found to be red. Then, find the probability that it was 


drawn from the bag B. 


Inverse Pro ba bility Sol. Let E, = The event of ball being drawn from bag A. 


If an event E can occur only with one of the n mutually E, = The event of ball being drawn from bag B. 
exclusive and exhaustive events E,, E,, E3,..., E, and the and E = The event of ball being red. 
probabilities P(E / E,), P(E/ E,), .... P(E / E,,) are known, Since, both the bag are equally likely to be selected, therefore 
aa Hiny=FiEi= = und of |= and of |=) 
Pe) P(E] 2 EJ 5 ») 9 
P Ex _ Ex .. Required probability, 
$rcey-?[ 2) ey» E | 
k=1 Ex of @ 7 E, 
E EB E 

Proof The event E occurs with one of the n mutually P(E,)- fz + P(E): fz | 


exclusive and exhaustive events E,, Ey, E3,..., E,, then 


1.5 5 
E=EE, + EE, + EE3+...1+EE, a ; A ae 
= P(E)=P(EE,)+P(EE,)+P(EE3)+...+P(EE,) foot et 88 a 


= PEE) = PEs) AZ] | 
E Example 18. A man is known to speak the truth 3 
out of 4 times. He throws a die and reports that it is a 
(Ex) 2 | six. Find the probability that it is actually a six. 
Sol. Let E, be the event that the man reports that it is a six 
Drees ): AZ) and E be the event that a six occurs. 


7 [2 )= 7 E) _ 
E} P(E) 
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Then, P(E) == 
1.5 
i~P(EjSia222 
(E) —_ 


=) = P (man speaking the truth) = ; 


P(E) = 


and 2) = P (man not speaking the truth) = 1 — = = ; 


Clearly, & is the event that it is actually a six, when it is 
1 
known that the man reports a six. 


Ey 
P(E): (=) 


f E _ 
E, pl / a). pf A 
P(E) (Z + P(E) {2 


13 
= 6 4 _3 
13 5.1 
—xX—+—xK— 

6 4 6 4 


Example 19. In a test, an examinee either guesses or 
copies or knows the answer to a multiple choice 
question with four choices. The probability that he 


makes a guess is ; and the probability that he copies 
the answer is : The probability that his answer is 


correct given that he copied it is : Find the probability 


that he knew the answer to the question given that he 
correctly answered it. 
Sol. Lest E, be the event that the answer is guessed, E, be the 


event that the answer is copied, E; be the event that the 
examinee knows the answer and E be the event that the 
examinee answers correctly. 


Given, P(E,) = ; , P(E,) = - 


Assume that events E,, E, and E, are exhaustive 
P(E,) + P(E,) + P(E3) =1 


; aye = 2G 
- P(E3)=1— P(E) — P(E2)=1 a 


3 
Now, P & 
E 
= Probability of getting correct answer by guessing 


1 : : 
= [since 4 alternatives] 


P & = Probability of answering correctly by copying = ; 
2 
and P (=| = Probability of answering correctly by 

3 
knowing = 1 


E 
Clearly, (=) is the event he knew the answer to the 


question, given that he correctly answered it. 


E 
Pee) [| 


3 


[3 )- 
E E E E 
mE)? | + rtE)-# Es PE,)P{ | 


1 2 3 


—-x1 
7 2 _ 24 
i eee eens Vee Fee 
-xX—-—+-x-+-xX1 a0 
3 4 6 


Example 20. A and B are two independent witnesses 
(i.e., there is no collusion between them) in a case. The 
probability that A will speak the truth is x and the 
probability that B will speak the truth is y. A and B 
agree in a certain statements. Show that the 
probability that the statements is true, is 
ay 
1-x-y+2xy 
Sol. Let E, be the event that both A and B speak the truth, E, 
be the event that both A and B tell a lie and E be the 
event that A and B agree in a certain statements. 


And also, let C be the event that A speak the truth and D be 
the event that B speaks the truth. 


E,=COD 
[..C and D are independent events] 

and E, = CAD 

then, P(E,) =(C A D)= P(C): P(D)= xy 

and P(E,) = P(C A D)= P(C) P(D) 


== (CHL f(y a= 2)0=y) 
a1] 4— y= xy 


Now, P (= = Probability that A and B will agree, when 
1 


both of them speak the truth = 1 


and fz | = Probability that A and B will agree, when both 


2 
of them tell a lie = 1 


E 
Clearly, (=) be the event that the statement is true 


E 
rE)-P( | 


(2) = 1 
E E E 
rE)» E+ ree)? = 


1 2 


xy-l xy 


xy-l+(l-x-yt+xy):1 1-x-yt2xy 


10. 
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Exercise for Session 3 


A bag A contains 3 white and 2 black balls and another bag B contains 2 white and 4 black balls. A bag anda 
ball out of it are picked at random. The probability that the ball is white, is 


4 
as Ee () 5 


7 
d) 
(d) i 
There are two bags, one of which contains 3 black and 4 white balls, while the other contains 4 black and 3 
white balls. A die is cast. If the face 1 or 3 turns up a ball is taken out from the first bag and if any other face 
turns up, a ball is taken from the second bag. The probability of choosing a black ball, is 


vf 8 10 11 
(a) re (b) Fe (c) a (d) 7 


There are two groups of subjects, one of which consists of 5 Science subjects and 3 Engineering subjects and 
the other consists of 3 Science and 5 Engineering subjects. An unbiased die is cast. If number 3 or 5 turns up, 
a subject from group | is selected, otherwise a subject is selected from group II. The probability that an 
Engineering subject is selected ultimately, is 

UG 9 13 11 
a) — b) — (o) pee d) — 
aa a7 4 50 


Urn A contains 6 red and 4 white balls and urnB contains 4 red and 6 white balls. One ball is drawn at random 
from urn Aand placed in urn B. Then a ball is drawn from urn B and placed in urn A. Now, if one ball is drawn 
from urn A, the probability that it is red, is 


6 1 
(a) +, (b) 55 (0) 8 (@) 2 


A box contains N coins, of which m are fair and the rest are biased. The probability of getting head when a fair 


coin is tossed is : , while it : when a biased coin is tossed. A coin is drawn from the box at random and is 


tossed twice. The first time it shows head and the second time it shows tail. The probability that the coin drawn 
is fair, is 

on 3m 7m 9m 
(a) 


(b) (c (d) 
m+ 8N m+ 8N m+ 8N m+ 8N 


A pack of playing cards was found to contain only 51 cards. If the first 13 cards which are examined are all red, 
then the probability that the missing card is black, is 


1 2 


15 16 
(a) : (b) 5 (c) 


26 39 


A purse contains n coins of unknown values. A coin is drawn from it at random and is found to be a rupee. 
Then the chance that it is the only rupee coin in the purse, is 
(a) (b) 2 o)— a= 
n 


n+1 n(n+ 1) n(n+ 1) 


A card is lost from a pack of 52 playing cards. From the remainder of the pack, one card is drawn and is found 
to be a spade. The probability that the missing card is a spade, is 


(a) 2 (c) 4 


5 
poe b) ae 
17 OF 17 


id) 
(d) re 
A person is known to speak the truth 4 times out of 5. He throws a die and reports that it is an ace. The 
probability that it is actually an ace, is 
1 2 

a)— b)= c 
(a) - (b) - (c) 
Each of the n urns contains 4 white and 6 black balls, the (n + 1) th urn contains 5 white and 5 black balls. Out of 


(n + 1) urns an urn is chosen at random and two balls are drawn from it without replacement. Both the balls are 


(d) ri 


found to be black. If the probability that the (n + 1)th urn was chosen to drawn the balls is a , the value 


of n, is 
(a) 10 (b) 11 (c) 12 (d) 13 


Session 4 


Binomial Theorem on Probability, Poisson Distribution, 
Expectation, Multinomial Theorem, Uncountable Uniform 
Spaces (Geometrical Problems) 


Binomial Theorem 
on Probability 


Suppose, a binomial experiment has probability of success 
p and that of failure q (ie., p + q =1). If E be an event and 
let X = number of successes i.e., number of times event E 
occurs in n trials. Then, the probability of occurrence of 
event E exactly r times in n trials is denoted by 


P(X =r) or P(r) and is given by P(X =r) 


re P(r) = es og 
=(r +1) th terms in the expansion of (q + p)” 


where, r = 0, 1, 2, 3,..., 7. 


Remark 
1. The probability of getting atleast A success is 


n 
Pir=k)= S' Gea. 
r=k 
2. The probability of getting atmost k success is 
k 


PO<rsk)= S°Cp'q"”. 
r=0 
3. The probability distribution of the random variable X is as 
given below 
x | 0 e | 2 |... | roid an 
P(X) | q’ 1G pq’ ' NG peg = "C p'qr" p” 


4. The mean, the variance and the standard deviation of 
binomial distribution are np, npg, JPY. 


5. Mode of binomial distribution Mode of Binomial 
distribution is the value of rwhen P(X = r) is maximum. 


(n+1)p-1sr<(n+1)p 


Example 21. If on an average, out of 10 ships, one is 
drowned, then what is the probability that out of 5 
ships, atleast 4 reach safely? 
Sol. Let p be the probability that a ship reaches safely. 
. awd 
« pe 10 
q = Probability that a ship is drowned = 1 — p =1- a 


a! 
10 


Let X be the random variable, showing the number of ships 
reaching safely. 


q 


Then, P (atleast 4 reaching safely) = P(X = 4 or X =5) 
= P(X = 4) + P(X =5) 


Example 22. Numbers are selected at random one at 
a time, from the numbers 00, 01, 02, ..., 99 with 
replacement. An event E occurs, if and only if the 
product of the two digits of a selected number is 18. If 
four numbers are selected, then find the probability that 
E occurs atleast 3 times. 
Sol. Out of the numbers 00, 01, 02, ..., 99, those numbers the 
product of whose digits is 18 are 29, 36, 63, 92 i.e., only 4. 
4 1 = 1 24 
P= PE) og d= PUEDE T oe o 


Let X be the random variable, showing the number of times 
E occurs in 4 selections. 
Then, P(E occurs atleast 3 times) = P(X =3or X = 4) 


= P(X =3)+ P(X =4)= *C, p%q' + *C, p*q° 
24 (1) 

x + 
25 (Fs) 


Example 23. A man takes a step forward with 
probability 0.4 and backward with probability 0.6. 
Then, find the probability that at the end of eleven 
steps he is one step away from the starting point. 
Sol. Since, the man is one step away from starting point mean 
that either 
(i) man has taken 6 steps forward and 5 steps backward. 


3 
1 
=4p*qt+ p'=4x 
ees 
_ 97 
390625 


(ii) man has taken 5 steps forward and 6 steps backward. 


Taking, movement 1 step forward as success and 1 step 
backward as failure. 


p = Probability of success = 0.4 
and q = Probability of failure = 0.6 
.. Required probability = P(X =6or X =5) 
= P(X =6)+ P(X =5)= "Cy p°q’ + "C5 p*aq° 


= "C,(p'q? + p’q*) 


11-10-9-8-7 foie ne oe oe 
= ——__* "40. 4)°(0-6)° + (0° 4)°(0-6 
iosaee. )’(0-6)" + (0-4)°(0-6)"} 
11-10-9-8- 
= 7 (0-24)° = 0-37 
1:2:3-4-5 


Hence, the required probability is 0-37. 


Example 24. Find the minimum number of tosses of 
a pair of dice, so that the probability of getting the 
sum of the digits on the dice equal to 7 on atleast one 
toss, is greater than 0.95. (Given, logy) 2 = 0- 3010, 
log 3= 0-471) 
Sol. The sample space, 
S={1,2,3, 4,5, 6}  {1, 2,3, 4,5, 6} 
n(S) = 36 and let E be the event getting the sum of 


digits on the dice equal to 7, then 
E = {(1, 6), (6, 1), (2, 5), (5, 2), (3, 4), (4, 3)} 


n(E)=6 
p = Probability of getting the sum 7 
6 1 1 5 
=== 4 q=1-p=i1--= 
36 6 , : 6 6 


m 


*: Probability of not throwing the sum 7 in first m trials = q 


5 m 
. P (atleast one 7 in m throws) =1-—q”™ =1- ?) 


m 
, : 5 
According to the question, 1- (?) >0-95 
6 


5 m 5 m 
=> —| <1-0:95 = |—-| <0.05 
6 6 
5) i 
=> =| <— 
6 20 
Taking logarithm, 
=> m{logy) 5 — logy) 6} < logy 1 — logy) 20 
=> m{1 — logy) 2 — logy) 2 — logy) 3} < 0 — logy) 2 — logy, 10 
=> m{l — 2logy9 2 — logy) 3} < — logy) 2-1 
=> m{1 — 0.6020 — 0.4771} < — 0.3010 -1 
=> — 0.079 m < — 13010 
1.3010 
> m> = 16.44 
0.079 
m > 16.44 


Hence, the least number of trials is 17. 
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Example 25. Write probability distribution, when 
three coins are tossed. 


Sol. Let X be a random variable denoting the number of heads 
occurred, then P(X =0) = Probability of occurrence of 
zero head 


222 8 
P(X =1) = Probability of occurrence of one head 
= P(HTT) + P(THT) + P(TTH) 
1717, 121,471 3 
222 222 222 8 
P(X = 2) = Probability of occurrence of two heads 
= P(HHT) + P(HTH) + P(THH) 
ee Pee ee eee 


22:2 22°2 2 2:2 38 
P(X =3) = Probability of occurrence of three heads 
222 8 


Thus, the probability distribution when three coins are 
tossed is as given below 


x | 0 3 
P(X)| 1 3 1 
8 8 8 


another form, | 


Example 26. The mean and variance of a binomial 
variable X are 2 and 1, respectively. Find the 
probability that X takes values greater than 1. 
Sol. Given, mean, np = 2 eet) 
and variance, npq = 1 (ii) 


On dividing Eq. (ii) by Eq. (i), we get q = ; 


DR 


From Eq. (i), nx) =2 “ n=4 


4 
The binomial distribution is E + ;| 
Now, P(X > 1)= P(X =2)+ P(X =3)+ P(X =4) 
eee TAKS 4 
pct tT PTY 2 anf Ty a 71 
mor ai Cee oF ie eek oF = 
(3) D) () D) () 
_6+441 11 


16 16 
Aliter P(X >1)=1-{P(X =0)+ P(X =1)} 


“faa Caet 
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Poisson Distribution 


It is the limiting case of binomial distribution under the 
following conditions : 
(i) Number of trails are very large i.e. n > 00 
(ii) p> 0 
(iii) nq — A, a finite quantity (A is called parameter) 
(a) Probability of r success for poisson distribution is 


-Ayr 
é 


givenby P(X =r)= ,r=0,1, 2..:.. 


r} 
(b) Recurrence formula for poisson distribution is 


given by P(r +1)= Z- P(r) 
(r +1) 
Remark 
1. For poisson distribution, mean = variance = A = np 


2. If XandY are independent poisson variates with parameters 
A, and A», then X+Y has poisson distribution with parameter 
Ay + Ao. 


Expectation 


If p be the probability of success of a person in any 
venture and m be the sum of money which he will receive 
in case of success, the sum of money denoted by pm is 
called his expectation. 


Example 27. A random variable X has Poisson's 
distribution with mean 3. Then find the value of 
P(X >2.5) 
Sol. P(X > 2.5) =1- P(X =0)- P(X =1)- P(X =2) 
5 OF 
P(X =k)=e* 
e* e*.Al et .n? 


1! 2! 


2 
--et[isae%) 


2 9 
=1-e°/1+3+-— (3 
2 
17 


P(X >2.5)=1 


Example 28. A and 8B throw with one die for a 
stake of = 11 which is to be won by the player who 
first throw 6. If A has the first throw, then what 
are their respective expectations? 

Sol. Since, A can win the game at the 1st, 3rd, 5th...., trials. 


If p be the probability of success and q be the probability of 


fail, then 
= and g= 2 
P 6 2 6 


A = np =3) 


Similarly, P(B wins) = ; : 


. 6 5 
Hence, expectations of A and B are ¥ — x 11 and = — x 11, 
11 11 


respectively. i.e. Expectations of A and Bare % 6 and @ 5, 
respectively. 


Multinomial Theorem 


If a dice has m faces marked 1, 2, 3,...,m and if such n dice 
are thrown, then the probability that the sum of the 
numbers of the upper faces is equal to r is given by the 
(x+x7 +...4%7)" 


n 
m 


coefficient of x” in 


Example 29. A person throws two dice, one the 
common cube and the other a regular tetrahedron, the 
number on the lowest face being taken in the case of 
the tetrahedron, then find the probability that the sum 
of the numbers appearing on the dice is 6. 
Sol. Let S be the sample space, then 
S = {1,2,3, 4} x {1, 2, 3, 4, 5, 6} 
n(S) = 24 
If E be the event that the sum of the numbers on dice is 6. 
Then, n(E£) = Coefficient of x° in 
(xt+ x? + x2 tx*)x(xi tx? txt x74 %° 4+ x°) 
=1+1+1+1=4 
n(E) 4 1 


24 6 


.. Required probability, P(E) = = 
q Pp y, P(E) a(S) 24 


Example 30. Five ordinary dice are rolled at random 
and the sum of the numbers shown on them is 16. 
What is the probability that the numbers shown on 
each is any one from 2, 3, 4 or 5? 


Sol. If the integers x,, x2, x 3, x, and x; are shown on the 
dice, then x, + x, + x3 +x,+x5 =16 
where, 1 < x; <6 (i = 1, 2, 3, 4, 5) 
The number of total solutions of this equation. 
= Coefficient of x’® in(x’ + x7 +x%2 + x4 4x°4x°) 
= Coefficient of x’° inx’ (1+ x+x°+x%2+x'4+x°) 


= Coefficient of x in(lt+x+x7 + x2 +x44+x°) 


5 
eae 

= Coefficient of x" in ud 
1—x 


= Coefficient of x'! in(1 — x°)°(1— x)? 


= Coefficient of x" in 
(1—5x° +...)(1+ °Cyx + °Cy x? 4... 


+ °Cox? $+ PC yx +...) 


= "Cu al Cs 
15-14-13-12 9-8-7-6 
="C,-5°C, = GP ae 
1:2-3-4 1:2-3-4 
If S be the sample space 
n(S) = 735 


Let E be the occurrence event, then 
n(E) = The number of integral solutions of 
Xp +X. t+ x3 + xX4 + X5 = 16, 
where 2 < x; <5 (i = 1, 2, 3, 4, 5) 
= Coefficient of x’® in(x? + x? + x*+x°) 
= Coefficient of x’® inx(1+x+x7+x°) 


= Coefficient of x° in(1+ x + x* + x°) 


5 
1-<x* 
1-x 


= Coefficient of x° in(1— x*)°(1-— x)” 


= Coefficient of x° in 


= Coefficient of x° in 
(1—5x4 +...) (1+ °Cyx + PCy x? +...4 MC x% +...) 
=, -56C,="C,-55C, 
7 10:9-8-7 5 6°5 
1-2-3°4 1:2 


= 210 —75= 135 


n(E)_ 135 9 
n(S) 735 49 


“. The required probability, P(E) = 


Uncountable Uniform Spaces 
(Geometrical Problems) 


Example 31. Two persons A and B agree to meet at a 
place between 11 to 12 noon. The first one to arrive 
waits for 20 min and then leave. If the time of their 
arrival be independent and at random, then what is 
the probability that A and B meet? 
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Sol. Let A and B arrive at the place of their meeting x minutes 
and y minutes after 11 noon. 


yt 
C Bae 
(0, 60) 
Q 
S 
(0, 20) 
x Pp A Xx 
y| (0, 60) (60, 0) 


The given condition => their meeting is possible only if 
|x -y|<20 ..-(i) 

OABC is a square, where A = (60,0) and C = (0, 60) 
Considering the equality part of Eq. (i) 
Le., |x -y|=20 
.. The area representing the favourable cases 

= Area OPQBRSO 

= Area of square OABC — Area of 
APAQ — Area of ASRC 

= (60)(60) - 5 (40)(40) = 3 (40)(40) 


= 3600 — 1600 = 2000 sq units 
Total way = Area of square OABC = (60)(60) = 3600 sq units 
2000 5 


Required probability = —— = — 
. . = 3600 9 


Example 32. Consider the cartesian plane R* and let 
X denote the subset of points for which both 
: : ie 

coordinates are integers. A coin of diameter 5 is tossed 
randomly onto the plane. Find the probability p that 
the coin covers a point of X. 

Sol. Let S denote the set of points inside a square with corners 

(a, b), (a,b + 1),(a +1, b),(a+1,b+1)EX 


(a+1,b+1 


(a, b+1) 


(a+1,b 


(a, b) 
1 
Let P denotes the set of points in S with distance less than — 
4 


from any corner point. (observe that the area of P is equal 
to the area inside a circle of 
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re | ; : ' 
radius — ). Thus a coin, whose centre falls in S, will cover a 
4 


point of X if and only if its centre falls in a point of P. 


1 2 
f P ‘i 4 Tt 
area 0 _ _ ~0.2 


Hence,p = 
area of S 1 15 


Example 33. Three points P,Q andR are selected at 
random from the circumference of a circle. Find the 
probability p that the points lie on a semi-circle. 


Sol. Let the length of the circumference is 2s. Let x denote the 
clockwise arc length of PQ and let y denote the clockwise 
arc length of PR. 


Thus, 0 < x < 2s and0< y < 2s 
Let A denotes the subset of S for which any of the following 
conditions holds: 
(i)x,y<s 
(iii) x, y >s 


(ii) x <sandy-—x>s 

(iv) y<sandx-y>s 

Then, A consists of those points for which P, Q and R lie on 
a semi-circle. Thus, 


2 


_areaofA — 3s 


areaofS 45% 4 


Example 34. A wire of length / is cut into three 
pieces. Find the probability that the three pieces form 
a triangle. 
Sol. Let the lengths of three parts of the wire be x, y and 
1-(x+y). Then, x >0, y>0 


and l-(x+y)>0 


Le., x+y<lory<Il-x 


Since, in a triangle, the sum of any two sides is greater than 
third side, so 


l 
xt+y>l aa s % 


and x41-(x4y)>ysy<o 
l 
and PPE es 
l l l 
> —-x<y<-and0<x<-— 
2 2 2 

1/2 pl 
ag dy dx 
So, required probability = at 
i, dy dx 


[Ve te Wigs 1/2 
#0 [2 \2 OP 


[a= xa [-xax Pie 4 


Aliter 


The elementary event w is characterised by two parameters 
x and y [since z = 1 —(x + y)]. We depict the event by a 
point on x, y plane. The conditions x >0,y>0,x +y<l 
are imposed on the quantities x and y, the sample space is 
the interior of a right angled triangle with unit legs 


1 
Le. So = 
2 
Y, Y; 
1 
Q 
o) , ne 


The condition A requiring that a triangle could be formed 
from the segments x, y, ] — (x + y) reduces to the following 
two conditions: (1) The sum of any two sides is larger than 
the third side, (2) The difference between any two sides is 
smaller than the third side. This condition is associated 
with the triangular domain A with area. 


ie ee aye (ie) 2 
Erb meso r§ 
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a) Exercise for Session 4 


1 


13. 


14. 


15. 


A coin is tossed three times. The probability of getting exactly 2 heads is 


1 1 3 5 
(a) a (b) : (c) . (d) e 
A coin is tossed 4 times. The probability that atleast one head turns up is 
1 1 7 15 
(a) ae (b) a (c) ‘ (d) 1G 
The following is the probability distribution of a random variable X. 
x 1 2 3 4 5 
P(X) 0.1 0.2 k 0.3 2k 
The value of k is 
4 1 1 2 
(a) aE (b) ae (c) = (d) a5 
A random variable X has the distribution 
x 2 3 4 
P(XX=x) 03 | 04 | 03 
Then, variance of the distribution, is 
(a) 0-6 (b) 0-7 (c) 0-77 (d) +55 
Ina box containing 100 bulbs, 10 bulbs are defective. Probability that out of asample of 5 bulbs, none is defective, is 
(a) 10° (b) 2° (c) (0-9)° (d) 0-9 


A pair of dice is rolled together till a sum of either 5 or 7 is obtained. The probability that 5 comes before 7, is 


(a) 7 (b) = (c) = (d) None of these 


If X follows the binomial distribution with parametersn =6 and p and 9P (X =4) =P(X =2), then p is 
(a)— (b) — (c) = (d) — 


4 3 2 3 
If probability of a defective bolt is 0.1, then mean and standard deviation of distribution of bolts in a total of 400, are 
(a) 30, 3 (b) 40, 5 (c) 30, 4 (d) 40, 6 


The mean and variance of a binomial distribution are : and respectively, then value of p, is 


1 15 1 3 
a)— b) — C)i— d)~ 
(a) - (b) ae (c) r (d) 7 
The mean and variance of a binomial distribution are 6 and 4, thenn is 
(a) 9 (b) 12 (c) 18 (d) 10 


. Adie is thrown 100 times. Getting an even number is considered a success. Variance of number of successes, is 


(a) 10 (b) 20 (c) 25 (d) 50 


10% of tools produced by a certain manufacturing process turn out to be defective. Assuming binomial 
distribution, the probability of 2 defective in sample of 10 tools chosen at random, is 
(a) 0.368 (b) 0.194 (c) 0.271 (d) None of these 


If X follows a binomial distribution with parametersn = 100 and p = > then P (X =r)is maximum, whenr equals 


(a) 16 (b) 32 (c) 33 (d) None of these 
The expected value of the number of points, obtained in a single throw of die, is 
3 5 7 9 
a) = b) = c) — d)= 
(a) (b) (c) 5 (d) 


Two points P and Q are taken at random on a line segment OA of length a. The probability that PQ > b, where 
0 <b <a,is 


(a)? (b) P (c) eal (d) (2 =_ ) 


a a a a -b 


Shortcuts and Important Results to Remember 


Ifn letters corresponding ton envelopes are placed in the 
envelopes at random, then 


(i) probability that all letters are in right envelopes = “. 


(ii) probability that all letters are not in right envelopes 


Se 
n! 
(ili) probability that no letter is in right envelopes 
1 14 nl 
= + + (ly — 
2! 3! 4! n! 
(iv) probability that exactly r letters are in right envelopes 


-4\3 re, ec | 
rif2! 3! 4! (n —r)! 


When two dice are thrown, the probability of getting a 
total r (sum of numbers on upper faces), is 


. (r-1) (13-r) 
(i) F 


,if8<r<12 


,if2<r<7 (ii) 


When three dice are thrown, the probability of getting a 
total r (sum of numbers on upper faces), is 
f=] 
(i) ae if38<r<8 
216 


(ii) -” ifr = 10,11 
216 


ae 2D 
a 
ee 9 
(iv) 2, ifr=12 
216 


(20-r) 
) ——©2 if 13<r<18 
216 


If Aand B are two finite sets (Let n (A) =n and n(B) =m) and 


if a mapping is selected at random from the set of all 
mappings from A to B, the probability that the mapping is 


m 
n 


(i) a one-one function is — 
m 


. yo te 
(ii) a one-one onto function is —. 
m 


m 


(iii) a many one function is 1- —. 


If r squares are selected from a chess board of size 8 x 8, 
then the probability that they lie on a diagonal line, is 
A('C, + ©C, + °C, +... + 'C,)+2(0C,) 


BG. fori<r<7. 


If n objects are distributed among rn persons, then the 
probability that atleast one of them will not get anything, is 
n”—n! 


n? 


Points about coin, dice and playing cards: 


(a) Coin If ‘one’ coin is tossed rn times ‘n’ coins are 
tossed once, then number of simple events (or simple 
points) in the space of the experiment is 2”. All these 
events are equally likely. 


10 


11 


12 


13 


(6) Dice If ‘one’ die is thrown ‘n’ times or ‘n’ dice are 
thrown once, then number of simple events (or simple 
points) in the space of the experiment is 6” (here dice 
is cubical). All events are equally likely. 


(c) Playing Cards A pack of playing cards has 52 cards. 
There are four suits Spade (@ black face), Heart (¥ 
red face), Diamond (@ red face) and Club (# black 
face) each having 13 cards. In 13 cards of each suit, 
there are 3 face (or court) cards namely King, Queen 
and Jack (or knave), so there are in all 12 face cards 4 
King, 4 Queen and 4 Jacks (or knaves). 4 of each suit 
namely Ace (or Ekka), King, Queen and Jack (or 
knave). 

(i) Game of bridge It is played by 4 players, each 
player is given 13 cards. 

(ii) Game of whist It is played by two pairs of persons. 

(iii) If two cards (one after the other) can be drawn out 
of a well-shuffled pack of 52 cards, then number of 
ways; (x) With replacement is 
52 x 52 = (52)° =2704(B) Without replacement is 
52 x 51=2652. 


(iv) Two cards (simultaneously) can be drawn out of a 


well-shuffled pack of 52 cards, then number of 
52x51 _ 1326 


ways is °°C5 = 


Out of (2n + 1) tickets consecutively numbered, three are 


drawn at random, then the probability that the numbers 
3n 


An? —1 


on them are in AP, is 


Out of 3n consecutive integers, three are selected at 
random, then the probability that their sum is divided by 3, 
is (3n? - 3n +2) 
(3n —1)(3n -2) 
Two numbers a and b are chosen at random from the set 
{1,2, 3,..., 5n}, the probability that a* — b* is divisible by 5, 
17n-5 
5(5n — 1) 


Two numbers a and b are chosen at random from the set 
{1,2, 3,...,3n} the probability that a® — b? is divisible by 3, 
_ (5n - 3) 
is ———_— 
3(3/n — 1) 


Two numbers a and b are chosen at random from the set 
{1,2,3,...,3n}, the probability that a? + b? is divisible by 

soit 
3, is —. 

3 

There are n stations between two cities A and B. A train is 
to stop at three of these rn stations. The probability that 
no two of these three stations are consecutive, is 
(n — 3)(n - 4) 

n(n-1) 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct. 


Ex. 1 The probability that in a year of 22nd century 
chosen at random, there will be 53 Sundays, is 


2 vi 5 
(b) 28 (c) 28 (d) 28 


Sol. (d) In the 22nd century, there are 25 leap years viz. 2100, 
2104, 2108,..., 2196 and 75 non-leap years. 


Consider the following events: 


3 
(a) 38 


E, = Selecting a leap year from 22nd century 

E, = Selecting a non-leap year from 22nd century 
E = There are 53 Sundays in a year of 22nd century 
We have, 


FG a 2 a ea Ee pas en 
100 100 Ey 7 E, 7 


Required probability = P(E) = P(E MN E,) U(EN E,)) 
= P(ENE,) + PEA Ey) 


E E 
= mE. =| + Es). =) 


Ex. 2 In a convex hexagon two diagonals are drawn at 
random. The probability that the diagonals intersect at an 
interior point of the hexagon, is 


5 7 2 
(a) Pt (b) 1D (c) 5 


Sol. (a) We have, 
Number of diagonals of a hexagon = °C, —6 =9 


3 
oe 


n(s) = Total number of selections of two diagonals 
= °C, =36 
and n(E£) = The number of selections of two diagonals 
which intersect at an interior point 
= The number of selections of four vertices = °C, = 15 
n(E)_15_ 5 


n(S) 36 12 


Hence, required probability = 


Ex. 3 If three integers are chosen at random from the set 
of first 20 natural numbers, the chance that their product is 
a multiple of 3, is 


13 
Os 


2 194 
(d) —— 
19 285 


Sol. (d) n(S) = Total number of ways of selecting 3 integers 
from 20 natural numbers = °C, = 1140. 
Their product is multiple of 3 means atleast one number is 
divisible by 3. The number which are divisible by 3 are 3, 6, 
9, 12, 15 and 16. 
*, n(E) = The number of ways of selecting atleast one of 
them multiple of 3 

= °C, x Mc, + °C, x MC, x °C =776 


.. Required probability = aE) 
n(S) 


_ 776 _ 194 


1140 285 


Ex. 4 If three numbers are selected from the set of the 
first 20 natural numbers, the probability that they are in 
GP, is 


1 4 
(a) 385 (b) 385 

11 1 
Oa (¢) 1 


Sol. (c) n(S) = Total number of ways of selecting 3 numbers 
from first 20 natural numbers = “°C; = 1140 
Three numbers are in GP, the favourable cases are 1, 2, 4; 1, 
3, 9; 1, 4, 16; 2, 4, 8; 2, 6, 18; 3, 6, 12; 4, 8, 16; 5, 10, 20; 4, 6, 9; 
8, 12, 18; 9, 12, 16 
“. n(E) = The number of favourable cases = 11 

n(E)_ 11 

n(S) 1140 


.. Required probability = 


Ex. 5 Two numbers b and c are chosen at random with 
replacement from the numbers 1, 2, 3, 4, 5, 6, 7, 8 and 9. The 
probability that x? + bx +c >0 forall x € R, is 


17 32 

a) — b) — 
Sarr oie 

82 45 
c) — d) — 
ps re 
Sol. (b) Here, x? +bx +c>0,VxER 

D<0 
=> b’ < 4c 


~X 
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Value of b Possible values of c 


1 1<4c edo cen 

2 4<4c >c>15 = {2,3,4,5,6,7,8, 9} 

3 9 < 4c ig ts B58 8 
4 

4 16 <4c =c>4> {5, 6, 7, 8, 9} 

5 25 <4c =>c>6.25=> {7,8, 4 

6 36 <4c =>c>9=> Impossible 

7 Impossible 

8 Impossible 

9 Impossible 


n(E)= Number of favourable cases = 9 +8+7+54+3=32 
n(S) =Total ways =9 X9 =81 

.“. Required probability = BE) 2m 

n(S) 81 

© Ex. 6 Three dice are thrown. The probability of getting 
a sum which is a perfect square, is 


9 
(a) Eee 


Ble uolr 


(c) 


Sol. (d) n(S) = Total number of ways = 6 x 6 X 6 = 216 


The sum of the numbers on three dice varies from 3 to 18 
and among these 4, 9 and 16 are perfect squares. 


(d) None of these 


*, n(E) = Number of favourable ways 
= Coefficient of x* in 


(x+x? +... + x°)? + Coefficient of x” in 


(x +x? +... + x°) + Coefficient of x’® in 

(x+x7 4..4 x°) 

= Coefficient of x in(1+ x +... + x°)* + Coefficient of x° 
in (l+x+x°+...+x°) + Coefficient of x 
inQitxtx7+...42°) 

=Coefficient of x in(1 — x°)*(1— x) * + Coefficient of x° in 
(1— x°)3(1— x)? + Coefficient of x in(1 — x°8(1— x)? 
= Coefficient of x in (1) (1+ °C,x +...) + Coefficient of x° 
in(1—3x°)(1+ °C,x +...) + Coefficient of x’? in 

(1-3x° +3x +...);(1+ 2Cyx +...) 

= °C, +(8C, - 3) +(°Cy3 —3 x °C, +9) 

= 3¢,+(2C, -3)+ (PC, —3 x °C, +9) 

=3+25+6 

= 34 


.. Required probability = Esa 
n(S) 216 108 


» Ex. 7 A quadratic equation is chosen from the set of all 
quadratic equations which are unchanged by squaring their 
roots. The chance that the chosen equation has equal roots, is 


1 
(a) (Oh 


(c) 


Sol. (a) Let « and B be the roots of the quadratic equation. 


(d) None of these 


Ble ple 


According to question, 
a+ =a? +8 andop =a’ Bp? 


= oP =1 or a =0 


=> of(aB -1)=0 


> a=1B=La=afR=07 [cube roots and unity] 


a =1,8 =0;0 =0,8 =0 
..n(S) = Number of quadratic equations which are 
unchanged by squaring their roots = 4 


and n(E) = Number of quadratic equations have equal roots 
=2 
. Required probability = me) 2 1 
n(S) 4 2 


> Ex. 8 Three-digit numbers are formed using the digits 0, 
1, 2, 3, 4, 5 without repetition of digits. If a number is chosen 
at random, then the probability that the digits either increase 
or decrease, is 


2 


3 4 
(b) i (c) a0 (d) 1 


Sol. (c) n(S) = Total number of three digit numbers 
= °P, — °P, =120-20=100 


1 
(a) 10 


n(E) = Number of numbers with digits either increase or 
decrease 


= Number of numbers with increasing digits + Number of 
numbers with decreasing digits 

= °C3+°C3 =10+ 20 =30 

n(E)_ 30 3 


.. Required probability = = — 
oe y7n(S) 100 10 


» Ex. 9 If X follows a binomial distribution with 


parameters n =8 and p= { then p(|x — 4| S$ 2) is equal to 
2 


121 119 117 115 
a) — b) — c) — d) — 
a3 (0) oe O78 ) A 

Sol. (b) Here, p=5,n=8 


1 1 
q=1-psi- = 
2 2 


8 
; ; oe ia! self eek 
.. The binomial distribution is ( + ;| 
2 2 
Also, |x-4|<2 
=> —-25x-4852 5>2<5x <6 


“. p(|x —4| <2) = p(x =2)+ p(x =3)+ p(x =4) 
+ plx=5) + p(x =6) 


Tse) eG) 


— 8Cy + 805 + 8Cy + C5 + BCG 
98 


_ 238 _ 119 
256 128 


Ex. 10 A doctor is called to see a sick child. The doctor 


knows (prior to the visit) that 90% of the sick children in that 


neighbourhood are sick with the flue, denoted by F, while 
10% are sick with the measles, denoted by M. A well-known 
symptom of measles is a rash, denoted by R. 
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The probability of having a rash for a child sick with the 
measles is 0.95. However, occasionally children with the flue 
also develop a rash with conditional probability 0.08. Upon 
examination the child, the doctor finds a rash, then the 
probability that the child has the measles, is 


89 91 93 95 
(a) 167 (b) 167 (c) 167 (d) 167 
Sol. (d) «. P(F) =0-90, P(M) = 0-10, 
of 2) = 0-08, p{ 2) -0:9 
F M 
(a-P( =) 
ics “ 
R R R 
(at-P( 2) + (F)-2( 2) 
0-10 0-95 _0:095 95 


0-10x 0-:95+ 0:90 0:08 0-167 167 


More than One Correct Option Type Questions 


more than one may be correct. 


Ex. 11 Let p,, denote the probability of getting n heads, 
when a fair coin is tossed m times. If p4, ps, Po are in AP, 
then values of mcan be 

(a) 5 (b) 7 (c) 10 (d) 14 


4 m-4 m 
1 1 1 
Sol. (b, d) = MC — ees 
eer es (3) () () 
5 m-5 m 
1 1 lL 
_ mo = mo 
o 3] () (3) 
6 m-6 m 
1 1 1 
d ="C =™C 
. Pe (5) () 5] 


According to the question, p4, ps5, Pp, are in AP 


“ 2Ps = Pat Po 
m m m 
1 1 1 
=> 2% "Cel =| = "Cal—| #™C,| = 
2 2 2 
or 2x "Ce S "Ca TG. 
ie. MG: 5 m-6+1 
or 2= + > 2= 
Mee "Gz m-5+1 6 
5 = 
=> 2= += y (m* —2)m+98=0 
m-—4 6 
> (m — 14)(m — 7) =0 


m=7 or 14 


y 


This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 


® Ex. 12 A random variable X follows binomial distribution 
with mean a and variance b. Then, 


(a) a>b>0 (b) F>1 
a a 
is an integer d 
a-b = ) oat 


Sol. (a, b, c) Suppose, X ~ B(n, p) ie. (q + p)” 


(c) 


is an integer 


Here, np = aandnpq =b 


b b 
q=-, then p=1-q=1-—- 
a a 


b 
Now, 0<q<1>50<-—<1 > a>b>0O [alternate (a)] 
a 


and ; >1 [alternate (b)] 


a’ _ (np) —_somp __ mp 
a-b np-npq 1-q p 


Also, =n= Integer 


[alternate (c)] 
Ex. 13 If A,, A>,..., An aren independent events, such 
that P(A; ) = = i=1, 2,...,n, then the probability that 
none of A,, A>, Aj, An occur, is 


(a) 


n (b) 1 


n+1 n+1 


(c) less than 2 (d) greater than : 
n n 


+2 
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Sol. (b, c, d) *." A;, Az, A3,... A, are n independent, then 
Required probability = P(A{ A Az NA3 0... 0 Anz) 
= P(Aj). P(A). P(A3) ... P(A;) 
=(1— P(A,))(1 — P(Ag))(1 — P(As))... (1- P(A) 


(3-2-4) 


dee iD n 1 
=-X-xX x x = 
2 3 4 n+1 n+l 
1 1 1 
“nt2ont+il>n . < <— 
n+2 n+1 hn 


© Ex. 14 A and B are two events, such that P/(AU B) = : 
4 
1 3 
ang <P(AN B)s 3 then 


(a) P(A) + P(B)< > (b) P(A): P(B) < ; 


(c) P(A) + P(B)> ; (ay Woneer ress 
Sol. (a,c)" —< P(A UB)¥S1 


> > < P(A) + P(B)- P(AN a <i 


| aes 


As the minimum value of P(A - B) = -, we get 


3 
P(A) + P(B)- ; > - = P(A) + P(B)> - [alkemate (o)] 


JEE Type Solved Examples : 
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= This section contains 3 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 16 to 18) 
Each coefficient in the equation ax? + bx +c=0is 
determined by throwing an ordinary die. 
16. The probability that roots of quadratic are real and 
distinct, is 
5) 19 173 17 
ie i ues je 

16 0) 08 O76 err 

Sol. (b) For roots of ax” + bx + c =0 to be real and distinct, 
b? — 4ac > 0 


Value of b 


1,2 No values of a and c 


Possible values of a and c 


3 
As the maximum value of P(A - B) = . we get 


P(A) + P(B)- ; <1= P(A) + P(B)< - [alternate (a)] 
© Ex. 15 A,B,C and D cut a pack of 52 cards successively in 
the order given. If the person who cuts a spade first receives 
% 350, then the expectations of 

(a) Bis % 96 (b) Dis % 54 

()(A + C)is & 200 (d) (B— D) is % 56 


Sol. (a, b, c) Let E be the event of any one cutting a spade in 
one cut and let S be the sample space, then 


n(E)= "C, = 13. and n(S)= "C, =52 
n(E) 1 = 3 
= P(E) = = = andq = p(E)=1- p= 
p = P(E) io at p(E) c= 


The probability of A winning (when A starts the game) 


=ptq‘ptq pt...0c= 


F(A) = %350x ©4 =% 128 
175 

B(B) = €128 x q = €128 x 7 =F 96 

B(C) = 896 x q=896x = =F 72 


=%54 


and E(D) = 72x q =%72x ; 
. E(A + C) =% 200 and E(B — D) =% 42. 


Value of b Possible values of a and c 

3 (1, 1), (1, 2), (2, 1) 

4 (1, 1), (1, 2), (2, 1), (1, 3), (3, 1) 

5 (1, 1), (1, 2), (2, 1), (1, 3), (3, 1), (2, 2), (1, 4), 
(4, 1), (1, 5), (5, 1), (2, 3), (3, 2), (1, 6), (6, 1) 

6 (1, 1), (1, 2), (2, 1), (1, 3), (3, 1), (2, 2), (1, 4), 
(4, 1), (1, 5), (5, 1), 
(2, 3), (3, 2), (1, 6), (6, 1), (2, 4), (4, 2) 


If E be the event of favourable cases, then n(E) = 38 
Total ways, n(S) = 6 X 6 X 6= 216 


Hence, the required probability, p, = ey. Se 


n(S) 216 108 


17. The probability that roots of quadratic are equal, is 


5 vg 11 
a) — b) —— c) — 

(2) 216 ) 216 ©) 216 216 
Sol.(a) For roots of ax? + bx + c =0 to be equal b” = 4ac 


ie. b? must be even. 


Value of b_ Possible values of aand c 
2 (1, 1) 
4 (2, 2), (1, 4), (4, 1) 
6 (3, 3) 


If E be the event of favourable cases, then n(E) =5 
Total ways, n(S) = 6 X 6 X 6 = 216 


n(E) _ 5 
Hence, the required probability, —— 
q Pp Y> P2= n(S) 216 
18. The probability that roots of quadratic are imaginary, is 
103 133 157 173 
a) — — c) — d) —— 
6 0) 16 O16 Die 
Sol. (d) Let p; = Probability that roots of ax? + bx +c =0 are 
imaginary 


= 1 — (Probability that roots of ax” + bx + c = are real) 


=1-(p, + P2) [from above] 
_,- 413 
216 216 


Passage II 
(Ex. Nos. 19 to 21) 
A box contains n coins. Let P(E; ) be the probability that 
exactly i out of n coins are biased. If P (E; ) is directly 
proportional to i(it+1);lSisa. 
19. Proportionality constant k is equal to 
3 1 
a) ——__ re 
n(n? +1) (n? + 1)(n + 2) 
3 1 
oe (d) 
n(n + 1)(n + 2) (n + 1)(n + 2)(n + 3) 
(c) * P(E;) x i(i +1) 
= P(E;) =ki(i + 1), where k is proportionality constant. 
We have, P(E,) + P(E.) + P(E3) +... + P(E,) =1 


Sol. 


= 


(. E,, Ey,..., E, are mutually exclusive 
and exhaustive events) 
=> ba P(E;}=1 
i=1 
> k Ye? +i)=1 
i=1 
=> k [Ldn + Ynj= 
ae n(n +1)(2n + 1) a7 +1)]_ 
6 
k= ..-(i) 


NCESCE 


20. If P be the probability that a coin selected at random 
is biased, then \lim P is 


1 oe 3 7 
(a) 7 (b) = (c) . (d) : 
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Sol. (b) : P = P(E) = y -P(E;) 2] ...(ii) 


n 


_k n(n +1) 4 n(n + 1)(2n + 1) 
n 2 6 
(n 


+1)(n + 2) (3n +1) 
12 
3 (n +1) (n +2) (3n +1) 
n(n+1)(n +2). 12 
3n+1 3 1 
= =—t+ 
4n 4 4n 
Eee 


+ se ghee 
la 3n | 4 4 


21. If acoin is selected at random is found to be biased, the 
probability that it is the only biased coin the box, is 
1 12 
(a) (b) 
(n+1)(n + 2)(n + 3)(n +4) n(n +1)(n + 2)(3n +1) 
‘ 24 d) 24 
n(n +1)(n + 2)(2n +1) n(n + 1)(n + 2)(3n +1) 


[from Eq. (i)] 


lim P= lim 
noo noo 


P(E,): {=| sex 
: = 1 {from Ec. (ii 
5) P(E) [ q. (ii)] 


. 
Sol. (d) of - 


8k 
(3n +1) 


3n+1 

eo 
_ 24 

n(n +1)(n + 2)(3n + 1) 


[from Eq. (i)] 


Passage III 
(Ex. Nos. 22 to 24) 


Let S be the set of the first 21 natural numbers, then the 
probability of 
22. Choosing {x,y} C S, such that x* + y® is divisible by 


3, Is 
1 1 1 1 
(a) . (b) 5 (c) 4 (d) 3 
Sol. (d) «.. S = {1, 2, 3, 4, 5,..., 21} 


Total number of ways choosing x and y is 
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Now, arrange the given numbers as below: 


1 4 7 10 13 16 19 
2 5 8 11 14 17 20 
3 6 9 12 15 18 21 


We see that, x* + y> =(x + y)(x” — xy + y’) will be 
divisible by 3 in the following cases: 


One of two numbers belongs to the first row and one of the 
two numbers belongs to the second row or both numbers 
occurs in third row. 


.. Number of favourable cases = (’C,)(’C,) + ’Cz =70 


70 1 
.. Required probability = —— = — 
7 : y 210 3 
23. Choosing {x, y, z} C S, such that x, y, z are in AP, is 
5 10 3 2 
a): —— b) — c) — d) —— 
SEE err ere err 
Sol. (b) Given, x, y, z are in AP 
: 2y=xt+z 


It is clear that sum of x and z is even. 
*. x andz both are even or odd out of set S. 


ie., 11 numbers (1, 3, 5,..., 21) are odd and 10 numbers (2, 4, 
6,..., 20) are even. 
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= This section contains 2 examples. The answer to each 
example is a single digit integer ranging from 0 to 9 
(both inclusive). 


» Ex. 25 The altitude through A of AABC meets BC at D 
and the circumscribed circle at E. If D =(2,3), E =(5,5), the 
ordinate of the orthocentre being a natural number. If the 
probability that the orthocentre lies on the lines 


y= y=2; y=3..... y =10 is”, where m andn are 
n 


relative primes, the value of m+n is 
Sol. (8) Let the orthocentre be O(x, y). 
It is clear from the OE is perpendicular bisector of line BC. 
as OD = DE 
= (x — 2)? + (y — 3)? = (5-2)? + (6-3)? 
=> (x- 2) +(y-3) =(5-2)° +(5-3)? 


=> x+y’ -4x-6y=0 5 x=24,/13-(y-3) 


= y can take the values as 1, 2, 3, 4, 5, 6 


Required probability = °. = : =” [given] 


n 


.. Number of favourable cases 
11:10 10-9 
= "Ic, + °C, = —— + —= = 100 
fe? 1:2 


and total number of ways choosing x, y and z is 


210, = 2120-19 _ 1459 
1-2-3 
100 10 
.. Required probability = —— = — 
_ 7 e 1330 =133 
24. Choosing {x, y, z} C S, such that x, y, z are not consecu- 
tive, is 
17 34 51 34 
(a) (Db) (c) (d)— 
70 70 70 35 


Sol. (c) Given, x, yand z are not consecutive. 


Number of favourable ways = *’~3*!C, 


— ton 19-18-17 _ 


Cc. 969 
1-2-3 
21-20-19 

and total number of ways = *'C; = = 1330 
’ sa 969 51 
Required probability = —— = — 
1330 70 

=> m=3andn=5 
m+n=8 


Ex. 26 The digits 1, 2, 3, 4, 5, 6, 7, 8 and9 are written in 
random order to form a nine digit number. Let p be the 
probability that this number is divisible by 36, the value 
of 9p is 
Sol. (2). 14+24+3+4+5+6+7+8+9 = 45, a number 
consisting all these digits will be divisible by 9. Thus, the 
number will be divisible by 36, if and only if it is 
divisible by 4. The number formed by its last two digits 
must be divisible by 4. The possible values of the last pair 
to the following: 
12, 16, 24, 28, 32, 36, 48, 52, 56, 64, 68, 72, 76, 84, 92, 96. 
ie., There are 16 ways of choosing last two digits. 
The remaining digits can be arranged in ’ P, =7! ways. 
Therefore, number of favourable ways = 16 x 7! 
and number of total ways = 9! 

16X7!_ 16 | 


.. Required probability, p = 
‘ . uP 9! 9x8 9 


> 9p =2 
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= This section contains 2 examples. Examples 27 and 28 have four statements (A, B, C and D) given in Column I and four 
statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one or more 
statement(s) given in Column II. 


© Ex. 27 If n positive integers taken at random are 


multiplied together. 


Column I Column II 

(A) | The probability that the last digit is 1, 3,7 | (p) 3 

or 9 is P(n), then 100 P(2) is divisible by 
(B) | The probability that the last digit is 2, 4, 6 | (q) 4 

or 8 is Q(n), then 100 Q(2) is divisible by 
(C) | The probability that the last digit is 5 is (r) 6 

R(n), then 100 R(2) is divisible by 
(D) | The probability that the last digit is zero | (s) 9 

is S(n), then 100 S(2) is divisible by 


© Ex. 28 If A and B are two independent events, such that 
P(A) = and P(B) = —. 
3 4 


Column I Column II 
(A) | IEP (=| =, then12ys iP) | penne amber 
A \_ . (q) | a composite 
(B) | IfP 5 e 5) = ,, then 9A, is aianiiee 
(C) | If P[(A AB) U(ANB)] =A, (r) | anatural number 
then 12A; is 
(D) | If P(A UB) = Ay, then 12A, is (s) | a perfect number 


Sol. 


A > (q); B > (p, q, 1); C > @, 8); D > &, s) 
Let n positive integers be x1, X29, X35... Xp 
Let AS 4. Mog a Ky 
Since, the last digit in each of the numbers x, x., 
be any one of the digits 
0, 1, 2,... 9 (total 10) 

n(S) = 10" 
Let E;, E,, E; and E, are the events given in A, B, C and D, 
respectively. 


saeyXq CON 


n 


(A) n(E)=4" = ne)=(< = P(n) 


[given] 


100 P(2) = 16 
(B) n(E,) =n (last digit is 1 or 2 or 3 or 4 or 6 or 7 or 8 
or 9) — n(E,)=8" — 4” 


8" — 4" : 
= P(E,)==—* = Q(n) [given] 
100 Q(2) = 64 — 16 = 48 
(C) n(£3) =n (last digit is 1 or 3 or 5 or 7 or 9) — n(E,) 
= 5” _ 4” 
= P(E;)=2—* =R(n) [given] 


“. 100 R(2) = 25-16 =9 
(D) n(E,) = n(S) — n (last digit is 1 or 2 or 3 or 4 or 6 or 7 or 
8 or 9)— n(E;) = 10" — 8" —(5" — 4”) 
10" -8" 5" 44" _ 


P(E,) = : s(n) 
0 


[given] 


100 S(2) = 27 


Sol. 


A —(q, 1); B (q, r, s); C > (—p, r); D > (q, r) 
A and B are independent events. 
P(A 0B) = P(A): P(B) = = 


P(A 7B) = P(A): P(B) = : = =| 
1 
A). MACD Bot. 
B P(B) 1 3 
4 
12A, = 4 [natural number and composite number] 


(B) of A |-7gaee 


dy 


[given] 


(A) | 


AUB P(A UB) 
A) HA) P(A CB) 
P(A UB) P(A) + P(B) 
1 
= 3 Bee : 
i113 A» [given] 
3 4 12 


hp =6 


[natural number, composite number and perfect number] 


(C) P(ANB)U(ANB))= P(ANB)+ (ANB) 
1 4 5 ; 
= 4 6 = DR = 3 [given] 
12A, =5 [prime number and natural number] 
(D) P(AUB)= P(A) + P(B)- (AB) 


1 1 1 3 
3 4 6 4 


12A, =9 [natural number and composite number] 


[given] 
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JEE Type Solved Examples : 
Statement | and Il Type Questions 


= Directions Example numbers 29 and 30 are Assertion- 

Reason type examples. Each of these examples contains 

two statements: 

Statement-1 (Assertion) and Statement-2 (Reason) 

Each of these examples also has four alternative choices, 

only one of which is the correct answer. You have to select 

the correct choice as given below. 

(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


Ex. 29. A man P speaks truth with probability p and 
another man Q speaks truth with probability 2p. 
Statement-1 /f P and Q contradict each other with 


probability . then there are two values of p. 


Statement-2 A quadratic equation with real coefficients 
has two real roots. 
Sol. (c) Let E, be the event that P speaks the truth, 
then P(E,) = p and let E, be the event that Q speaks the 
truth, then P(E,) = 2p. 
Statement-1 If P and Q contradict each other with 
probability - then P(E,)- P(E.) + P(E,)-P(E,) = : 


= p(1~2p) +(1~ p)-2p == => 8p? -6p+1=0 


=> (2p —1)(4p — 1) =0 > p= and p=" 


.. Statement-1 is true. 


Subjective Type Examples 


= In this section, there are 24 subjective solved examples. 


Ex. 31 Three critics review a book. Odds in favour of the 
book are 5: 2,4: 3 and 3:4 respectively for the three critics. 
Find the probability that majority are in favour of the book. 
Sol. Let the critics be E,, E, and E3. Let P(E,), P(E,) and P(E3) 

denotes the probabilities of the critics E,, E, and E3 to be 
in favour of the book. Since, the odds in favour of the 
book for the critics E,, E, and E, are 5: 2,4: 3 and 3: 4, 
respectively. 


5 


5 4. 4 
P(E,) = == PR \= = 
(Ey) ee mee (Ee) 4437 


Statement-2 Let quadratic equation 
ax” + bx +c =0, wherea,b,ceE R 
If b? — 4ac <0 


then, roots are imaginary. 
.. Statement-2 is false. 


» Ex. 30 A fair die thrown twice. Let (a, b) denote the 
outcome in which the first throw shows a and the second 
shows b. Let A and B be the following two events: 

A= {(q, b)| ais even}, B= {(a, b)|b is even} 
Statement-1 If C = {(a, b)|a+ b is odd}, then 
P(AQNBOC)= 7 


Statement-2 If D = {(a, b)|a+ b is even}, then 
P[((AABAD)|(A UB= 


Sol. (c) If a and b are both even, then a + b is even, therefore 
P(ANBOC)=0 
.. Statement-1 is false. 


1 1 es ee 
Also, P(A) =, P(B)=-, P(A NB)==x = — 
ia sc a ae 


. P(A U B) = P(A) + P(B) — P(A OB) 


P(A ABA D)M(A VU B)) 


“ P(AABOD)(A UB) = P(A UB) 


_ P(ANB) _ 
P(A UB) 


=, [-ANBCD] 


.. Statement-2 is true. 


3 3 
P(E. )=—" = 2 
(Es) Sea 9 


and 


Clearly, the event of majority being in favour = the event of 
atleast two critics being in favour 


.”. The required probability 
= P(E,\E,E,) + P(E,E,E;) + P(E,E,E,) + P(E,E,E;) 
= P(E,)-P(E2): P(E3) + P(E,) -P(E2) -P(Es) 
+ P(E,)- P(E»): P(E3) + P(E;)-P(E,)+ P(E3) 


['. E,, E, and E; are independent] 


5 4 3 5) 43 5 4\)3 543 
=2.=./]1 +/1 fe aaa Ses Saas 
Tif 7 a a 7/7 777 
1 209 
= — [80 + 24 + 45 + 60] = —— 
7? 343 


Ex. 32 A has 3 shares is a lottery containing 3 prizes and 

9 blanks; B has 2 shares in a lottery containing 2 prizes and 6 

blanks. Compare their chances of success. 

Sol. Let E, and E, be the events of success of A and B, 
respectively. Therefore, E’,and E’, are the events of 
unsuccess of A and B, respectively. 

Since, A has 3 shares in a lottery containing 3 prizes and 9 
blanks, therefore A will draw 3 tickets out of 12 tickets (3 
prizes + 9 blanks). Then, A will get success if he draws 
atleast one prize out of 3 draws. Similarly, B will get success 
if he draws atleast one prize out of 2 draws. 


9-8-7 
9 a 
, C 12. 21 
PEW=Z 3 =_12:3 = 
Cy 121110 55 
1-2-3 
21 34 
ma ey 55 55 
6-5 
6 —. 
Cc 15 
Again, P(E’,)=—2=12=— 


15 13 
28 28 
34 
Hence, EE) 555. one 
(E,) 13° 715 
28 


P(E,): P(E,) = 952:715 


Ex. 33 A bag contains a white and b black balls. Two 
players A and B alternately draw a ball from the bag, 
replacing the ball each time after the draw till one of them 
draws a white ball and wins the game. If A begins the game 
and the probability of A winning the game is three times that 
of B, show thata:b=2:1. 

Sol. Let E, denote the event of drawing a white ball at any 


draw and E, that for a black ball and let E be the event 
for A winning the game 


a b 


“P(E,) = oe Ea) = og 


at 
“. P(E) = P(E, or E,E,E, or E,E,E,E,E, or ...) 
= P(E,) + P(E, E,E,) + P(E,E,E,E,E,)+... 
= P(E;) + P(E,) P(E2) P(E;) 
+ P(E,) P(E) P(E,) P(E2) P(E,) +... 
['.. E; and E, are independent] 
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= _ PE) [sum of infinite GP] 
1 — {P(E,)}° 
a 
a+b  _ aa+b) etd 
~ a+2b 


b \ a’ +2ab 
1- 
at+b 


Then, P(E’) is the probability for B winning the game 
a+b_ b 
a+2b at2b 


- P(E’)=1- P(E)=1- 


According to the problem, P(E) = 3P(E’) 


a+b 3b 
=> = >at+p =3pB>a=2 
a+2b a+2b B B B 
a 2 
-=- =>a:B =2:1 
b 1 B 


Ex. 34 Five persons entered the lift cabin on the ground 
floor of an 8 floors house. Suppose that each of them, 
independently and with equal probability can leave the cabin 
at any floor beginning with the first. Find out the probability 
of all five persons leaving at different floors. 

Sol. Let S be the sample space and E be the event that the five 
persons get down at different floors. 
Total number of floors excluding the ground floor = 7 
Since, each of the 5 persons can get down at any one of the 
7 floors in 7 ways. 
*, n(S) = Total number of ways in which the 5 persons can 
get down =7° 


and n(E£) = number of ways in which the 5 persons can get 
down at 5 different floors out of 7 floors = ’P; 


n(E) _ "Ps 


.. Required probability, P(E) = . 
n(S) 7 


Ex. 35 Let X be a set containing n elements. Two subsets 
A and B of X are chosen at random. Find the probability that 
AU B=xX. 
Sol. Let X = {x,, X2,..., X,} 


For each x; € X (1 <i <n), we have the following four 
choices 


(i) x; € A and x; € B (ii) x; € A and x; € B 
(iii) x; € A and x; € B (iv) x; ¢ A and x; € B 


Let S be the sample space and E be the event favourable for 
the occurrence of AU B= X. 


n(S) = 4" 
n(E) = 3" 
Hence, the required probability, 


nayat®  -* (3) 
n(S) 4° 


and [case (iv) ¢ X ] 
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Ex. 36 Two persons each makes a single throw with a 
pair of dice. Find the probability that the throws are 
unequal. 


Sol. Let E be the event that the throws of the two persons are 
unequal. Then, E’ be the event that the throws of the two 
persons are equal. 

.. The total number of cases for E’ is (36)’ 
ie, n(S) = (36)? ['.. S be the sample space] 


We now proceed to find out the number of favourable cases 
for E’. Suppose 


(xt x7 t x8 $0.4 2°) = a,x? + agx? +... +a. x" 
The number of favourable ways of E’ = a5 +43 +...+aiy 
*, n(E’) = coefficient of constant term in 

(a,x" +a3xr+...+ ayyx'”) x & aes weet i) 


x? x? x12 


» (-3) 
Say x® 


ae) 


= coefficient of x’? in(1 — x°)! (1— x)“ 


= coefficient of constant term in 


= coefficient of x" in(1— 4x° +...) 


(1+ *Cyx + Cox? +... + BCigx? +...) 


= "Cro -4! Cy 
13-12-11 “6° 
=c,-4.C,= 4g, OA 44g 
1-2-3 1:2%3 
pe’) = ME). 146 _ 73 
n(S) (36)? 648 
Hence, required probability, 
3 5 
P(B)=1- (E)21- 2 22? 
648 648 


> Ex. 37 If X and Y are independent binomial variates 
B(5,1/ 2) and B(7,1/ 2), find the value of P(X +Y =3). 
Sol. We have, 
P(X +Y =3)= P(X =0,Y =3)+ P(X =1Y =2) 
+ P(X =2,Y =1) + P(X =3,Y =0) 
= P(X =0) P(Y =3) + P(X =1) PY =2) 
+ P(X =2) PY =1) + P(X =3) P(Y =0) 
[. X and Y are independent] 


5, 7 5 7 
(1) wal) ceatly eat 
Se ele ala te "Oeil 76, l= 
° C] ; | (5) : | 
5 T 5 7 
+ #ea(5) tei(z) + e3(5) (5) 
ib 2 a 2 3 


; [(1) (35) + (5) (21) + (10) (7) + (10) (1)] 


_ 220 55 


Qe 1024 


Ex. 38 Ifa¢[—20,0], find the probability that the graph 
of the function y =16x* +8(a+5) x —7a—5 is strictly 
above the X-axis. 

Sol. Since, the graph y = 16x” + 8a +5) x —7a—5is strictly 
above the X-axis, therefore y > 0 for all x 
=> 16x? +8a+5)x-7a-5>0,Vx 


.. Discriminant < 0 


+ + 
-15 = —2 


=> 64(a + 5)” — 4-16(-7a — 5) <0 
=a’ +17a+30<0 >(at+15)(a+2)<0 
=> -15<a<-2 
fis 4 

15 “* _ 13 


dx 20 


.. Required probability = > 


— 


—20 


Ex. 39 3 distinct integers are selected at random from 
1, 2, 3,..., 20. Find out the probability that the sum is divisible 
by 5. 
Sol. The number of wayds choosing 3 distinct integers from 1, 
2, 3, ..., 20 is 
20, _ 20-19-18 


C3 = 20 X57 = 1140 
1:2:3 


Now, arrange the given numbers as below: 


1 6 11 16 
2 7 12 17 
3 8 13 18 
4 9 14 19 
5 10 15 20 


We see that the sum of three digits divisible by 5 in the 
following cases : 
Two number from 1st row and one number from 3rd row or 
one number from 2nd row and two numbers from 4th row 
or three numbers from 5th row or one number from each 
(1st row, 4th row, 5th row) or one number from each (2nd 
row, 3rd row, 5th row). 
Then, the number of favourable ways 

= ‘*c, x ‘C,+ 4C, x 4C, + *C, 

+ *C,x 4c, x *C, + *C,; x *C, x 4c, 

=244+24+4+64+64=180 

150 3 


Hence, the required probability = —— 
' z 1140 19 
Note 


If divisible by 4, then take four rows and if divisible by 3, then take 
three rows, etc. 


Ex. 405 girls and 10 boys sit at random in a row having 
15 chairs numbered as 1 to 15. Find the probability that end 
seats are occupied by the girls and between any two girls odd 
number of boys sit. 


Sol. There are four gaps in between the girls where the boys 
can sit. Let the number of boys in these gaps be 2a + 1, 
2b + 1, 2c + 1, 2d + 1, then 


2a+1+2b+1+2c+1+2d+1=10 
or at+b+ct+d=3 
The number of solutions of above equation 
= coefficient of x? in(1— x) * = °C; = 20 


Thus, boys and girls can sit in 20 x 10! x 5! ways. Total 


ways = 15! 
20 x 10! x5! 


Hence, the required probability = act 


Ex. 41 A four digit number (numbered from 0000 to 
9999) is said to be lucky if sum of its first two digits is equal 
to the sum of its last two digits. If a four-digit number is 
picked up at random, find the probability that it is lucky 
number. 


Sol. The total number of ways of choosing a four digit number 
is 10* = 10000. Let a denote the number of distinct 
non-negative integral solutions of the equation x + y=k 
(0<k <18) 


“. The number of favourable cases = a? + a? +... + avg 


Suppose, (1+ x+x7 +...+x°) 


2 18 
= Ay +x + agx* +... + gx 


Thus, a) + a; +... + aj, = coefficient of constant term in 


a a 
(ay + x +... + Ggx'®) x] ag +4. $ 
x x! 
= coefficient of constant term in 
2 
CS Ra ea ee ae Oe a ob eee 
x x x 


= coefficient of x’* in(1+ x +x? +...4+x°) 

= coefficient of x8 in(1— x"°)* (1- x)“ 

= coefficient of x"® in(1 — 4x") (1+ *Cyx + °Cyx? +...) 
= C,, — 4:1C, = 1330 — 660 = 670 


670 
Hence, the required probability = ae 0.067 
10000 


Ex. 42 

(i) If four squares are chosen at random on a chess board, 
find the probability that they lie on a diagonal line. 

(ii) If two squares are chosen at random on a chess board, 
what is the probability that they have exactly one 
corner in common? 
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(iii) If nine squares are chosen at random on a chess board, 
what is the probability that they form a square of size 
3x3? 


Sol. (i) Total number of ways = “C, 


The chess board can be divided into two parts by a 
diagonal line BD. Now, if we begin to select four 
squares from the diagonal P,Q,, P; Qo, ..., BD, then we 
can find number of squares selected 


= 24°C, + °C, + °C, + Cy) = 112 


A P; Po P3 Py B 


D C 


Similarly, number of squares for the diagonals chosen 
parallel to AC =112 
*. Total favourable ways = 364 


364 
640 7 


+, Required probability = 
4 
(ii) Total ways = 64 x 63 
Now, if first square is in one of the four corners, then the 
second square can be chosen in just one way = (4) (1) =4 
If the first square is one of the 24 non-corner squares 
along the sides of the chess board, the second square 
can be chosen in two ways = (24) (2) = 48. 
Now, if the first square is any of the 36 remaining 
squares, the second square can be chosen in four ways 
= (36) (4) =144 
“. Favourable ways = 4 + 48 +144 =196 
196 7 


.. Required probability = ———- 
” e * 64x63 144 


(iii) Total ways = “Cy, 


A chess board has 9 horizontal and 9 vertical lines. We 
see that a square of size 3 x 3 can be formed by 
choosing four consecutive horizontal and vertical 
lines. 


Hence, favourable ways = (°C,)(°C,) = 36 


“. Required probability = 


64 
Coy 
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© Ex. 43 Out of (2n +1) tickets consecutively numbered, 
three are drawn at random. Find the chance that the 
numbers on them are in AP. 


Sol. Let us consider first (2n + 1) natural numbers as (2n + 1) 
consecutive numbers. 


Let S be the sample space and E be the event of favourable 
cases. 


n(S) = 2n+ en 


It is clear from Eq. (i), a and care both odd or both even. 


Out of (2n + 1) tickets consecutively numbers either (n + 1) 
of them will be odd and n of them will be even (if the 
numbers begin with an odd number) or (n + 1) of them will 
be even and n of them will be odd (if the number begin with 
an even number). 


nE)=** Cy + "Cp 
_(nt+i)n  n(n-)_ ie 


(2n +1)2n(2n-1)  n(4n® - 1) : 
a ee aise .. Required probability, 
1-2-3 3 : , 
n n 3n 
Let the three numbers drawn be a, b, cwherea<b<c. P(E)= (E) _ , Fis 
n(S) n(4n°-1) 4n°-1 
poe Triplets (a, b, c) peas of 3 
ifference riplets 
E Ex. 44 Out of 3n consecutive integers, three are selected 
1 (1, 2, 3), (2,3, 4), ..., an-1 at random. Find the chance that their sum is divisible by 3. 
ees Lan 2h) Sol. Let 3n consecutive integers (start with the integer m) are 
2 (1, 3, 5), (2, 4, 6), ..., 2n-3 mmt+i1,m+2,...,.m+3n-1 
(2n —3, 2n — 1, 2n + 1) Now, we write these 3n numbers in 3 rows as follows : 
3 (1, 4, 7), (2, 5, 8), ..., 2n—-5 m,m+3,m+6,...,m+3n—-3 
(2n —5, 2n — 2, 2n + 1) mt+i,m+4,m+7,...,.m+3n—-—2 
sable 60 ona dese mt+2,m+5,m+8,..,m+3n—-1 
Piss tose The total number of ways of choosing 3 integers out of 3n is 
nC, = 3n(3n — 1) (3n — 2) 
luna hienenaws > 
15253 
r-1 (1, n,2n — 1), (2, n+ 1, 2n), 3 n(3n -_ 1) (3n _ 2) 
(3, n + 2,2n + 1) = - 
n (1,n + 1,2n +1) 1 


*. n(E)=14+34+... +(2n —5)+(2n — 3) +(2n —- 1) 


=" H42n-1}=n? 
2 


.. Required probability, P(E) = n(E) 
n(S) 
_ n° _  3n 
n(4n°—1) 4n*-1 
3 


Aliter Let S be the sample space and E be the event of 

favourable cases. 

antigo (2n + 1) 2n(2n - 1) _ n(4n* - 1) 
° 1-253 3 


Let the three numbers a, b, care drawn where a < b<c 


n(S) = 


and given a, b, care in AP. 


b= 


arc 


or 2b=a+t+c (i) 


The sum of the three numbers shall be divisible by 3 if and 
only if either all the three numbers are from the same row 
or all the three numbers are from different rows. 
Therefore, the number of favourable ways are 


3("C3) + (MCV) (MC) PCy) 


a a 8. a2 

_ 3n(n —1)(n 2) oan 3n° +2n 
1-2-3 2 

.. The required probability 


_ Favourable ways 


Total ways 


3n? —3n” +2n 


= 2 
n(3n — 1)(3n — 2) 
2 
3n? —3n +2 


~ Gn —1)Gn —2) 


© Ex. 45 If6n tickets numbered 0, 1, 2, ...,6n —1 are placed 


in a bag and three are drawn out, show that the chance that 
the sum of the numbers on them is equal to 6n 
3n 


is ——______., 
(6n —1) (6n — 2) 
Sol. Total number of ways to selecting 3 tickets from 6n 
tickets 
= "C, = n(6n — 1) (6n — 2) (i) 


For the sum of these tickets of be 6n, we have the 
following pattern : 


Lowest number Numbers Ways 

0 (0, 1, 6n — 1), (0, 2,6n —2)... (3n —1) 
(0, 3n — 1, 3n + 1) 

1 (1, 2, 6n — 3), (1, 3, 6n — 4)... (3n — 2) 
(1, 3n — 1, 3n) 

2 (2, 3, 6n —5), (2, 4,6n —6).... (3n — 4) 
(2, 3n — 2, 3n) 

3 (3, 4, 6n — 7), (3, 5, 6n —8) ... (3n —5) 
( 


3, 3n — 2, 3n —1) 
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Lowest number Numbers Ways 


5 


(2n — 2) (2n — 2, 2n — 1, 2n + 3), 2 
(2n — 2, 2n, 2n + 2) 


(2n — 1) (2n — 1, 2n, 2n + 1) 1 


Lowest number cannot be greater than (2n — 1) as their sum 
will become > 6n. 


“. Favourable ways =1+2+...+(3n —5) 
+ (3n — 4) + (8n — 2) + (8n — 1) 
Adding Ist with last, 2nd with last one, respectively 
=[1+3n—1]+[2+3n-2] 
+... upto n terms 
=3n+3n+...n terms 
= 3n(n) =3n" 
3n? 
n(6n — 1) (6n — 2) 
_ 3n 
~ (6n — 1)(6n — 2) 


Hence, probability = 


= This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 


Probability Exercise 1: 


Single Option Correct Type Questions 


which ONLY ONE is correct 


1 


There are two vans each having numbered seats, 3 in the 
front and 4 at the back. There are 3 girls and 9 boys to be 
seated in the vans. The probability of 3 girls sitting 
together in a back row on adjacent seats, is 


1 1 1 1 

ey b) — — d) — 

(a) a ( Lee (c) Bs ( Pr 

. The probability that a year chosen at random has 
53 Sundays, is 

1 2 3 6] 

= b) © =. d) 

ea coe Mee (toe 


. The probability that a leap year selected at random 


contains either 53 Sundays or 53 Mondays, is 


1 2 3 4 
(a) 7 (b) 7 (c) 7 (d) 7 


. A positive integer N is selected so as to be 


100 < N <200. Then, the probability that it is divisible 
by 4 or 7, is 


i) 17 32 34 
(a) 33 (b) 33 (c) 99 (d) 99 


. Two numbers aand bare selected at random from 


1, 2, 3,...,100 and are multiplied. Then, the probability 
that the product ab is divisible by 3, is 


67 83 67 
(a) — (b) —~ (c) a8 


8 
(d) — 
150 150 75 


. Three different numbers are selected at random from the 


set A = {1, 2,3,..., 10}. The probability that the product of 
two of the numbers is equal to third, is 


3 1 1 
(a) 4 (b) 40 (c) 3 


. The numbers 1, 2, 3,...,n are arranged in a random order. 


Then, the probability that the digits 1, 2, 3,..., k(k <n) 
appears as neighbours in that order, is 

1 k! —k)! —k+1)! 
@ ) = gf @ety 


n! n! n! 


. The numbers 1, 2, 3,...,2 are arranged in a random order. 


Then, the probability that the digits 1, 2,3,....k(k <n) 
appears as neighbours, is 


(n—k)! (n-—k+1) 
a ee 

(n —k) k! 
OT, oF 


. Four identical dice are rolled once. The probability that 


atleast three different numbers appear on them, is 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


= b) (3 (a) 2 


(a) 
42 42 42 42 


Three of the six vertices of a regular hexagon are chosen 
at random. The probability that the triangle formed by 
these vertices is equilateral, is 


(a) (b)2 @= (a) + 


1 

2 3 10 20 

Two small squares on a chess board are chosen at 
random. Then, the probability that they have a common 
side, is 

1 5 

(a) 


(b) e (d) is 


1 
3 (c) 
A letter is known to have come from CHENNAI, 
JAIPUR, NAINITAL, DUBAI and MUMBAI. On the post 
mark only two consecutive letters AI are legible. Then 
the probability that it come from MUMBAI is 


42 84 39 
(a) rors (b) ie (c) aaa (d) 


42 
331 


Let a die is loaded in such a way that prime number 
faces are twice as likely to occur as a non-prime number 
faces. Then, the probability that an odd number will be 
show up when the die is tossed, is 


1 2 4 5 
= Be = d)2. 
(a) ‘i (b) 5 (c) r (d) 6 
One ticket is selected at random from 100 tickets 


numbered 00, 01, 02, ..., 99. 
Suppose, X and Y are the sum and product of the digit 
found on the ticket P(X =7/Y =0) is given by 


2 2 1 
(a) 7 (b) 7G (c) an (d) None of these 
All the spades are taken out from a pack of cards. From 


these cards, cards are drawn one by one without 
replacement till the ace of spades comes. The probability 
that the ace comes in the 4th draw, is 


1 12 
ae Bye 
(a) rr (b) ir 
(c) = (d) None of these 


Anumber is selected at random from the first twenty-five 
natural numbers. If it is a composite number, then it is 
divided by 5. But ifit is not a composite number, then it is 
divided by 2. The probability that there will be no 
remainder in the division, is 


i 
(a) me (b) 0.4 
(c) 0.2 (d) None of these 


17. 


18. 


19. 


. 20. 


21. 


22. 


23. 


24. 


If a bag contains 50 tickets, numbered 1, 2, 3,...,50 of 


which five are drawn at random and arranged in 


ascending order of magnitude (x; <x, <x3 <Xx4<x5). 


The probability that x, = 30, is 


20 29 20 
Cox WE (eo 
@ a b) ae 
5 5 
290 
(c) eo (d) None of these 
5 


India play two matches each with West Indies and 
Australia. In any match the probabilities of India getting 
points 0, 1 and 2 are 0.45, 0.05 and 0.50, respectively. 
Assuming that the outcomes are independent, then the 
probability of India getting atleast 7 points, is 

(a) 0.8750 (b) 0.0875 (c) 0.0625 (d) 0.0250 


Three six faced dice are tossed together, then the 
probability that exactly two of the three numbers are 


equal, is 

165 177 51 90 
a) — b) — c) — d) — 
oe WP) ie CP ( le 


Three six-faced fair dice are thrown together. The 
probability that the sum of the numbers appearing on 
the dice is k(3 < k <8), is 


(k —1) (k —2) k(k -1) 
332 rrr 

k2 
(c) a (d) None of these 


A book contains 1000 pages. A page is chosen at 
random. The probability that the sum of the digits of the 
marked number on the page is equal to 9, is 


23 11 
a) — b) — 
Soler ( lea 
7 
c) — d) None of these 
( a (d) 


A bag contains four tickets numbered 00, 01, 10 and 11. 
Four tickets are chosen at random with replacement, 
then the probability that sum of the numbers on the 
tickets is 23, is 


1 Z 
or (d) —— 


5 
oe 256 


3 
ay 
@) 32 256 
Fifteen coupons are numbered 1 to 15. Seven coupons 
are selected at random, one at a time with replacement. 
Then, the probability that the largest number appearing 


on a selected coupon be 9, is 
Hi 
8 
b)| 2 
(b) (2 ) 


1\ 
(a) (=) 
3) 
(c) (2) (d) None of these 


A box contains tickets numbered 1 to 20.3 tickets are 


drawn from the box with replacement. The probability 
that the largest number on the tickets is 7, is 


25. 


26. 


27. 


28. 


29. 


30. 
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i) 7\3 
(a) an (b) 1 - (7) 
(c) hed (d) None of these 


An unbiased die with faces marked 1, 2, 3, 4, 5 and 6 is 
rolled four times. Out of four face values obtained, then 
the probability that the minimum face value is not less than 
2 and the maximum face value is not greater than 5, is 

16 1 80 65 
(a) 7 (b) = (c) 7 (d) 7m 
A bag contains four tickets marked with numbers 112, 
121, 211 and 222. One ticket is drawn at random from 
the bag. Let E; (i = 1, 2,3) denote the event that ith digit on 
the ticket is 2. Then, which of the following is not true? 
(a) E, and E, are independent 
(b) E, and E3 are independent 
(c) E; and E, are independent 
(d) E,, E, and E3 are not independent 


Two non-negative integers are chosen at random. The 
probability that the sum of the square is divisible by 10, is 


17 9 7 9 
(a) 100 (b) 50 (c) 50 (d) 16 


Two positive real numbers x and y satisfying x < 1 and 


y S1are chosen at random. The probability that 
x +yS1, given that x? +y’ <1/4,is 


8-1 4-T 

a b 

a Oa 

(c) a8 (d) None of these 
8-1 


If the sides of a triangle are decided by the throw of a 
single dice thrice, the probability that triangle is of 
maximum area given that it is an isosceles triangle, is 
(a) (b) — 

27 

(d) None of these 


is 
7 

1 
pote 
or 


Aand Bare persons standing in corner square as shown in 
the figure. They start to move on same time with equal 
speed, if A can move only in East or South direction and B 
can move only in North or West direction. Ifin each step 
they reach in next square and their choice of direction are 
equality. Ifit is given that A and Bmeet in shaded region, 
then the probability that they have met in the top most 
shaded square, is 


A N 
wefe 
S 
B 
(a+ bo) oO @— 
6 RC; mo 2°x6 
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= This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
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Probability Exercise 2: 


More than One Correct Option Type Questions 


which MORE THAN ONE may be correct. 


31. 


32. 


33. 


34, 


35. 


36. 


37. 


38. 


For two given events A and B, P(A M B)is 


(a) not less than P(A) + P(B) -1 
(b) not greater than P(A) + P(B) 
(c) equal to P(A) + P(B) — P(A UB) 
(d) equal to P(A) + P(B) + P(A U B) 


If E and F are independent events such that 
0< P(E)<1and0< P(F) <1, then 


(a) E and F are mutually exclusive 
(b) E and F (complement of the event F) are independent 


(c) E and F are independent 
(d) P(E/ F)+ P(E/F)=1 


For any two events A and Bin a sample space: 
(a) ([4| = Mas . P(B) # 0, is always true 
B P(B) 


(b) P(A 7 B) = P(A) — P(A OB), does not hold 

(c) P(A UB) =1-— P(A) P(B), if A and B are independent 

(d) P(A UB) =1— P(A) P(B), if A and B are disjoint 

Let E and F be two independent events. Then, the 

probability that both E and F happens is = and the 
12 


probability that neither E nor F happens is Then, 

(a) P(E) =1/3, P/F) =1/4 (b) P(E) =1/2, P(F) =1/6 

(c) P(E) =1/6, P(F) =1/2 (d) P(E) =1/ 4, PF) =1/3 

If E and F are the complementary events of events E and 
F, respectively and if 0 < P(F) <1, then 
(a) P(E / F)+ P(E/ F)=1 (b) P(E/ F) + P( 
(c) P(E / F) + P(E/ F)=1 (d) P(E/ F)+ P( 


E/F)=1 
E/F)=1 
Let 0< P(A) <1,0< P(B)<1and 

P(A U B) = P(A) + P(B)— P(A) P(B). Then, 

(a) P(B — A) = P(B) — P(A) (b) P(A’ U B’) = P(A’) + P(B) 
(c) P((A U B)’) = P(A’) P(B4) (d) P(A/ B) = P(A) 

If A and Bare two events, then the probability that 
exactly one of them occurs is given by 

(a) P(A) + P(B) -2P(A 0B) 

(b) P(A AB’) + P(A’ OB) 

(c) P(A UB) - (AM B) 

(d) P(A’) + P(B’) -2P(A’ OB 

If A and Bare two independent events such that 
P(A) =1/2and P(B)=1/5. Then, 

(a) P(A UB) =3/5 (b) P(A/ B) =1/2 

(c) (A/ AUB)=5/6 (4) (AB)/(A’UB) =0 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


A student appears for tests I, II and III. The student is 
successful if he passes either in tests I and II or tests I 
and III. The probabilities of the student passing in tests I, 
Il and Ill are p, g and 1/2, respectively. If the probability 
that the student is successful is 1/2, then 
(a) p=1,q=0 (b) p=2/3,q=1/2 
(c) p=3/5,q =2/3 (d) infinitely values of p and q 
Let X be a set containing n elements. If two subsets A 
and B of X are picked at random, then the probability 
that A and B have same number of elements, is 

nC 1 1-3-5... (2n—-1) 3" 
(@) Gan ®) aed a -(n!) 4" 


Suppose m boys and m girls take their seats randomly 
around a circle. The probability of their sitting is 
(?"-1C_) 7, when 

(a) no two boys sit together 

(c) boys and girls sit alternatively 
(d) all the boys sit together 


(b) no two girls sit together 


The probabilities that a student passes in Mathematics, 
Physics and Chemistry are m, p and c, respectively. In 
these subjects, the student has a 75% chance of passing 
in atleast one, a 50% chance of passing in atleast two and 
a 40% chance of passing in exactly two. Which of the 
following relations are true? 

(a) p+m+c=19/20 (b) p+ m+ c=27/20 

(c) pme =1/10 (d) pme =1/ 4 


(n = 5) persons are sitting in a row. Three of these are 
selected at random, the probability that no two of the 
selected persons are sit together, is 
a "2C, (n — 3) (n—- 4) 
*P er n(n — 1) 


1-30 
2 


(a) 7 


(b) (c) (d) 


Given that x € [0,1] and y€ [0,1]. Let A be the event of 
(x, y) satisfying y” < x and Bbe the event of (x, y) 


satisfying x< y, then not true, is 
(a) P(A 7B) = , 


(b) A and B are exhaustive 
(c) A and B are mutually exclusive 
(d) A and B are independent 


If the probability of chosing an integer ‘k’ out of 2n 
integers 1, 2, 3,...,2n is inversely proportional to 
k*(1<k <n). Ifa is the probability that chosen number 


is odd and B is the probability that chosen number is 
even, then 


(a) >> (b) >= ()B<> ()p<= 


Probability Exercise 3: 
Passage Based Questions 


= This section contains 9 passages. Based upon each of 
the passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 
(b), (c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Q. Nos. 46 to 48) 


If pand q are chosen randomly from the set 
{l, 2, 3, 4, 5, 6, 7, 8, 9,10} with replacement. 


46. The probability that roots of x” + px + q =0are real and 
distinct, is 
(a) 0.38 (b) 0.03 


(c) 0.59 (d) 0.89 


47. The probability that roots of x* + px + q =Oare equal, is 
(a) 0.58 (b) 0.55 (c) 0.38 (d) 0.03 

48. The probability that roots of x* + px +q=Oare 
imaginary, is 
(a) 0.62 (b) 0.38 


(c) 0.59 (d) 0.89 


Passage II 
(Q. Nos. 49 to 51) 
A chess game between two grandmasters X and Y is won by 
whoever first wins a total of two games. X ’s chances of 
winning, drawing or loosing any particular game are a, b and 
c, respectively. The games are independent anda+b+c=1 


49. The probability that X wins the match after (n + 1) th 
game (n = 1), is 
(a) na? b"! 


(c) na® be” =! 


(b) na® b"~*(b + (n—-1)c) 

(d) na b"~' (b + nc) 

50. The probability that Y wins the match after the 4th game, is 
(a) abe(2a + 3b) (b) be2(a + 3b) 
(c) 2ac*(b + c) (d) 3bc*(2a + b) 

51. The probability that X wins the match, is 


a*(a + 2c) a> a*(a + 3c) ce 
@) (a+c) (a+c) ©) (a+c)> (¢) (a+c)? 
Passage III 


(Q. Nos. 52 to 54) 


There are n students in a class. Let P(E), ) be the 
probability that exactly X out of n pass the examination. If 
P(E) ) is directly proportional to? (0<A<n). 


52. Proportionality constant k is equal to 


1 1 1 1 
(a) En (b) sre (c) > (d) —;> 
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53. If P(A) be the probability that a student selected at 


random has passed the examination, then lim P(A), is 
xX 00 


(a) 0.25 (b) 0.50 
(c) 0.75 (d) 0.35 

54. If a selected student has been found to pass the 
examination, then the probability that he is the only 
student to have passed the examination, is 


1 1 
(a) Ta (b) a 
1 1 
OS OSH 
Passage IV 


(Q. Nos. 55 to 57) 


A cube having all of its sides painted is cut to be two 
horizontal, two vertical and other two planes, so as to form 
27 cubes all having the same dimensions of these cubes, a 
cube is selected at random. 
59. If P, be the probability that the cube selected having 
atleast one of its sides painted, then the value of 27P,, is 
(a) 14 (b) 18 (c) 22 (d) 26 
56. If P, be the probability that the cube selected has two 
sides painted, then the value of 27P, , is 
(a) 3 (b) 8 (c) 12 (d) 17 
957. If P; be the probability that the cube selected has none 
of its sides painted, then the value of 27P3, is 


(a) 1 (b) 2 
(c) 3 (d)5 
Passage V 


(Q. Nos. 58 to 60) 
AJEE aspirant estimates that she will be successful with an 80% 
chance, if she studies 10 h per day with a 60% chance, if she 
studies 7 h per day and with a 40% chance if she studies 4 h per 
day. She further believes that she will study 10 h, 7 h and 4 h per 
day with probabilities 01,02, and 0.7, respectively. 


58. The probability that she will be successful, is 


(a) 0.28 (b) 0.38 (c) 0.48 (d) 0.58 
59. Given that she is successful, the chances that she studied 
for 4h, is 
1 a 
ee hye: 
(a) rE (b) rr 
7 11 
flip ay n= 
(c) (d) o 
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60. Given that she does not achieve success, the chance that 
she studied for 4 h, is 


19 

(c) 26 
Passage VI 

(Q. Nos. 61 to 63) 


Suppose E,, E, and E be three mutually exclusive events 
such that P(E ;) = p; for i=, 2, 3. 
61. If p,, p2 and p ; are the roots of 


27x > —27x? +ax —1=0, the value of ais 


(a) 3 (b) 6 (c) 9 (d) 12 
62. P (none of E,, Ey , E;) equals 
(a) 0 


(b) Pi + Po + Ps 
(c) (1 — py) A — pa) (1 — ps) 
(d) None of the above 


63. P(E, A E,)+ P(E, OE;)+ P(E; 0 E;) equals 


(a) p, — po) + po — p3) + ps1 — pr) 
(b) PiP2 + Po Ps + PsP 

(c) PL + Po + Ps 

(d) None of the above 


Passage VII 
(Q. Nos. 64 to 66) 
Let A= (41,2, 3} and B = {-2, —1,0,1, 2, 3}. 
64. The probability of increasing functions from A to B, is 
1 7 
b) — d) — 
rs <r 


1 5 
(a) 27 (c) 54 


65. The probability of non-decreasing functions from A to B, 
is 


5 iE 
(a) 27 (b) 27 
1 11 
(c) 3 (d) 27 


Probability Exercise 4: 


Single Integer Answer Type Questions 


66. The probability of onto functions from B to B, such that 
f(i)#i,i=-2,-1,0,1,2,3, is 


53 35 29 25 
2m. ee ed d) 2 
(a) 144 ©) 144 ©) 72 (@) 72 
Passage VIII 
(Q. Nos. 67 to 69) 
A random variable X takes values 0, 1, 2,3, ... with 
probability proportional to (x +1) (;) ; 
67. P(X =0) equals 
2 4 9 16 
ad by as d)— 
(a) 25 ) 25 ©) 25 (¢) 25 
68. P(X > 2) equals 
11 13: 11 13 
(a) 25 (b) 25 (c) 125 (d) 125 
69. The expectation of X i.e., E(X) is equal to 
1 1 
bas b = d 
(a) ri (b) 2 (c) ; (d) 4 
Passage IX 


(Q. Nos. 70 to 72) 


Letn=10A +4r, wherea,re N,O0<r<9. A number a is 
chosen at random from the set {1, 2, 3,...,n} and let p, 
denote the probability that (a? —1) is divisible by 10. 


70. If r =0, then np, equals 


(a) 22 (b) (A +1) 
(c) (2A + 1) (d)a 

71. Ifr =9, then np,, equals 
(a) 2 (b) 2(A + 1) 
(c) (2A + 1) (d) A 

72. If1<r <8 then np,, equals 
(a) (24 - 1) (b) 2A 
(c) (24 + 1) (d)a 


= This section contains 10 questions. The answer to each question is a single digit integer, ranging from 


0 to 9 (both inclusive). 
73. A bag contains (n + 1) coins. It is known that one of these 


coins shows heads on both sides, whereas the other coins 
are fair. One coin is selected at random and tossed. If the 


probability that the toss result in heads is = , then the 


value of nis 


74, A determinant of the second order is made with the 


elements 0 and 1. If ” be the probability that the 
n 


determinant made is non-negative, where m and n are 
relative primes, then the value of n — mis 


75. 


76. 


77. 


78. 


Three students appear in an examination of 


: sees . 1 1 
Mathematics. The probabilities of their success are —, — 
3.4 


and Z respectively. If the probability of success of atleast 
R) 


two is —, then the value of A is 
12 


A die is rolled three times, if p be the probability of 


getting a large number than the previous number, then 
the value of 54p is 


In a multiple choice question, there are five alternative 
answers of which one or more than one are correct. A 
candidate will get marks on the question, if he ticks all 
the correct answers. If he decides to tick answers at 
random, then the least number of choices should he be 
allowed, so that the probability of his getting marks on 


; 1. 
the question exceeds — is 
8 


There are n different objects 1, 2, 3,..., n distributed at 


random in n places marked 1, 2,3,..., n. If p be the 
probability that atleast three of the objects occupy places 
corresponding to their number, then the value of 6p is 


Probability Exercise 5: 
Matching Type Questions 


79. 


80. 


81. 


82. 
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A sum of money is rounded off to the nearest rupee, if 


2 
(=) be the probability that the round off error is atleast 
n 


ten paise, where m and 7 are positive relative primes, 
then the value of (n — m) is 


A special die is so constructed that the probabilities of 
throwing 1, 2,3, 4,5 and 6 are (1— k)/6,(1+ 2k)/6, 
(1—k)/6,(1+k)/6,(1—2k)/6 and (1+ k)/6, respectively. 
If two such dice are thrown and the probability of 


F : 1 2 
getting a sum equal to lies between — and —, then the 
9 


integral value of k is 


Seven digits from the numbers 1, 2,3, 4,5,6,7,8 and 9 are 
written in random order. If the probability that this seven-digit 
number divisible by 9 is p, then the value of 18p is 


8 players P,, P,, P3,..., Py play a knock out tournament. 
It is known that all the players are of equal strength. The 
tournament is held in three rounds where the players 
are paired at random in each round. If it is given that P, 
wins in the third round. If p be the probability that P, 


loses in the second round, then the value of 7p is 


= This section contains 6 questions. Questions 83 to 88 have four statements (A, BC and D) given in Column I and 
four statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one 
or more statement(s) given in Column II. 


83. 


Column I Column II 
(A) lif P(A) = 03, P(B) = 0.4 and P(AB) = 0.5 and P[B/(A UB)] =~, then — is _| (©) |A prime number 
lh 
(B) | The coefficient of a quadratic equation ax” + bx + c =10(a # b #c) are chosen (q) |A composite number 


1 
real is A, then —— is 
ho 


from first three prime numbers, then the probability that roots of the equation are 


(C) 


A fair coin is tossed repeatedly. If tail appears on first four tosses, then the (r) 


probability of head appearing on the fifth toss is A, then 7 is 


3 


A natural number 


(D) 


Band B speaks before C is Ay, then — is 
4 


Three persons A, B and C are to speak at a function along with 6 other persons. | (s) 
If the persons speak in random order, then the probability that A speaks before 


A perfect number 


732 


84, A and Bare two events, such that P(A) = 2 and P(B) = e 
5 2 
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Column I Column II 

(A) | P(AMB)e (p) Ey 
3 

(B) | P(AUB)e (q) E | 
. 

(C) | P(A/B)e (x) 2 =| 
5° 10 

(D) | P(B/A)é (s) E 4 
155 


85. Three players A, Band C alternatively throw a die in 


that order, the first player to throw a 6 being deemed the 
winner. A’s die is fair whereas B and C throw dice with 
probabilities p, and p, respectively, of throwing a 6. 


Column I Column II 
A) la, = ; = ; and probability that A |) | 6 
wins the game is oO then A, is divisor 
of 
2) ae p< , —_ : and probability thatc | |8 
wins the game is 3 then A, is divisor 
of 
) |r P(A wins) = P(B wins) and = Re © | 12 
then A, is divisor of * 
(D) | If game is equiprobable to all the three | (s) | 15 
players and La Aq, then A, is divisor 
e Pi 


86. Two numbers aand bare chosen at random from the set 
{1, 2, 3, 4,...,9} with replacement. The probability that the 


equation x? + /2(a— b)x +b=Ohas 


Column I 


Column II 


(A) 


Real and distinct roots is p,, then the 
value of [9 p,], where [-] denotes the 
greatest integer function, is 


(p) 


2 


Column I 


Column II 


(B) 


Imaginary roots is py», then the value of 
[9 p2], where [-] denotes the greatest 
integer function, is 


(q) 


3 


(C) 


Equal roots is p3, then the value of 
[81 p3], where [-] denotes the greatest 
integer function, is 


(r) 


(D) 


Real roots is p,, then the value of [9 p,], 
where [-] denotes the greatest integer 
function, is 


(s) 


87. Three numbers are chosen at random without 
replacement from the set {|x |1< x <10, xe N} 


88. 


Column I Column II 
(A) | Let p, be the probability that the (p) 10 
minimum of the chosen numbers is 3 and 
; : 2, 
maximum is 7, then the value of ——, is 
Spi 
(B) | Let pz be the probability that the (q) 14 
minimum of the chosen numbers is 4 or 
their maximum is 8, then the value of 
80 p2 ,is 
(C) | Let ps be the probability that their (r) 16 
minimum is 3, given that their maximum 
2 
is 7, then the value of —., is 
P3 
(D) | Let p, be the probability that their (s) 22 
minimum is 4, given that their maximum 
2 
is 8, then the value of —, is 
Pa 
Column I Column II 
(A) | If the integers mand n are chosen at (p) 1 
random between 1 and 100, then the 7 
probability that a number of the form 
7” +7" is divisible by 5, is 
(B) | Asecond order determinant is written (q) 1 
down at random using the numbers 1, —1 5 
as elements. The probability that the 
value of the determinant is non-zero, is 
(C) | The probability of a number n showing _| (r) 2 
in a throw of a die marked 1 to 6 is 5 
proportional to n. Then, the probability 
of the number 3 showing in a throw, is 
(D) | A pair of dice is rolled together till a (s) 1 
sum of either 5 or 7 is obtained. Then, 2 
the probability that 5 comes before 7, is 


Probability Exercise 6 : 
Statement | and II Type Questions 


= Directions (Q. Nos. 89 to 100) are Assertion- 

Reason type questions. Each of these questions 

contains two statements: 

Statement-1 (Assertion) and 

Statement-2 (Reason) Each of these questions 

also has four alternative choices, only one of which 

is the correct answer. You have to select the 
correct choice as given below. 

(a) Statement-1 is true, Statement-2 is true; 
Statement-2 is a correct explanation for 
Statement-1 

(b) Statement-1 is true, Statement-2 is true; 
Statement-2 is not a correct explanation for 
Statement-1 

(c) Statementl is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 


89. Statement-1 If 10 coins are thrown 
simultaneously, then the probability of appearing 
exactly four heads is equal to probability of 


appearing exactly six heads. 


Statement-2 "C, ="C, >eitherr=s or 
r+s=n and P(H)= P(T)ina single trial. 


90. Statement-1 If A is any event and P(B) = 1, then 


A and Bare independent. 
Statement-2 P(A ™ B)= P(A)-P(B), if A and B 
are independent. 


91. Statement-1 If A and B be the events in a sample 
space, such that P(A) =0.3 and P(B) = 0.2, then 
P(A O B) cannot be found. 
Statement-2 P(A 4 B)= P(A)- PAB) 
Statement-1 Let A and Bbe two events, such that 
P(A UB)= P(A B), then 

P(A OB’)= P(A’ A B)=0 
Statement-2 Let A and B be two events, such that 
P(A U B)= P(A OB), then P(A) + P(B)=1 
A fair die is rolled once. 
Statement-1 The probability of getting a 


92. 


93. 


: oe oe 
composite number is —, 1S 
3 


Statement-2 There are three possibilities for the 
obtained number. 
(i) The number is prime number. 
(ii) The number is a composite number and 
(iii) The number is 1. 


ere , i x 
Hence, probabilities of getting a prime number is —. 


94. 


95. 


96. 


97. 


98. 


99. 
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From a well shuffled pack of 52 playing cards, a card is drawn 
at random. Two events A and Bare defined as 

A: Red card is drawn 

B: Card drawn is either a Diamond or Heart 

Statement-1 P(A + B)= P(AB) 

Statement-2 AC Band BCA 


Statement-1 The probability that A and Bcan solve a 
problem is . and 2 respectively, then the probability that 
2 3 


problem will be solved is 2 


Statement-2 Above mentioned events are independent 
events. 


Statement-1 Out of 21 tickets with numbers 1 to 21, 3 tickets 
are drawn at random, the chance that the numbers on them 


: . 10 
are in AP is —. 
133 
Statement-2 Out of (2m + 1) tickets consecutively numbered 
three are drawn at random, the chance that the numbers on 
them are in AP is (4n —10)/(4n? — 1). 


Statement-1 If A and Bare two events, such that 0 < P(A), 


P(B) <1, then (4) ‘ (4) _3 
B B) 2 


Statement-2 If A and Bare two events, such that 0 < P(A), 

P(B) <1, then 

P(A/B) = PAN B) 
(B) 


In a T-20 tournament, there are five teams. Each team plays 
one match against every other team. 


and P(B) = P(A MB) + P(A OB) 


Each team has 50% chance of winning any game it plays. No 
match ends in a tie. 


Statement-1 The probability that there is an undefeated 


: a) 
team in the tournament is —. 
1 


Statement-2 The probability that there is a winless team in 


2. 3 
the tournament is —. 
1 


Statement-1 If p is chosen at random in the closed interval 
[0,5], then the probability that the equation 


1 3 
x” + px +—(p + 2)=Ohas real is =. 
4 5 


Statement-2 If discriminant = 0, then roots of the quadratic 
equation are always real. 
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100. Let a sample space S contains n elements. Two events A and Bare defined on S and B# 6. 


Statement-1 The conditional probability of the event A given B, is the ratio of the number of elements in AB divided by 


the number of elements in B. 


Statement-2 The conditional probability model given B, is equally likely model on B. 


Probability Exercise 7 : 
Subjective Type Questions 


= In this section, there are 24 subjective questions. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


A five digit number is formed by the digits 1, 2, 3, 4 
and 5 without repetition. Find the probability that 
the number formed is divisible by 4. 


A dice is rolled three times, then find the probability 
of getting a large number than the previous number. 


A car is parked among N cars standing in a row but 
not at either end. On his return, the owner finds that 
exactly r of the N places are still occupied. What is 
the probability that both the places neighbouring his 
car are empty? 


Two teams A and B play a tournament. The first one 
to win (n + 1) games win the series. The probability 
that A wins a game is p and that B wins a game is q 
(no ties). Find the probability that A wins the series. 
. 1 


1 Spay i 
2 


Hence or otherwise prove that BS alles 
r=0 


=1. 


An artillery target may be either at point I with 
probability i or at point II with probability = We 
9 9 


have 21 shells each of which can be fired either at 
point I or II. Each shell may hit the target 


independently of the other shell with probability s 
2 


How many shells must be fired at point I to hit the 
target with maximum probability? 


There are 6 red and 8 green balls in a bag. 5 balls are 
drawn at random and placed in a red box. The 
remaining balls are placed in a green box. What is 
the probability that the number of red balls in the 
green box plus the number of green balls in the red 
box is not a prime number? 


An urn contains ‘a’ green and ‘b’ pink balls k (< a, b) 


balls are drawn and laid a side, their colour being 
ignored. Then, one more ball is drawn. Find the 
probability that it is green. 


A fair coin is tossed 12 times. Find the probability 
that two heads do not occur consecutively. 


109. 


110. 


111. 


Given that x + y = 2a, where a is constant and that all values 


of x between 0 and 2a are equally likely, then show that the 


3 ae | 
chance that xy > — a’, is—. 
4 2 


Achess game between Kamsky and Anand is won by whoever 
first wins a out of 2 games. Kamsky’s chance of winning, 
drawing or loosing a particular game are 2. The games are 
independent and p + q + r = 1. Prove that the probability that 


p’ (p +3r) 


Kamsky wins the match is ——>———. 


(ptr)? 


Of three independent events, the chance that only the first 

occurs is a, the other that only the second occurs is b and the 
chance of only third occurs is c. Show that the cases of three 
events are respectively a/(a+ x), b/(b+x),c/(c + x), where 


xis a root of the equation (a+ x)(b+x)(c+x)= x, 


112. A is a set containing n elements. A subset P of A is chosen at 


113. 


115. 


random and the set A is reconstructed by replacing the 
elements of P. Another subset Q of A is now chosen at 
random. Find the probability that P U Q contains exactly r 
elements, with1<r<n. 


An electric component manufactured by “RASU electronics’ 
is tested for its defectiveness by a sophisticated testing 
device. Let A denote the even “‘the device is defective” and B 
the event “‘the testing device reveals the component to be 
defective.” Suppose, P(A) = and 

P(B/ A) = P(B’/A’)=1-0, where 0 <a <1. Show that the 
probability that the component is not defective, given that 
the testing device reveals it to be defective is independent of 
Q. 


. A bag contains n white and n red balls. Pairs of balls are 


drawn without replacement until the bag is empty. Show 
that the probability that each pair consists of one white and 
one red ball is 2” /(2"C,, ). 


If m things are distributed among ‘a’ men and ‘b’ women, 
then show that the probability that the number of things 
1 {(b+ a)” -(b-a)"} 

(b+ a)” 


received by men is odd, is 
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Questions Asked in Previous 13 Year's Exam 


= This section contains questions asked in IIT-JEE, 
ATEEE, JEE Main & JEE Advanced from year 2005 
to year 2017. 


116. 


177; 


118. 


119. 


120. 


121. 


A person goes to office either by car, scooter, bus or 

1 

7 
respectively. Probability that he reaches office late, if he 


train. The probability of which being 2» = 2 and 
0D ok 


eos 1 
takes car, scooter, bus or train is —, —, — and -, 
999 9 


respectively. Given that he reached office in time, then 
what is the probability that he travelled by a car. 
[IIT-JEE 2005, 2M] 


A six faced fair die is thrown until 1 comes. Then, the 
probability that 1 comes in even number of trials, is 
[IIT-JEE 2005, 3M] 


1 
(c) — (d) ; 


: 5 
(@) ee (b) & nT 


ok ll 
Let A and B be two events such that P(A U B)=-, 
6 


P(A B)= ; and P(A) = ; where A stands for 

complement of event A. Then, events A and Bare 
[IIT-JEE 2005, 3M] 

a) independent but not equally likely 

b) mutually exclusive and independent 

c) equally likely and mutually exclusive 

d) equally likely but not independent 


yt 


Three houses are available in a locality. Three persons 
apply for the houses. Each applies for one house without 
consulting others. The probability that all the three 
apply for the same house, is [AIEEE 2005, 3M] 
8 7 2 1 
A b) & d)— 
(a) - (b) 5 (c) 5 (d) 5 
A random variable X has Poisson’s distribution with 
mean 2. Then, P(X > 1.5) is equal to [AIEEE 2005, 3M] 


Gi oF (2 (4) 0 
€ iq é 


There are n urns each containing (n + 1) balls such that 


the ith urn contains i white balls and (n + 1 — i) red balls. 
Let u; be the event of selecting ith urn, i = 1, 2,3,...,n and 
w denotes the event of getting a white ball. 
[IIT-JEE 2006, 5+5+5M] 
(i) If P(u,) <i, where i =1, 2, 3,...,n, then lim P(w), is 


2 3 1 
(a) 1 (b) Fi (c) ri (d) ’ 
(ii) If P(u;) = c, where c is a constant, then of} is 
w 
2 a n 1 
Waa a Veet OG 


122. 


123. 


124. 


125. 


126. 


127. 


(iii) If n is even and E denotes the event of choosing even 
1 

numbered urn (Pw) = ~| then the value of =) is 
n 


n+2 n 1 


2(n + 1) @ n+1 id) 


n+2 
a 


2n+1 n+1 


Ata telephone enquiry system, the number of phone calls 
regarding relevant enquiry follow Poisson’s distribution 
with an average of 5 phone calls during 10 min time 
interval. The probability that there is atmost one phone 
call during a 10 min time period, is [AIEEE 2006, 4, 5M] 


6 a 6 6 

ao ee se ay 
@e (De (oe Ne 
One Indian and four American men and their wives are 
to be seated randomly around a circular table. Then, the 
conditional probability that the Indian man is seated 
adjacent to his wife given that each American man is 
seated adjacent to his wife, is [IIT-JEE 2007, 3M] 
1 1 2 1 
i b) — i d)_ 
(a) 3 (b) (c) 5 (d) ; 
Let H,, H,,...,H, be mutually exclusive events with 
P(H;)>0,i =1,2,...,n. Let E be any other event with 
0< P(E) <1. 


Statement-1 P(H; / E)> P(E/H;) P(H;), for i=1,2,...,n. 
n 
Statement-2 > P(H;)=1 


i=l [IIT-JEE 2007, 3M] 

(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 

Let E° denote the complement of an event E. Let E, F 
and G be pairwise independent events with P(G) > 0 and 
P(EQAF AG) =0, then P(E‘ F°/G), is [IIT-JEE 2007, 3M] 
(a) P(E") + P(F*) (b) P(E‘) — P(F*) 

(c) P(E*) — P(F) (d) P(E) - P(F*) 

A pair of fair dice is thrown independently three times. 
Then, the probability of getting a score of exactly 9 


twice, is [AIEEE 2007, 3M] 
1 8 8 8 

a) —— b)- c) — d) —— 

@) 5 tas Se Mia 


Two aeroplanes I and II bomb a target in successions. 

The probabilities of I and II scoring a hit correctly are 0.3 
and 0.2, respectively. The second plane will bomb only if 
the first misses the target. The probability that the target 
is hit by the second plane, is [AIEEE 2007, 3M] 


(a) 0.06 (b) 0.14 (c) 0.2 (d) 0.7 


136 


128. 


129. 


130. 


131. 


Textbook of Algebra 


An experiment has 10 equally likely outcomes. Let A 
and B be two non-empty events of the experiment. If A 
consists of 4 outcomes, then the number of outcomes 
that B must have, so that A and B are independent, is 
[IIT-JEE 2008, 3M] 


(a)2,4o0r8 (b)3,60r9 (c) 4 or 8 (d) 5 or 10 


Consider the system of equations ax + by = 0 and 
cx + dy =0, where a, b, c, de {0, 1}. 
Statement-1 The probability that the system of 
equations has a unique solution is 3/8 and 
[IIT-JEE 2008, 3M] 
Statement-2 The probability that the system of 
equations has a solution is 1. 
(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1. 
(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1. 
(c) Statement-1 is true, Statement-2 is false. 


(d) Statement-1 is false, Statement-2 is true. 
A die is thrown. Let A be the event that the number 


obtained is greater than 3. Let B be the event that the 
number obtained is less than 5. Then P(A U B)is 


[AIEEE 2008, 3M] 


2 3 
co 


(a) 0 (b)1 (c) A 


It is given that the events A and Bare such that 
1 A 1 B 2 : 
P(A)=-, il = and = -—. Then P(B) is 
4 \B) 2 A} 3 [AIEEE 2008, 3M] 
1 2 1 
= b) & d)— 
(a) : (b) q (d) - 


1 
(c) 2 


= Passage for Question Nos. 132 to 134 


A fair die is tossed repeatedly until a six is obtained. Let X 
denote the number of tosses required. 


132. 


133. 


134. 


135. 


The probability that X =3is 
25 25 5 125 
aa b) = — d) — 
@) 216 ©) 36 ©) 36 @) 216 
The probability that X = 3 is 
125 25 5 25 
ao b) 2 = dye 
@) 216 ©) 36 ©) 36 @) 216 


The conditional probability that X = 6 given X > 3, is 
125 25 
d) 2 
(d) 56 


25 
GSEs. by 
(a) se (b) 

[lIT-JEE 2009, 4+4+4M] 


5 
(c)— 
216 36 


In a binomial distribution B [ p= 7 if the probability 


: 9 
of atleast one success is greater than or equal to —, then 
10 


nis greater than [AIEEE 2009, 4M] 


136. 


137. 


138. 


139. 


140. 


4 1 
(a) ——_—_— b) —_—_— 
logy) 4 — log;93 logy) 4 — log;)3 

1 d 9 


¢) —— ne 
©) logio 4 + logio3 logyo 4 — logi93 


One ticket is selected at random from 50 tickets 
numbered 00, 01, 02, ..., 49. Then, the probability that the 
sum of the digits on the selected ticket is 8, given that 


the product of these digits is zero, is [AIEEE 2009, 4M] 


1 1 
(a) 50 (b) ad 

1 5 
(c) 7 (d) 14 


Let wbe a complex cube root of unity with w# 1. A fair 
die is thrown three times. If r,, r. andr; are the numbers 
obtained on the die, then the probability that 


w'! + @? + =0, is [IIT-JEE 2010, 3M] 


1 1 2 1 
(a) 18 (b) a (c) 9 (d) 36 


A signal which can be green or red with probability : 


1 : : ; : 
and — respectively, is received by station A and then 
5 


transmitted to station B. The probability of each station 


i ; a, : F 
receiving the signal correctly is —. If the signal received 
4 


at station Bis green, then the probability that the 
original signal was green, is [IIT-JEE 2010, 5M] 


3 6 20 9 
(a) 2 (b) y os (d) — 


©) 23 20 


Four numbers are chosen at random (without 
replacement) from the set {1, 2, 3,..., 20}. 


Statement-1 The probability that the chosen numbers, 


when arranged in some order will form an AP is = 

Statement-2 Ifthe four chosen number form an AP, 

then the set of all possible values of common difference 

is {41, +2, 43,44, +5} [AIEEE 2010, 8M] 

(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is false 

(c) Statement-1 is false, Statement-2 is true 

(d) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 


An urn contains nine balls of which three are red, four 
are blue and two are green. Three balls are drawn at 
random without replacement from the urn. The 
probability that the three balls have different colour, is 
[AIEEE 2010, 4M] 


1 
d)— 
7 21 23 ® 


= Passage for Question Nos. 141 and 142 


LetU, andU be two urns such that U, contains 3 white 
balls and 2 red balls and U, contains only I white ball. A 
fair coin is tossed. If head appears, then I ball is drawn at 
random from U, and put into U,. However, if tail appears, 
then 2 balls are drawn at random from U, and put into U4. 
Now, I ball is drawn at random from U >. 


141. 


142. 


143. 


144. 


145. 


146. 


147. 


The probability of the drawn ball from U, being white, 
is 

23 19 
By o pad 
(b) a (c) - 
Given that the drawn ball from U,, is white, then the 


probability that head appeared on the coin, is 
[lIT-JEE 2011, 3+3M] 


17 11 15 
ee b= = 
OS, ( Ns Ae) 
Let E and F be two independent events. The probability 


11 
that exactly one of them occurs is - and the probability 
Z 


of none of them occurring is 2 If P(T) denotes the 
25 


probability of occurrence of the event T, then 
[lIT-JEE 2011, 4M] 


(a) P(E) = (b) P(e) = 4, pF) =2 


a{~wo ole 
al pep ol 


(c) PE) =. PF) = (d) Pf) =—, FF) = 


Consider 5 independent Bernoulli’s trials each with 
probability of success P. If the probability of atleast one 
failure is greater than or equal to ae then P lies in the 

32 
interval [AIEEE 2011, 4M] 


3 11 1 11 1.3 
oe] 3] Gal od] 


If C and D are two events, such that CC D and P(D) #0, 


then the correct statement among the following, is 
[AIEEE 2011, 4M] 


(a) o() > P(C) (b) (5) < P(C) 


(9 »(£)- 72 
D) PC) 
Let A, Band C are pairwise independent events with 


(Ac aay 


c 
(d) (5) = P(C) 


P(C)>0Oand P(A A BOC)=0. Then, is 


(a) P(A*) — P(B) 
(c) P(A®) + P(B‘) 


(b) P(A) — P(B*) 
(d) P(A‘) — P(B’) 
A ship is fitted with three engines E,, E, and E;. The 


engines function independently of each other with 


148. 


149. 


150. 


151. 


152. 
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: seer kt 1 1 . 
respective probabilities —, — and —, respectively. For the 
24 4 


ship to be operational atleast two of its engines must 
function. Let X denote the event that the ship is 
operational and let X,, X , and X denote respectively 
the events that the engines E,, E, and E; are 
functioning. Which of the following is (are) true? 
[lIT-JEE 2012, 4M] 


3 

a) P[Xj/X]=— 

(a) PLX;/ X] i: 

(b) P [exactly two engines of the ship are functioning /X] = . 
a 

c) P[X / X,])=— 

(c) P[ 2] i 
at 

d) P[X / X,]=— 

(d) P[ 1] a 


Four fair dice D,, D, , D3 and D4 each having six faces 


numbered 1, 2, 3, 4, 5 and 6 are rolled simultaneously. 

The probability that D, shows a number appearing on 

one of D,, D, and D3, is [IIT-JEE 2012, 3M] 
91 108 127 


(a) sé (b) ae (c) (d) nae 


Let X and Y be two events, such that P(X /Y)= Z 
2 


25 
216 


PY /X)= ; and P(X AY) = 7 Which of the following is 


(are) correct? [IIT-JEE 2012, 4M] 


(a) P(X UY)= ; (b) X and Y are independent 


(c) X and Y are not independent 
(4) P(X’ AY) = : 


Three numbers are chosen at random without 
replacement from {1, 2, 3, ...,8}. The probability that their 
minimum is 3, given that their maximum is 6, is 

[AIEEE 2012, 4M] 


1 2 3 
(a) i (b) 5 (c) . (d) 


1 
5 
A multiple choice examination has 5 questions. Each 
question has three alternative answers of which exactly 
one is correct. The probability that a student will get 4 
or more correct answers just by guessing, is 

[JEE Main 2013, 4M] 
13 ula 10 17 


(a) 35 (b) 33 (c) 35 (d) 3° 


Four persons independently solve a certain problem 
13.1 1 

correctly with probabilities —, —,— and —. Then, the 
244 8 


probability that the problem is solved correctly by 
atleast one of them, is [JEE Advanced 2013, 2M] 


235 
256 


21 3 
b) —— 


253 
=< d) 2" 
256 256 


@) 256 
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153. Of the three independent events E,, E, and E3, the 


probability that only E, occurs «, only E, occurs is § and 
only E; occurs is y. Let the probability p that none of 
events E,, E, or E3 occurs satisfy the equation 
(o& — 28)p =a8 and (6 — 3y)p = 2By. All the given 
probabilities are assumed to lie in the interval (0, 1). 
Thee Probability of occurrence of E, a 

Probability of occurrence of E, 


[JEE Advanced 2013, 4M] 


= Passage for Question Nos. 154 and 155 


A box B, contains I white ball, 3 red balls and 2 black 
balls. Another box By contains 2 white balls, 3 red balls 
and 4 black balls. A third box B3 contains 3 white balls, 4 
red balls and 5 black balls. 


154. If 2 balls are drawn (without replacement) from a 
randomly selected box and one of the balls is white and 
the other ball is red, then the probability that these 2 


balls are drawn from box B, , is 


116 126 65 55 
(a) —— (b)—— c 
181 181 181 181 


155. If 1 ball is drawn from each of the boxes B,, B, and B;, 


then the probability that all 3 drawn balls are of the 


same colour, is [JEE Advanced 2013, 3+3M] 


82 90 558 566 
a) — b) — c) — d) — 
( ) 648 ( ) a8 ( ) 648 ( ) 648 


156. Let A and Bbe two events, such that P(A U B) = 7 
6 


P(A B)= £ and P(A) = Ea where A stands for the 

4 4 
complement of the event A. Then, the events A and Bare 
(a) independent but not equally likely [JEE Main 2014, 4M] 
(b) independent and equally likely 


(c) mutually exclusive and independent 
(d) equally likely but not independent 


157. Three boys and two girls stand in a queue. The 
probability that the number of boys ahead of every girl 
is atleast one more than the number of girls ahead of 
her, is [JEE Advanced 2014, 3M] 


1 1 2 3 
(a) 2 (b) 3 (c) 3 (d) a 


= Passage for Question Nos. 158 and 159 

Box I contains three cards bearing numbers 1, 2, 3, box 2 
contains five cards bearing numbers 1, 2, 3, 4, 5 and box 3 
contains seven cards bearing numbers 1, 2, 3, 4, 5, 6, 7. A 
card is drawn from each of the boxes. Let x; be the number 
on the card drawn from the ith box, i=1, 2, 3. 


158. The probability that x, + x, + x3 is odd, is 


29 53 
a) — b) — 
Sree ere 


159. The probability that x,, x2 and x, are in arithmetic 


progression, is [JEE Advanced 2014, 3+3M] 
10 11 7 


9 
rae py ne AV cee 
©) 105 (b) 105 (©) 105 (d) 105 
160. If 12 identical balls are to be placed in 3 identical boxes, 
then the probability that one of the boxes contains 
exactly 3 balls, is [JEE Main 2015, 4M] 


1 12 1 11 55(2 11 2 10 


The minimum number of times a fair coin needs to be 
tossed, so that the probability of getting atleast two 
heads is atleast 0.96, is [JEE Advanced 2015, 4M] 


161. 


= Passage for Question Nos. 162 and 163 


Let n, and ny be the number of red and black balls 
respectively, in box I. Let n3and ng be the number of red 
and black balls respectively, in box IT. 


162. One of the two boxes, box I and box II, was selected at 
random anda ball was drawn randomly out of this box. 
The ball was found to be red. Ifthe probability that this red 
ball was drawn from box I is 1/3,then the correct option(s) 
with the possible values ofn,,n,,n3 andn, is (are) 
(a) nm, = 3, My =3,n3 =5,ng =15 (b) m =3,n2 =6,n3 = 10,n, =50 
(c) n, =8,n, =6,n3 =5,ng =20 (d)n, =6,n, =12,n3 =5,n4 = 20 


163. A ball is drawn at random from box I and transferred to 
box IL. Ifthe probability of drawing a red ball from box I, 


; _ 1 : : ‘ 
after this transfer is —, then correct option(s) with possible 
3 


values ofn, and n, is (are) [JEE Advanced 2015, 4+4M] 
(a) n, = 4 and n, =6 (b) nm, =2 and n, =3 
(c) n, =10 and ny = 20 (d) n, =3 and n, =6 
164. Let two fair six-faced dice Aand Bbe thrown 
simultaneously. If E, is the event that die A shows up four, 
E, isthe event that die Bshows up two and E; is the event 
that the sum of numbers on both dice is odd, then which of 
the following statements is NOT true? [JEE Main 2016, 4M] 
(b) E, and E; are independent 
(c) E,,E, and E; are independent (d) E, and E, are independent 


(a) E, and E, are independent 


165. A computer producing factory has only two plants T; 


and T,. Plant T, produces 20% and plant T, produces 
80% of the total computers produced 7% of computers 
produced in the factory turn out to be defective. It is 
known that P (computer terms out to be defective given 
that it is produced in plant T,) = 10P (computer terms 
out to be defective given that it is produced in plant T,.), 
when P(E) denotes the probability of an event E. A 
computer produced in the factory is randomly selected 
and it does not turn out to be defective. Then, the 
probability that it is produced in plant T, is 


[JEE Advanced 2016, 3M] 
36 47 78 75 
= (b) — (c) (d) — 


a abe 
@) 73 79 93 83 


= Passage for Question Nos. 166 and 167 


Football teams T, and T, have to play two games against 
each other. It is assumed that the outcomes of the two 
games are independent. The probabilities of T, winning, 

. ; : 11 1 
drawing and losing a game against Ty are a ane 
respectively. Each team gets 3 points for a win, I point for 
a draw and 0 point for a loss ina game. Let X and Y 
denote the total points scored by teams T, and Ty 
respectively, after two games. [JEE Advanced 2016, 3+3M] 


1 5 1 7 
(a) 7 (b) o (c) 5 (d) ei 
167. P(X =Y) is 
11 1 13 
(a) a (b) a (c) - (d) - 


168. A box contains 15 green and 10 yellow balls. If 10 balls 
are randomly drawn, one-by-one with replacement, 


then the variance of the number of green balls drawn is 
[JEE Main 2017, 4M] 
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6 12 


(a) ae (b) A (c) 6 (d) 4 


169. If two different numbers are taken from the set 
{0, 1, 2, 3,...., 10}, then the probability that their sum as 
well as absolute difference are both multiple of 4, is 
[JEE Main 2017, 4M] 


vi 6 12 14 
55 (b) 55 (c) 55 (d) 5 


170. For three events A, Band C. 
P(Exactly one of A or Bor C occurs) 


(a) 


= P(Exactly one of Bor C occurs) 


1 
= P(Exactly one of C or A occurs) = — 
4 


and P (All the three events occur simultaneously) = a, 
16 


Then the probability that atleast one of the events 
occurs, is [JEE Main 2017, 4M] 
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37. (a,b,c,d) 38. (a,b,c,d) 39. (a,b,c) 40. (a,c) 
41. (a,b,c) 42. (b,c) 43. (a,b,c,d) 44. (b,c,d) 

45. (a,c) 46. (c) 47. (d) 48. (b) 49.(b) 50. (d) 
51.(c) 52. (b) 53. (c) 54. (c) 55.(d) 56. (c) 
57.(a) 58. (c) 59. (c) 60. (d) 61.(c) 62. (a) 


3 7 
ale Ss 
7 7 
oe d) — 
©) 16 ( 6A 
63.(c) 64. (c) 65.(b)  66.(a) 67.(d) 68. (d) 
69.(c) 70. (a) 71.(b) -72.(c)~—-73.(5)_~—74. (3) 
75.(2) 76.(5)  -77.(4) 
78.(1) 79.(1)  80.(0) ~— 81. (2) _~—s«82. (2) 


83. (A) > (q,r);(B) —(p,r);(C) > @,x);(D) > @,r,8) 
84. (A) — (s);(B) > (p);(C) > @);(D) > (@) 
85. (A) > (p,r,8);(B) — (p,4,8);(C) > (s);(D) > (a,r) 
86. (A) > (q);(B) > @);(C) > ();) > (s) 
87. (A) > @);(B) > (s);(C) > (»);(D) > (@) 
88. (A) > (q);(B) > (s);(C) > (p);(D) > @) 


89. (a) 90. (a) 91. (a) 92. (c) 93. (c) 
94.(a) 95.(d)  96.(c) —-97.(d)_~—«98. (c) 
99.(a) 100. (a) 
1o1.(] 102. (= 103. oe) 

5 54 (N - IN - 2) 
105. (12) 106. (=>) 107 @ } 

1001 at+b 

108. (72) 09. (5) (22) 

4096 5 4" 
116. : 117.(a) —-118.(a) 119. (d)_—-120. (a) 
121. (i) (b), (ii) (a), (iii) (b) 122.(d) 123.(c) 124. (d) 
125.(c) 126.(d)  127.(b) 128.(d) 129. (b) 130. (b) 
131.(a) 132.(a)  133.(b) 134.(d) 135. (b) 136. (b) 
137.(c) 138.(c) 139.(b) 140.(a) 141. (b) 142. (d) 
143. (a, d)144.(b) 145.(a) —:146.(a) ‘147. (bd) 148. (a) 
149. (a,b) 150.(d) 151.(b) 152. (a)_-153.(b) 154. (d) 
155.(a) 156.(a) 157.(a) _158.(b) 159. (b) 160. (c) 
161.(8) 162. (a,b) 163. (c,d) 164.(c) 165.(c) 166. (b) 
167.(c) 168.(b)  169.(c) 170. (c) 


e 5. n(S) =Total number of ways = '°C, =50 x 99 
The product is divisible by 3, if atleast one of the two numbers is 
divisible by 3. 
Let n(E) = Number of ways, if atleast one of the two numbers is 
divisible by 3. 


and n(E) = Number of ways, if none of the two numbers chosen 
is divisible by 3. 


67 X 66 
=%C; = = 67 X33 
1x2 


n(E) _ n(S) — n(E) 


n(S) =Number of total ways = “P,, = = =7 x13! a Reaee Eebe ny n(S) 7 n(S) 
a 67 X33 _ 83 
The girls can be seated together in the back seats leaving a =1- 50 X99 = 150 
corner seat in 4 x 3! =24 ways and the boys 
can be seated in the remaining 11 seats in 6. n(S) =Total number of ways = '°C = _ = 120 
an itl 4 
Re Or i 2 aL WANS The product of two numbers is equal to third number, the 


favourable cases are 2, 3, 6; 2, 4, 8; 2, 5, 10 


*, n/E) = The number of favourable cases = 3 
mE) 3 1 


1 
*, NE) = Number of favourable ways = 24 x Fi x11! =12! 


! : ; es, 
The required probability = il eee . Required probability = (5) 120 40 


nS) 7x13! 91 


. For non-leap year 7. n(S) =Total number of ways = "P, =n! 


Considering digits 1, 2, 3, 4, ..., k as one digit, we have 


1 
Th bability of 53 Sundays = — 
rere acs 7 (n —k + 1) digits which can be arranged = (n — k + 1)! 


For leap year .. n(E) = Number of favourable ways =(n — k + 1)! 
2 ‘ 2 nE n-k+1)! 
The probability of 53 Sundays = 7 Hence, required probability = aa = make 
n n! 

36.7. 1225 = ="p — 
.. Required probability =~ x -+—x=2=2 8. n(S) = Total number of ways = "P, =n! 

4 7 4 7 28 The number of ways in which the digits 1, 2, 3, 4,..., k (k <n) 

. Let us consider two events: occur together = k!(n — k + 1)! 
A: The leap year contains 53 Sundays. Heneb requared probability = n(E)_ki\n-k+1)!_ (n-k+1) 
B: The leap year contains 53 Mondays. We have, n(S) n! "Ck 
P(A) = 2 P(B) = 2 and P(A OB) = 1 9. Let a, b,c and d are four different numbers out of {1, 2, 3, 4, 5, 6}. 
7 


=> (a, a, a, a) can appear in°C, = 6 ways 
.. Required probability = P(A UB) 


=> (a,a,a,b)ca ar in2 x °C, =30 wa 
= P(A) + P(B) - (ACB) ta ia cochlea 
_® 2 1.3 => (a,a, b, b) can appear in °C, = 15 ways 
TP F7 = (a,a, b,c) can appear in3 x °C; = 60 ways 
. Let us consider two events: = (a,b, c,d) can appear in °C, = 15 ways 
A: Numbers divisible by 4. ; . 60 +15 75° 25 
B : Numbers divisible by 7. oe Sa 6+304+15+604+15 = 126 7 42 
Wehave, A = {104, 108, ..., 196} 10. Let ABCDEF be the regular hexagon. 
> n(A) = 24 


B = {105, 112,..., 196} 
n(B) =14 and AMB = {112, 140, 168, 196} 
=> MmANB)=4 
n(E) = Number of favourable ways n(A U B) 
=n(A) + n(B) — n(A OB) =34 
n(S) = Total number of ways = 99 


: 4: ME) _ 34 
Required probability = n(S) = 99 For the favourable event, the vertices should be either A, C, E 
or B, D, F 


Number of total triangles = °C, = 20 ways 


11. 


12. 


13. 


14. 


15. 


16. 


Favourable ways 2 1 


Total ways 20 10 


“. The required probability = 


Total number of ways to choose two squares 


64-63 
Bg anes 


= 32-63 
For favourable ways we must chosen two consecutive small 


squares for any row or any columns. 


.. Number of favourable ways =7-8 + 8-7 =2-8-7 
2:8:7 1 
.. Required probability = ——— = — 
: » if 32-63 18 
In the word MUMBAI there are 5 adjacent pairs of letters of 
which only one gives AI. 


.. Required probability = 


1 

5 
1 1 1 il. 1 
= + = — 
6 5. 7% 
Numbers on die are 1, 2, 3, 4, 5, 6. 
Prime numbers are 2, 3, 5 and non-prime numbers are 1, 4, 6. 


Now, let weight assigned to non-prime numbers is A, then 
weight assigned to prime number is 2A. 


we A+F2K42AK4A4+2A4+XA=1 


1 
> AS 
9 


. Probability that an odd number will be show up when the 
die is tossed 1 or 3 or 5. 


h42h+ 2h =5A=° 


We have, 
(X =7) = {07, 16, 25, 34, 43, 52, 61, 70} 
and (Y = 0) = {00, 01, 02, ..., 10, 20, 30, ..., 90} 
Thus, (X =7)A(Y =0) = {07,70} 
> =7) _ P(X =A = 0} _ 2 
Y=0 P(Y =0) 19 
The probability of not drawing the ace in the first draw, in the 


second draw and in the third draw are (here all spades i.e., 13 


12 11.10 ; 
cards) —, —, —, respectively. 
13 12 11 


Probability of drawing ace of spades in the 4th draw 
1 
= aa (only one ace and remaining cards = 10) 


12 11210 ~=«21 1 
. Required probability = — x — x — x 
13. 12 «11 «10 =«=13 


n(S) = Total number of ways = 5C, =25 
Set of composite numbers = {4, 6, 8, 9, 10, 12, 14, 15, 16, 18, 20, 
21, 22, 24, 25} and set of non-composite numbers = {1, 2, 3, 5, 7, 
11, 13, 17, 19, 23} 

Now, set of composite numbers of the form 5k (k € N) 

= {10, 15, 20, 25} 

and set of non-composite numbers of the form 2k (k € N) = {2} 
“G41 5 


= S02 
Ci 25 


“. Required prabability = 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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n(S) = Total number of ways = C. 


Now, x; is fixed to be 30 and x, x2 (two numbers) are to be 
chosen from first 29 numbers and x,, x; (two numbers) from 
last 20 numbers are to be chosen. 


*, n(E) =Number of favourable ways = "°C, x °C, 


Hence, required probability = mE = OG 
n(S) Gs 
The points are 2, 2, 2, 2 or 2, 2, 2, 1 
. Required probability 
=(0.5)* + 4C, x(0.5)* x (0.05)! = 0.0875 
n(S) = Total number of ways = 6° = 216 


3! 
n(E) = Number of favourable ways = 2 x °C, x 7 =90 


r() _ 90 
n(S) 216 
n(S) = Total number of ways = 6 x 6 x 6 =216 


. Required probability = 


n(E) = Number of favourable cases 
= Coefficient of x* in(x + x° + x° + x4 42° + x)? 
= Coefficient of x*~° indtxtxrtx txt 4x?) 
~ x3 (1— x)? 


[e 0<Sk-3 <5] 


= Coefficient of x*~ > in (1 
= Coefficient of x*~ > in (QQ -xy? 


= Coefficient of x*~ > in (1+ Cx +...) 


2 = k-1)(k-2 
=kig jak a 
.. Required probability = s = Se 
n(S) 432 


n(S) = Total number of ways = 1000 


The favourable cases that the sum of the digits of the marked 
number on the page is equal to 9 are one digit number or two 
digits numbers or three digits numbers, if three digit number is 
abc. Then,a+b+c=9;0<a,b,c <9 
n(E) = Number of favourable ways 

= Number of solutions of the equation 

283-20, 55 
. Required probability = me) se 

nS) 1000 200 
n(S) = The total number of ways of choosing the tickets 
=4x4x4x4=256 

n(E) = The number of ways in which the sum can be 23 


= Coefficient of x in(1 + x + x? + x'')* 
= Coefficient of x”? in(1 + x*) + (1 + x'°)* 
= Coefficient of x” in (1 + 4x + 6x? + 4x? + x*) 
x (1+ 4x19 + 6x7") 


=4x6=24 
n(E)_ 24 3 


The probability of required event = = = 
n(S) 256 32 


Total coupons = 15 
1 <selected coupon number < 9 ie., 1, 2, 3, 4, 5, 6, 7, 8, 9 


742 


24. 


25. 


26. 


27. 


28. 
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9 3 
*. Probability of one selected coupon = iE = z 


Hence, the required probability 


yO naiiean) 
=|—|xX|—|xX...x7 times =| — 

5 5 s) 

Let X denote the largest number on the 3 tickets drawn. 


3 3 
We have, P(X $7) = (2) and P(X <6) = (<) 
20 20 


7\) (6) 
Thus, P(X =7) = P(X <7) -— P(X <6) -(2) -(5) 


Total number = 6 (i.e., 1, 2, 3, 4, 5, 6) 
Favourable number = 2, 3, 4,5 = 4 


4 2 
Probability of favourable number in one draw = ‘ = Fi 


4 
2 16 

Required probability =| — | = — 
q p y ( =| at 


We have, P(E;) = 


ca) 


1 
=—fori=1,2,3 
Zz 


Also, for i # j, P(E; NE;) = . = P(E;) P(E;) 


Therefore, E; and E; are independent for i # j. 
Also, P(E, AE, Es) = - # P(E,) P(E) P(E) 


. E,, E, and E; are not independent. 

Let x and y are two non-negative integers are chosen such that 
x’ + y’ is divisible by 10. 

By the division algorithm, there exist integers x,, y,, a, and b, 
such that x = 10x, + a, andy =10y, + b; withO <a,b, <9. 
Thus, we can write 

x? + y" =100(xj + yj) + 20(qx, + by) + (af + b7) 

We see that x” + y” will be divisible by 10 if and only if 

a; + b; is divisible by 10. Now, there are 10 choices each for a, 
and ,, so that there are 10 X 10 = 100 ways of choosing them. 
The pairs (a, b,) for which a? + b? is divisible by 10 are 
follows: 


(0, 0), (1, 3), (L, 7), (2; 4), (2, 6), (3, 1), 3; 9), (4, 2), (4, 8), (5; 5), (6, 
2), (6, 8), (7, 1), (7, 9), (8, 4), (8, 6), (9, 3), (9, 7) 
Therefore, 18 distinct ways. 
18 9 
*. Required probability = —- = — 
a , 4 100 50 
Area of strips region 


Required probability = 


Area of dotted region 


29. 


30. 


31. P 


32. 


33. 


1 1 () 
xT 
2 4 2) _ 8-T 
1 1 2 16-T 
1x1-—xa| = 
4 2 


When the two equal sides are 1 each, then third side could be 
only 1. 

When the two equal sides are 2 each, then third side can take 
values 1, 2, 3. 


When two equal sides are 3 each, then third side can take 
values 1, 2,3, 4,5. When the two equal sides are 4 each, then 
third side can take values 1, 2, 3, 4, 5, 6 same in the case when 
two equal sides are 5 and 6. 


.. Total number of triangles =1+3+5+6+6+6=27 


Required probability = 3 


Required probability 
Giant eo 
G) * BD 
= al _4 
‘ i \" 2° F 27 Ng. 
(EG) (es 
= r=0 
P(A UB) = P(A) + P(B) — PAB) 
P(A OB) = P(A) + P(B) — P(A UB) 


“.0 < P(AUB) $1-1<—P(A UB) <0 
P(A) + P(B) —1 P(A) + P(B) — P(A UB) § P(A) + P(B) 
E and F are independent events. Then, 
P(E OF) = P(E): P(F) ..(i) 
Option (a) is obviously not true. So, check for options (b), (c) 
and (d) 
P(E OF) = P(E) —- PEF) 
= P(E) — P(E): P(F) 
= P(E)[1 - P(F)] 
= P(E) PF) 
‘. E and F are independent events. 
P(E OF) = P(E UF) 
=1= P(E UF) 
=1-[P(E) + P(F) - PEF)] 
=[1 — P(E)] — P(F) + P(E): P(F) 
= P(E) -— P(F)[1 - P(E)] 
= P(E) [1 — P(F)] 


= P(E): P(F) 


:. E and F are independent events. 


[from Eq. (i)] 


Now, 


Again, (=) + o( 2) _ PEF) @ P(E OF) 
Fj) PE) P(F) 
_ P(E): P(F) , P(E): P(F) 
P(F) P(F) 

= P(E) + P(E) =1 

We know that, P(A 7B) = P(A) + P(B) -1 (i) 
A) ANB) 
(4) ~ P(B) [P(B) # 0] 


34. 


=> 


: ( 4) P(A) + PB) =1 [from Eq. (i)] 


B) P(B) 
Option (a) is true. 
P(A OB) = P(A) — (ACB) 
Option (b) is not true. 
P(A UB) = P(A) + P(B) — PPA MB) 
If A and B are independent events, then P(A MB) = P(A)- P(B). 
Then, P(A UB) = P(A) + P(B) — P(A)- P(B) 
= P(A) + P(B) [1 — P(A)]}+1-1 
=1+ P(B) P(A)-P(A)  [" P(A) =1- P(A)] 
=1+ P(A)[P(B)-1]=1 — P(A): P(B) 
Option (c) is true. 
If A and B are disjoint, then P(A 7 B) = 0. 
Then, P(A UB) =1 — P(A) P(B) does not hold. 


E and F are two independent events 


P(E OF) = P(E): P(F) ..-(i) 
P(EAF) = ...(ii) 
12 
es ol 
P(E OF)=— 
2 
1 
> a a 
> De eee ene 
1 
> Se aC eer aa 
= P(E) + P(Fy =e 
2 12 
> P(E) + P(F)= J (iti) 
From Eqs. (i) and (ii), we get, 
1 
P(E): P(F) = — 
(E)- P(F) e 
P(E) = — 
12P(F) 
Put this value in Eq. (iii) we get 
ae 
12P(F) 12 
Let P(F) =x 
Then, eo 
12x 12 
12x°+1 7 
=> =— 312x* -7x+1=0 
12x 12 
12x° -4x-3x+1=0 
> 4x(3x —1) -138x-1)=0 
1 1 
3x-1)(4x-1)=0 => x=- or— 
( MC ) a oa 
P(E) =~, P(F) =~ 
4 
a 1 
or P(E) =-, P(F) =— 
(E) ; (F) Fi 


35. 


36. 


37. 


38. 
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P(E OF) 


(2) ‘  Z) _PEEOF) , 
F F P(F) P(F) 


_P(ENF)+ P(E AF) _ MEF) + PUP) — P(E OF) 


P(F) P(F) 
_ PF) _, 
P(F) 
and o£) e[ 4] -7EOP MEO) 
F F P(F) P(F) 


_ [P(E)- P(E F)] + [1- P(E VF)] 
7 P(F) 
_ [P(EUF)- P(F)]+ 1 - P(EUF)] 
P(F) 
_1-P(F)_ P(F) _ 
PIF) P(F) 
P(B — A) = P(BO A) = P(B) — P(AMB) 
Option (a) is not correct. 
P(A’ UB’) =1- P(AMB) =1- P(A): P(B) 
[by given condition] 
P(A’) + P(B’) =1 — P(A) +1 — P(B) =2 -[P(A) + P(B)] 
Option (b) is not correct P[(A UB)’]=1- P(A UB) 
=1—[2(A) + PB) — P(A)=P(B)] 
[by given condition] 
=1- P(A) — P(B) [1 — P(A)] 
= P(A) — P(B)-P(A) = P(A): P(B) 
Option (c) is correct. 
( _ P(AMB)_ P(A): P(B) 
ql ~ P(B) ——s«~&P(B) 
Required probability = P(A — B) + P(B — A) 
= P(ANB) + P(BOA) 
= P(A) — PAB) + P(B) - P(AMB) 
= P(A) + P(B) —-2P(AMB) 
So, options (a) and (b) are true. 
P(A — B) + P(B - A) = PA UB) - P(AMB) 
[by venn diagram] 


= P(A) 


So, option (c) is also true. 

P(A’) + P(B’) —2P(A’OB’) =1 — P(A) + 1 - P(B) 
—2+2P(AUB) 

= 2P(A UB) — P(A) — P(B) 

=2P(A) + 2P(B) —2P(A 7B) — P(A) — P(B) 

= P(A) + P(B) —-2P(AMB) 

.. Option (d) is also true. 

A and B are independent events, then P(A MB) = P(A)- P(B) 

1 


P(A) = ; and P(B) = 5 


PAAR So 
10 


P(A UB) = P(A) + P(B) — PAB) 
ee ee ee 


2 5 10 10 10. 5 


744 ~~ Textbook of Algebra 


A il 


of A )= MAntaw oil P(A) | 
AUB) P(AUB)  P(AUB) ~ 


of AQB J--( AOB 
A’ UB’ (A OB)’ 


P[(A AB) A(ANB)’] ay 
P(AMB)’ 
39. Let A, B and C be the event that the student is successful in 
tests I, II and III, respectively. 
P (the student is successful) 
=P(ANBOC’)+ PANB’AC)+ PANBAC) 
= P(A): P(B): P(C’) + P(A): P(B’)- P(C) + P(A) - P(B)- P(C) 
.. A, Band C are independent events. 


= ( *) + 2a (5]+ : 
= pq 3 P \5 Pq 


= spa + pl —q)+ pq] = 7a +4q) 


ma} wlrml rR 
n 


11 
—=—p(l+q) >pll+q)=1 
5 af q) =>pll+4q) 


which is satisfied for all pairs of values in (a), (b) and (c). Also, 
it is satisfied for infinitely many values as p and q. For 


instance, when p = and q = —, where nis any positive 
n n 


integer. 
40. Total number of subset of set contain n elements = 2” 
Number of ways choosing A and B = 2" +2" = 27". 
The number of subset of x which contains exactly r elements 
="C. 
.. The number of ways of choosing A and B, so that they have 
the same number of elements 
a6) «CGY sce =6, 
_1-2-3....(2n —1)2n) _ 2"(1-3-5...(2n -1)) 


n!n! n! 


41. The number of ways in which m boys and m girls can take 
their seats around a circle is (2m — 1)! 
(a) We make the girls sit first around the circle. This can be 
done in(m — 1)! ways, after this boys can take their seats in 
(m!) ways. 
“. Favourable number of ways = m!(m — 1)! 
m\(m—1)!_ 1 


Required probability = @ D! = Famtp 
m-—1)! a 


(b) Similarly as (a) 
(c) Similarly as (a) 
mim! 1 
# 
(2m-1)! ?™-1¢) 
42. According to the question, 


(d) Required probability = 


(m+ p+ 0) mp—me— pe + mpe =" ...(i) 


mp(l —c) + me(1 — p) + pe(t — m) =: 


2 
or a ae ae 
1 
Also, mp + pe + me — 2mpe = . 
From Eqs. (ii) and (iii), we get 
1 221 
mpe = — —-— =— 
. 2 5 10 
gee pele = 
mp + mc =-+—=— 
. P 5 10 10 


3. 7 1 27 
m+ptc=—+ = 
4 10 10 20 


43. Favourable number of cases = "~ *P, 


Total number of cases = "P, 


eS, Bh Kel PG, 


.. Required probability = ™, = 7, x2! 7 
(n — 3)(n — 4) 
- 2x1 _ (n—-3)(n — 4) 
~  nn-1) n(n—1) 
2x1 


44, A =The event of (x, y) belonging to the area OEBAO 
B = The event of (x, y) belonging to the area ODBCO 


Xe=y 


1 
_ area of OEBAO _ J vx ax 2 


~ areaof OABCO. 1x1 3 


P(A) 


1 
_ area of ODBCO _ [vy ay _2 


and P(B) — 
area of OABCO ie ga 3 


...(iii) 


1 1 
area of ODBEO _ Jv ax-J x°dx _ 1 


and P(AMB) = = 
area of OABCO 1x1 


“. P(A) + P(B) == + ; Fil, 


So, A and B are not exhaustive, 


22 1 
P(A): P(B) =—:- #= 
(A): P(B) rae 
So, A and B are not independent 
and P(A UB) = 1, P(A) + P(B) # P(A UB). 


So, A and B are not mutually exclusive. 


3 


nr 


1 
45. Let P(k) <— => P(k)=— 
Beas ge Nm 


4 


where A is proportionality constant 


an x 2n 1 
Then .Ypa1 3 AY al 
k=l k=1 
n n 1 
a= ») P(@k-1)=A 
& mek =iy 
n n 1 i 1 
and B= > P(2k) =A <A 
» Do ae = 1) 
> B<aanda+P=1 


Then, 1-a<aand6<1-6 


1 il 
a>-andB <- 
2 2 


46. Roots of x’ + px + q = are real and distinct, if p” > 4q. 


Value of p Possible values of q 


1 No value 
2 No value 
3 1,2 

4 1,:2,.3 

5 1, 2, 3, 4,5, 6 
6 15.25: 3,8 
7 1,.2, 35:5 10 
8 1,2, 332i0y 10 
9 1525-354; 10 
10 1, 2, 3,..., 10 


“. Number of favourable ways 
=2+3+6+8+104+10+ 10+ 10=59 
and total ways = 10 x 10 = 100 


59 
Hence, the required probability = Tr = 0.59 


47. Roots of x’ + px + q = Oare equal, if p” = 4q 


; 2 
ie., p~ must be even. 


Value of p Possible values of q 


2 1 
4 4 
6 9 
8 No value 
10 No value 


“. Number of favourable ways =1+1+1=3 
and total ways = 10 x 10 = 100 


3 
Hence, the required probability = in = 0.03 
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48. Roots of x’ + px + q = Oare imaginary, if p” < 4q 
Hence, the required probability = 1 —(Probability that roots of 
x? + px + q = Oare real) = 1 — (0.59 — 0.03) =1— 0.62 
= 0.38 
49. X can win after the (n + 1) th game in the following two 
mutually exclusive ways. 


(i) X wins exactly one of the first n games draws (n — 1) 
games and wins the (n + 1)th game. 


.. Probability, B =("Bab"~')a=na°b"' 
(ii) X losses exactly one of the first n games, wins exactly one 


of the first n games and draws (n — 2) games and wins the 
(n + 1) th game. 


.. Probability, P, =("P,(ac)b"~?)a = n(n —1)a*b"~*c 


Hence, the probability that X wins two match after 
(n + 1)th game. 
P, =P, + P, =na*b"~*[b + (n—1)c] 
50. Put n =3 in solution of question 4 and interchange a and c, 
then required probability = 3c? - b'(b + 2a) = 3bc?(2a + b) 
51. The probability that X wins the match 


= ¥ Pn = ¥ na’? + ¥ n(n -1)a°b"~% 
n=1 n=1 nat 


2 


2 © 
nb" + oF ¥ n(n — 1)b" 
n=1 


_a b ce 2b? 
ba-bf Bb aby 
{sum of infinite AGS] 
_a(i-b+2c)_ a%(at+3c) [vatbtc=l 
~  a-by (ate) leeranrnd 


52. +: P(E,) <A" 
=> P(E,) =kd’, where k is proportionality constant. 


Eo, E,, Eo, .... E, are mutually exclusive and exhaustive events. 
We have, P(E)) + P(E;) + P(E2) +... + P(E,) =1 
0+ k(1)' + (2)? +... 4+ k(n)? =1 


= k(n?) =1 


(i) 


M 
Ss 


53. P(A) = miey)-2[ 4) 
r=0 E, 
: (w?x%)=£ aE SS 
h=0 n Ny ny Ny=0 
ES ye ae [from Eq. (i)] 
n n Xn? 


~ nnn t+1)(2n+1) 2 


(mate) 
_ 2 -2(241)3. 
3) 
i4— 
6 2n 
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1+- 
lin P(A) => tim a = (i+?) -2 = 075 
no ated real 4\1+0 
2n 
A A 
m1e-7( 2 ve): 4 
at. »(2)- n 7 P(A ° 
nie,)-P( | 
r=0 Ey 
6 1 
x 
_ Wn + 1)(2n + 1) n 4 aus 
3nin + 1) [nn+ 1) nh 
2(2n + 1) 


55. The number of cubes having atleast one side painted is 
9+9+3+43+1+1=26 and total cubes = 27 
.. Required probability, F, = . = 27P, =26 

56. The number of cubes having two sides painted is 
4+4+1+1+1+1=12and total cubes = 27 
.. Required probability, P, = a = 27P, =12 


26 


57. Required probability, P; =1— p,=1-—= = => 27P;=1 


27 
58. A: She gets a success 

E, :She studies 10 h 

P(E,) = 0.1 
E,,: She studies 7 h 

P(E,) = 0.2 
and E,: She studies 4h 

P(E3) = 0.7 


and P| “| = 080, P| “| =060ana P| + |=0.40 
x E, Es 


A 


1 2 


P(A) = nie-P( 4) + ne,)-P( 4) + v(e,)-P{ 


= 0.1 X 0.80 + 0.2 x 0.60 + 0.7 x 0.40 = 0.48 


nes)-P( 4) 
| = 704) - Ex) _ 0.70.40 _ 7 


59. o( 
A P(A) P(A) 0.48 12 


60. (22) _ P(E3 NA) _ P(Es) — P(Es OA) 


A P(A) 1— P(A) 
_07-0.28 0.42 21 
1 — 0.48 0.52 26 


61. ~- p,, p, and p, are mutually exclusive events. 


. Pit pot p3=1 
Also, p,, p2 and p3 are the roots of 
27x° — 27x"? + ax -1=0 
Pit Pot pz =1 


a 
+ + = 
Pip2 + p2p3 + P3pPr 39 


A 


F 


...(ii) 


62. 


63. 


64. 


65. 


67. 


and ae 
PiP2 Ps 37 
Now, AM of pr Po» ps = = Pe* Pa 7 
iat 4 
and GM of py, pz Ps =(PiP2 Ps)” -(3) == 
27 3 
Here, AM =GM 
1 
Pi = P2 = P3 =3 


From Eq. (ii), we get 
1 1 
3.3 


gM eee es ee) 
-—+4+---—= => 
33 3.3 27 


a=9 


P (none of E,, Ey, E3)=1— P(E, U Ey U E3) 
=1-[P(E,) + P(E) + P(Es)] 
=1-(p + pz + p3)=0 
[. E,, E, and E3 are mutually exclusive] 
P(E, UE) + P(E, A E3) + P(E; A £;) 
= P(E,) — P(E; A E2) + P(E2) — P(E, 0 Es) 
+ P(E) — P(E; 0 £,) 


= P(E,;) — 0 + P(E2) 
=P t pot ps 


The number of increasing functions = °C, = 20 


0+ P(E;)-—0 
[. E,, E, and E; are mutually exclusive] 


the number of total functions = 6° = 216 
5 
54 


The number of non-decreasing functions = §+3-Ic, = 8c, =56 


and 


20 
Required probability = — = 
: . : 216 


the number of total functions = 6° = 216 
56 

. Required probability = — = ed 
216 27 


. The number of onto functions such that f(i) 4 i is 


1 1 1 1 1 1 
6!) 1 + + + = 265 
1! 2! 63!) 4! 5!!! 
and number of total functions = 6! = 720 
265 53 


Required probability = —— = 
a i. - 720 144 


1 P(X = x) (x +1) (2) 


POS a) ae 4 1) (2) 


1 ig 
We hve + 2) + (=) + 7, =1 


> k — =1 _ #6 
( 1) 25 
== 

5 
1)° 16 

Now, P(X =0)=k1)) —| =k=— 

ole) 25 


70. 


71. 


72. 


73. 


74. 


P(X >2)=1-[P(X =0) + P(X =1)] 
= i+] Tk_,_7,,16_ 13 
5 5 5 25 125 
E(X)= Fix PX =x)=k Yeeros) 
x=0 =0 
2 1\3 
: H 00 yo(2) + ee(2) +er0{2) vot] 
2 6 12 ; 
FOX) =H 2 4 Sete ..-(i) 
end BS) -1{ = + 2. + Ee ++ ~| ...(ii) 
5 25 125 625 


On ae Eq. (ii) from Eq. (i), we get 
<B(X) = KE + +e] 


On multiplying both sides by A in Eq. (i), we get 


4 2 4 6 
— E(X) =k} — + —+—+H+...4+0 
25 25. 125 625 


On sac Eq. (iv) from ~ (iii), we get 


(iii 
125 (a) 


5 25 


...(iv) 


we ElX) = e+ State 
5 
Z 
= S_|=*-18 x! [-e=3] 
1- 2 25.2 25 
5 
E(x) =~ 
-: (a? —1) is divisible by 10, if and only if last digit of ais 1 or 9. 
If r = 0, then there are 2A ways to choose a. 
2X 
P= > Pn =2r 
n 


If r =9, then there are 2(A + 1) ways to choose a. 


_ {A+ 1) 
nn 
> N py = 2(A + 1) 
If1 <r <8, then there are 2(A + 1) ways to choose a. 
_ aA +1) 
tn 
> X Py = 2A +1) 
7 1 n 1 
12 (n+1) (n+1)2 
7 _(n+2) woe 
6 (n+1) 


Let S be the sample space, then 


n(S) = Total number of determinants that can be made with 0 
and 1=2x2x2x2=16 


a b 
c 
ie., 0 and 1 


, each element can be replaced by two types 


75. 


76. 


77. 
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and let E be the event that the determinant made is 
non-negative. 


Also, E’ be the event that the determinant is negative. 


1 1)//0 1/}0 1 
E’= , , 
| 1 O;/1 1) /1 0 | 
P(E’) = 
then P(E’) = ME’) ) “3 
n(S) 16 
Hence, the required probability, 
P(E) =1- P(E’) 
Spat ete [given] 
16 16 An 
> m=13andn=16, thenn —-m=3 


Let E;, Ey and E3 be the events that first, second and third 
student get success. — 


PE,) ==, =» PEs) =<and P(E3) = 


ene 


Given, probability of success of atleast two = 


R 
iw) 


=> P(E, OE, 0 E;) + P(E, AE, 0 £3) 
+ P(E, QE, A E3)+ P(E, 0 Ep nB)=4 
= P(E,): P(E,): P(E3) + P(E): P(Ez)- P(E3) 


+ P(E,)+ P(E): P(E) + P(E,)- P(E): P(Es) = 


12 
149 244, 03 0 11d. nN 
boo + + 
345 345 345 345 12 
10 A 
= — = — 
60 12 
r=2 


Let S be the sample space and E be the event of getting a large 
number than the previous number. 


n(S) =6 X6 X6=216 
Now, we count the number of favourable ways. Obviously, the 


second number has to be greater than 1. If the second number 
is i(i > 1), then the number of favourable ways = (i — 1) x (6 — i) 


n{E) 


=Total number of favourable ways 

6 
= Mi -1) x@-i) 

i=1 
=0+1xX4+2x3+3x2+4x1+5x0 
=446+6+4=20 


Therefore, the required probability, P(E) = a) ee 
mS) 216 
5 : 
=—= iven 
ag 2 [given] 
54p =5 


The number of ways to answer a question = 2° — 1 =31. 
ie., In 31 ways only one correct. 


Let number of choices = n 


n_ 1 
Now, according to the question > ‘ 
1 
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31 
=> a a 


Least value of n = 4 


Let E; denote the event that the ith object goes to the ith place, 
we have 
(n —3)! 


P(E; NE; NE) = 
n. 


fori<j<k 


Since, we can choose 3 places out of n is "C3 ways, the 


probability of the required event is 


pate n! (n—3)! 1 
n! 3'n-3)! nn! 6 
6p =1 
The sample space is 
S = {- 0.50, — 0.49, — 0.48, ..., — 0.01, 0.00, 0.01, ..., 0.49} 


Let E be the event that the round off error is atleast 10 paise, 


then E’ is the event that the round off error is atmost 
a paise. 
E’ = {— 0.09, — 0.08, ..., — 0.01, 0.00, 0.01, ..., 0.09} 
n(E’) = 19 and n(S) = 100 
E’ 19 
Hei) 
n(S) 100 
; 4: , 19 
Required probability, P(E) = 1 — P(E’)=1—- ine 


_ 81 _(m)° 
cae 
m=9andn=10 
> n-m=1 
Let F,, E,, E3, E4, E; and E, be the events of occurrence of 1, 2, 


3, 4, 5 and 6 on the dice respectively and let E be the event of 
getting a sum of numbers equal to 9. 


1-k 1+ 2k 1-k 
P(E,) = ——; P(E2) = ; P(E3) = : 
(E;) 3 (E2) - (E3) - 
1+k 1-—2k 1+k 
P(E,) = ——; P(E;) = ; P(E.) = 
6 6 
ad 2 epee? 
9 9 


Then, E = {(3,6), (6, 3), (4,5), (5, 4)} 
Hence, P(E) = P(E3E5) + P(E¢E3) + P(E,E5) + P(EsEq) 
= P(E3)P(E,) + P(E¢)P(E3) + P(E,)P(Es) + P(Es)P(Eq) 
= 2P(E3)P(E,) + 2P(E,)P(Es) 
[since E,, E,, E3, Ey, E; and E, are independent] 


NIE) 


1 2 
=—[2-k-3k 
is ] 


18 
=> 2<2-k-3k? <4 


87. 


82. 


=> 2<2-k-3k’ and2—k-3k’ <4 


=> xk (k+ 2) soandak’ +k +220 
1 
> =g Shah Ss 


a KH 
3 


Hence, integral value of k is 0. 
Let a, dy, 43, A4, As5,a, and a, be the seven digits and the 
remaining two be ag and do. 


Let a, + ay + 43 +a, + a5 +4, +a, =9k, k EI ..-(i) 
Also, a, + @,+ 43+ a4 +...¢@)=14+24+34+44+...49 
9x10 
7 , =45 ...(ii) 


On subtracting Eq. (i) from Eq. (ii), we get 

dg + ay = 45 — 9k 
Since, a, + ad) + a, +a, +...+ a) anda, + a, +...+4a, are 
divisible by 9, if and only if ag + ay is divisible by 9. Let S be 
the sample space and E be the event that the sum of the digits 
dg and dy is divisible by 9. 

ag + dy = 45 — 9k 


Maximum value of ag + dy = 17 and minimum value of 


...(iii) 


dg + dy =3 
3545 -9k <17 


42 28 
=> 42<-9k <-28 => Ske ; 
28 42 
or <k2z— 
9 9 
Hence, k=4 [ k is positive integer] 


*, From Eq. (iii), we get 
dag +a) = 45-9X4 
dag + ay =9 
Now, possible pair of (ag, a.) can be{(1, 8), (2, 7), (3, 6), (4, 5)} 
E= (1, 8), 2, 7), (3, 6), (4 5)} 
n(E) = 4and n(S) = °C, = 36 
; os n(E 4 1 . 
.. Required probability, P(E) = aa = ov = 5 =p [given] 
18p =2 
Let A be the event of P, winning in third round and B be the 


event of P, winning in first round but loosing in second round. 


1 1 
We have, P(A) “30 a 
1 


P(B OA) = Probability of both PF, and P, winning in first 


round X Probability of PB, winning and P, loosing in second 
round X Probability of FR, winning in third round 

ates ai eet 

~ 8 on 4 fe 2 CG 

Os FO ay oll 

“6 4G, 2G, ae 


1 
Hence, (=) = O = 1 = : =p [given] 
8 
7p=2 
83. (A) >(q,r); (B) > (p,r); (C) > (p,r); (D) > (,1,8) 
(A) P(A) = 0.3 => P(A) =1 - P(A) = 07, P(B) = 0.4, 
=> 0.5 = 0.7 — P(AB) 
P(AB) = 0.2 
P| B |e P(AMB) 
(A UB) P(A UB) P(A) + P(B) — P(AB) 
0.2 1 ; 
“07406205 4 °™ [given] 
a = 4 [composite number and natural number] 


(B) First three prime numbers are 2, 3 and 5. 
For roots to be real D = 0 
Thus, real roots are obtained by b =5, a =2,c =3 
and b=5,a=3,c =2 
ie., two ways. 
Total ways of choosing a, b,c =3 x2 X1=6 
1 
3 
1 — 
7 = 


[prime number and natural number] 


.. Required probability = ; =-=A, [given] 


3 


(C) Here, tossing of the coin is an independent event. Thus, the 
result of 5th trial is independent of outcome of previous 
trials. 


[prime number and natural number] 
(D) Clearly, n(S) = °P, =9! 
Now, 3 positions out of 9 positions can be chosen in °C; 


ways and at these positions A, B and C can speak in 
required order, further remaining 6 persons can speak in 6! 


ways. 
9 
C3 x6! 
“. Required probability = eae 
9! x6! 1 
=———_ ==}, [given] 
3!1x6!x9! 6 
1 
—=6 


de 
[a composite number, a natural number and a perfect number] 


84. (A) > (s);(B) > (p); (C) > @); (D) > (@) 


3 S 2.12 4 
A)2> P(A B) > P(A) + P(B)-1=2+2-1= 
( Me ( ) 2 P(A) + P(B) ay ie 
3 > pan B) 2 
e) 15 


> Pan s)e| <2 | 
15 5 
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(B)-- P(A UB) = P(A) + P(B) - (AB) 


oo 9" 2B AAR Ss) RAAB) 
5 3 15 


4 3 
[ manne] 4.21) 


=> =< P(AUB)S1 


P(AUB)E E 7 


(C) o( 2) - 7659) Seana) 
B P(B) 2 
=> 2 se(4)s2| P(A naye|<, Al 
5 B 10 55 


@) o( 3) = 74) Frans) 
A P(A) 3 
= £<0(4)<1 E PAB) e| l 
9 A 


85. (A) — (p,r,s) ; (B) > (p,r,s); (C) > (s); (D) > (q,r) 
Let q =1— p, and q, =1— py 
(A) «. A can win the game at the 1st, 4th, 7th... trials. 


2 
s. P(A wins) == + ‘ana 2) | (°) 


6 
2 2 1 
(a) (42) (2) Pee 
6 
x 
6 1 1 (gi 
= — 7 given] 
1 = =hq2 6 5% 42 6 -{2\(2) 1 
5) 4 
, =3 
2 
5 5\" 
(B) P(C wins) = Fae + (?) -91-4o Po +. 
= 5 x4 vee 
og BE 5 4 _1 
1 iy 6-544 §_5x4x3 3 
6 5 
aa [given] 
i : 
Ay =3 
(C) *. P (A wins) = P (B wins) 
1 _ op 
6-592 6 -5H92 
i 1 : 
aie es iven 
Pi 5 Ay lg ] 
A, =5 
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(D) P(A wins) = P (B wins) = P (C wins) 


1 _ oP _ Pe 
6-592 6-5Hq2 6-5 Hq2 
> = Sp, =5q Po 
1 
> pon t=sq=s(1-2)=4-2, 
5 2 
Ay =4 


86. (A) > (q); (B) > @); (©) > (p); (D) > (s) 
(A) *. a, b € {1, 2, 3, ..., 9} 
For real and distinct roots D > 0 
ie., 2(a — b)’ > 4b 3 (a — db)? > 2b 


The possible pairs are 


b a Total pairs of 
aandb 

1 3, 4, 5, ..., 9 7 
2 D5 05.0559 5 
3 6, 7, 8,9 4 
4 1, 7, 8,9 4 
5 1,9 2 
6 12 2 
7 T,2;/3 3 
8 12,3 3 
9 1, 2,3, 4 4 

34 


n(S) =9 X9 =81 and n(E) = 34 
_34_,4, 34 
81 mM 9 


34 
[9p] -|*| =3 


(B) For imaginary roots, 
ee 
P2 Pa o° 6 


[9p.]=4 
(C) For equal roots, there are only 2 possible pairs are 
b=2,a=4andb=8,a=4 
n(S) = 81, n(E) =2 
_2 
P3 = si 
=> [81p3,] =2 
(D) For real roots, 


87. (A) > @);B > (s);(C) > (»); D > (@) 


(A) n(S) = "°C; = 120 and n(E) = °C, =3, because on selection 


3 and 7, we have 
to select one from 4, 5 and 6. 


n(E) 3 1 . 
P(E) = =—=—= iven 
(E) nS) 120 40 [given] 
2 
=> “_=16 
SP 
(B) The probability of 4 being the minimum number 
6 
= oe at [because after selecting 4 any two can 
Cz; 8 


be selected from 5, 6, 7, 8, 9, 10] 


and the probability of being the maximum number 


7 
GC 

=a oe [because after selecting 8 any two can 
C, 40 


be selected from 1, 2, 3, 4, 5, 6, 7] 


and the probability of 4 being the minimum number and 8 
being the maximum number 


= in A 
co, 40 


[because on selecting 4, 8 and we have to 


select one from 5, 6, 7] 
“. Required probability 
= P(A UB) = P(A) + P(B) - P(A B) 
a co 


=—+— —-—_ = — 
8.40 40 40 ” 


[given] 
*. 80p, =22 
(C) Let A = {maximum of three numbers is 7} 
A= {1, 2, 3, 4,5, 6, 7} 
and B ={minimum of three numbers is 3} 
B= {3, 4,5, 6, 7, 8, 9, 10} 
and A M B = {3, 4, 5, 6, 7} 
(4) _P(BOA) _ 1G ai 


al a ee [given] 


“ =10 
Ps 


(D) Let A = { maximum of three numbers is 8 } 
A={1, 2, 3, 4,5, 6, 7, 8} 
and B = { minimum of three numbers is 4 } 
B={4,5, 6,7, 8, 9, 10}and A B = {4, 5, 6, 7, 8} 


B\ P(BAA) 3G 1 
P = = = = 
(5 )= ae = Baran, [given] 
2 
—=14 
Pa 


88. (A) > (q);(B) > (s);C > (p); (D) > @) 


(A) We know that 7*, EN has 1, 3, 7, 9 at the unit’s place for 
A = 4k, 4k — 1, 4k — 2, 4k —3 respectively, 
when k = 1, 2, 3,... 
Clearly, 7” + 7" will be divisible by 5, if7” has 3 or 7 in the 


unit’s place and 7” has 7 or 3 in the unit’s place or 7” has 1 
or 9 in the unit’s place and 7” has 9 or 1 in the unit’s place. 


*. For any choice of m, n the digit in the unit’s place of 
7” +7" is 2, 4, 6, 8, 0 
It is divisible by 5 only when this digit is 0. 


“. Required probability = ; 


(B) n(S) =2x2x2x2=16 
[because each of the four places in determinant 
can be filled in 2 ways] 


The zero determinants are 


1 di\j=1 =—1 1 1) j=1 =—1 1 =-1 
1 1fj-1 -1f/-1 -1f] 1 af/-1 af 
Lea 2 =a 1) pd 1 
1 -1/|-1 1f] 1 -1 
Number of zero determinants = 8, number of non-zero 
determinants 
=16-8=8=n(E) [say] 
E 8 1 
“. Required probability = me) =— sl 
nS) 16 2 


(C)*« P(E,) en 
= P(E,,) = kn, where k is proportionality constant. 
Clearly, 
P(E,) + P(E) + P(E3) + P(E,) + P(E;) + P(E.) =1 
1 


> Ea Oe eS Seem 


NR 


.. Required probability = P(E,) =3k =3 x a = 


(D) 5 can be thrown in 4 ways and 7 can be thrown in 6 ways in 
a single throw of two dice. 


Number of ways of throwing neither 5 nor 7 
= 36 —(4+ 6) =26 


4 1 
Probability of throwing a sum of 5 in a throw = is 


26 13 
and probability of throwing neither 5 nor 7 = aT 
1 
.. Required probability 
1 
1 (2) “2 a. 2 
= i+ + +...5 =— 
9 18\9 18) \9 in 2 


10 
89. In (; ‘ ‘) 
2 2 
Probability of appearing exactly four heads 


“(JE "-(G) 
BV SA Ng w-4l 5) 15 
67 4\4 
“(0 
Fga (eal [pm 
ic 2 
Probability of appearing exactly six heads. Both 
statements are true, 


Statement-2 is a correct explanation for Statement-1. 


Chap 09 Probability 751 


90. If A and B are independent, then 
P(A OB) = P(A): P(B) = P(A) [2 
and P(A UB)=P(A)+ P(B) - PAB) 
= P(A) + P(B) — P(A) 
= P(B) =1 which is true. 
Hence, both statements are true and Statement-2 is a correct 
explanation for Statement-1. 
91. -- P(A B) = P(A) - PAB) 
=> P(ANB)=03-P(ANB) 
“.P(A © B) cannot be found. Hence, both statements are true 
and Statement-2 is a correct explanation for Statement-1. 
92. «- PPA UB) =P(AMB) 
= P(A) + P(B)- P(A MN B)=P(ANB) 
=> (P(A) — P(A 1 B)) + (P(B) — P(A B)) =0 


P(B) = 1) ...(i) 


[from Eq. (i)] 


=> P(A 1B’) + P(A’ OB) =0 ...(i) 
ae AnNBcCcAandANBCB 

=> P(A OB) < P(A) and P(A 7 B) < P(B) 

= P(A) —- P(A OB) = 0and P(B) — PPA MAB) 20 

=> P(A MB’)=0 ...(ii) 
and P(A’ B)=0 ...(iii) 


From Eqs. (i), (ii) and (iii), we get 
P(A OB’) = 0and P(A’ MB) =0 
or P(A 1B’) = P(A’ OB) =0 
= Statement-1 is true and Statement-2 is false. 
93. Statement-1 There are six equally likely possibilities of which 
only 2 are favourable (4 and 6) 


2 1 
. Probability that the obtained number is composite = . = a 


.. Statement-1 is true. 
Statement-2 As the given 3 possibilities are not equally likely. 
.. Statement-2 is false. 
94. Total cards = 52 = 26 Red + 26 Black 
13 wk ‘ Heart 
Given A: Red card is drawn 
B: Card drawn is either a diamond or heart 
It is clear that AC Band BCA 
.. Statement-2 is true. 
and P(A + B) = P(A UB) = P(A UA)= P(A) 
[. AC Band BCA] 
and P(AB)= P(A MB)=P(ANA)= P(A) 
[. AC Band BC A] 
P(A + B) = P(AB) 
Statement-1 is true. 


Hence, both statements are true and Statement-2 is a correct 
explanation for Statement-1. 


95. Required probability = 1 — Problem will not be solved 
=1- P(A \B)=1- P(A) P(B)=1-(1— P(A))(1 — P(B)) 


1 1 1. 2 1 2 
-1-(1-3)1-2)=1-4x2-1-1- 
2 a) 2.3 3 3 


.. Statement-1 is false and Statement-2 is true. 
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2 
96: tokiwaee m+ic, = (2n + eee 1) _ te 1) 


Let the three numbers a, b, c are drawn, where a < b < cand 
given a, b andc are in AP. 


# 2b =a + c...(i) 
It is clear from Eq. (i) that a and c both are odd or both are 
even. 


. Favourable ways = "*'C, + "Cy 


(n+1)n n(n-1) 2 
= + =n 
1-2 1-2 
n 3n 
Required probability = = 
” : 7 n(4n2—1) (4n? —1) 
3 


=> Statement-2 is false. 
In Statement-1, 2n + 1 =21 
=> n=10 
3x10 30 10 


Required probability = = = 
" f 4(10)?-1 399 133 


.. Statement-1 is true. 


A 


97. In Statement-2 (4) = Ae) 


P(B) 
P(B) = P(A UA) AB) = P(AQB) U(A OB)) 
=P(AMB)+ P(AMB) 


.. Statement-2 is true. 


[by definition] 


...(i) 


In Statement-1 
P(A OB) 


($)+0(4)-2402 a 

B B P(B) P(B) 
_ P(AQB)+P(AMB)_ P(B) 
~ P(B) ~ P(B) 


.. Statement-1 is false. 


=1 [From Eq. (i)] 


98. The total number of matches played in the tournament 
5 
= §C, =10 


The probability that a particular team (say A) wins all its 4 


4 
1 1 

matches = [5] =— 
2 16 


.. Probability that team is undefeated in the tournament 
4 
1 5 
= ‘<(=] == 
2 16 
= Statement-1 is true. 
5 
Similarly, the probability that there is an winless team = rr 
1 


=> Statement-2 is false. 
99. For real roots, D > 0 


> pr—41-2(p + 2)20 
=> p—p-220 
> (p-2)(p+1)20 
=> ps-lorp22 


But p €[0, 5]. 


So, E=(2,5] 
n(E) = length of the interval [2, 5] =3 
and n(S) = length of the interval [0, 5] =5 
WE) 3 
nS) 5 
Hence, both statements are true and Statement-2 is a correct 
explanation for Statement-1 


Required probability = 


WA OB) 
100. (2) _P(AOB)___nfS)__ (AB) _ (AB) 
ED a) n(B) —_n(B) 

n(S) 


Hence, both statements are true and Statement-2 is a correct 
explanation for Statement-1. 


101. Let S be the sample space, then 


n(S) = Total number of numbers of five digits formed with the 
digits 1, 2, 3, 4 and 5 without repetition = °P; = 5!=120 
We know that, a number is divisible by 4 if the last two digits 
of the number is divisible by 4. 
Then, for divisible by 4, last two digits 12 or 24 or 32 or 52. 
Let E be the event that the number formed is divisible by 4. 
: n(E) =3!X 4=24 
. Required probability, P(E) = me) 27524 

nS) 120 5 


102. Let S be the sample space and E be the event of getting a large 
number than the previous number. 


n(S) =6 X6 X6 =216 
Now, we count the number of favourable ways. Obviously, the 
second number has to be greater than 1. If the second number 
is i(i > 1), then the number of favourable ways = (i — 1) x (6 — i) 


*, n(E) = Total number of favourable ways 
6 
= M(-1) x@-i) 
i=1 


=0+1x*4+2x34+3x2+4x1+5x0 
=4+6+6+ 4=20 
Therefore, the required probability, 
E 20 5 
P(E _ 1 )_ 20 5 
n(S) 216 54 


103. Finding r cars in N places, there are (r — 1) cars other than his 
own in(N — 1) places. 
(n-1)! 
(r —1)!(N —-r)! 
Now, the (r — 1) cars must be parked in N — 3 places (because 
neighbouring slots are empty). 


Total number of ways = N-lc = 


.. Number of favourable ways = — 5Cj 


7 (N —3)! 
~ (7 =1)1(N —r —2)! 
“. Required probability = Baveuranle ways 
Total ways 
(N —3)! 
(r —1)!(N -—r-2)! 
_(N-r)(N-r-1) 
~ (N=1)(N -2) 


. (r—1)!(N -r)! 
(N -1)! 


104. 


105. 


106. 


A wins the series in(n + r + 1) games (say). He wins the 
(n+ r+ 1)th game and 
n out of the first (n + r) games. 


P(A) = ¥.(°*'C,) q'p"** [where p + q =1] 
r=0 


Similarly, 
Now, P(A) + P(B) =1 
Yue + q’* |p] aad es =| 
r=0 


1 
DOW EM y= eS 


~ 1 1 
n+r 
») | eo =1 
t+r41 +r41 
= 2” r gn la 


ye) 1 


r=0 


=> 


Let A denotes the event that the target is hit when x shells are 
fired at point I 


Let E,(E,) denote the event. 


We have, P(E;) = : P(E,) = . 
; x 21-x 
> o(4)-1-(2) and 7(4)=1-(2) 
E 2 E, 2 
x 2L= x 
Now, nay= 8) (3) Jedp (;) | 
9 2 9 2 


dP(A) 8} (1) 1 1\217* 
——=—||—] log2}+—|-| — log 2 
dx 9} \2 9 2 
2 
Now, we must have 2 =0 5 x =12, also d ~- 20 
a ix 


Hence, P(A) is maximum where x = 12. 


The composition of the balls in the red box and in the green 
box; and the sum suggested in the problem may be one of the 
following: 


Red box Green box Sum of Green in Red 
and Red in Green 
Red Green | Green Red 
0 5 3 6 11 
1 4 9 
2 3 3) 4 7 
3 2 6 3 5 
4 1 7 2 3 
5 0 8 1 1 


Of these the 2nd and the last correspond to the sum being NOT 
a prime number. Hence, the required probability 


. *G x*e, x °C. x "Cy 42046 _ 213 
Cs 2002 1001 
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107. Let E; denote the event that out of the first k balls drawn, i 


108. 


109. 


110. 


balls are green. Let A denote the event that (k + 1)th ball drawn 


; Oe Chg 
is also green. We have, now P(E£;) = ————— 
arc. 
Here, 0 <i <kand P 2 eee ae 
i at+b-k 

k a0 yx '¢ - _; 
Now, P(A)= YS a 

a SG a+b-k 


Also, (1 + x)*~!(1 + x)? 
= [PCy Oe a Oe] 
x [Cy + PCyx + 22. + PC,x?] 


> xe “"C)) ome) = coefficient of x* 


j=0 

a 
P(A) = 
(4) at+b 


Hence, 


Total number of outcomes = 2 x 2 X 2... 12 times = 4096 


Let a, denote the number of outcomes in which two consecutive 
heads do not occur when the fair coin is tossed n times. 


=> a, =2, a, =3 


For n = 3, if the last outcome is T, then we cannot have two 
consecutive heads in the first (n — 1) tosses. This can happen in 
a, _, ways. If the last outcome is H, we must have T the 

(n — 1)th toss and we cannot have two consecutive heads in the 
first (n — 2) tosses. This can happen in a, _ » ways. 


> Qn = Gn —1 + Gy —2 forn 23 
> ay = 144, a,= 233 
> Q2 =377 


377 
Hence, the required probability is : 
" P v 4096 


Let PQ be a diameter of a circle with centre O and radius a. 
Take a point A at random in PQ. 


Let, AP = x, AQ=y, then x + y = 2a and all values of x 
between 0 and 2a are equally likely. 


Draw the ordinate AB, then AB’ = AP, AQ = xy 
If P’, Q’ are the mid-points of OP, OQ, the ordinates at these 


points are equal to q - 
4 


3 
Hence, AB >a ~ if and only if, A lies in P’Q”. 
A’B’. 1 
ie, — 
2 


(i) Kamsky wins one of the first n games and draws the 
remaining [(n — 1) or 


Hence, the chance that xy > r a’ is 


(ii) Kamsky wins exactly one of the first n games and draws 
the remaining] n — 2. We have, 

PG) = "Rpg" 
and P(ii) ="P, pq" ?r 


=> The probability that Kamsky wins this match is 


¥ p’[ng"? + n(n - 1) rq" *] 
n=1 co co 
=p? Ying" ' + p'r Yintn -1) q"~* 


n=1 n=1 
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Differentiating both sides w.r.t. g, we get 
Dada end De dda 
Thus, the probability that Kamsky wins the match is 
po, 2pir_ _ pp +3r) 
(gq) G-q) (p+) 
because p+ q+r=1. 


111. Let A, B and C be three independent events having 
probabilities p, q and r, respectively. 


Then, according to the question, we have 
P (only the first occurs) = P(A MB AC) 
[. A, B, C are independent] 
= P(A)- P(B)- P(C) 
= p(l—q) (1-7) =a (i) 
P (only the second occurs) = P(A AN BOC) 
= P(A) - P(B)-P(C) 


=(1-p)qa-r)=b ..(ii) 
and P (only the third occurs) = P(A 7B AC) 
= P(A) - P(B)- P(C) 
=(1-p)(1-q)r=ec ...(iii) 
Multiplying Eqs. (i), (ii) and (iii), then 
par {(1— p) (1-9) (1—r)}° = abe 
b , 
o = =[0-p)a-ga-nl=x [say] ...(iv) 
pq 
(l-p)Q-q)Q-r)=x AV) 
Dividing Eq. (i) by Eq. (v), then 
p a 
=— or px=a-ap 
l1—p xX 
_ a 
(a+ x 
b c 
Similarly, q = dr= 
imilarly, g oe er 


Replacing the values of p, q and r in Eq. (iv), then 


(0-)0-s)0-))-" 


ey 2 
=> =x 
(a+ x)’ (b+ x)? (c+ x)’ 
3 
=> id =x 
(a+ x)(b+ x)(c + x) 
or (a+ x)(b+x)(c+x)=x* 


Hence, x is a root of the equation (a + x)(b + x)(c+ x)= x? 
112. Let A = {a, ao, ..., ay} 
For each a; € A (1 <i <n), we have the following choices. 
(i) 4 € Panda, €Q (ii) a, € Panda, €Q 
(iii) a, € Panda, €Q (iv) a, € Panda, €Q 
Therefore, for one element a; of A, total number of cases is 4. 
Let S be the sample space 
n(S) = 4" 


and number of cases in which a, € P U Qis 3, since case 
4 ¢ P UQand let E be the event of favourable cases, then 


n(E) = number of ways in which exactly r elements of A will 
belong to PUQ 


= "CY" jet = "C3" 


.. Required probability, P(E) = me) 7 ie 


n(S) 4” 
113. Given that P(A) = 0, P(B/ A) = P(B’/A’)=1-0 


Thus, P(A’)=1- P(A) =1-a 
and P(B/ A’) =1-P(B’/A’)=1-(1-a) =a ...(i) 
Bg OP) 
P(B) 
_ P(B)- P(AMB)_ P(B)- P(A): P(B/ A) 
: P(B) 7 P(B) 
[- o(2)- 2402) 
A P(A) 
= P(B) - a (1 — &) Gi) 
P(B) 


But P(B) = P(A): P(B/ A) + P(A’): P(B/ A’) 
=a(l-a)+(1-a)-a [from Eq. (i)] 
=2a(1- a) ...(3) 

Putting the value of P(B) from Eq. (iii) in Eq. (ii), then 

=) _2a(1-a)-a(l-a)_ a(l-a) _1 

B 20 (1 — Q) 2a(1-a) 2 


which is independent of «. 


114. Let S be the sample space and E be the event that each of the n 
pairs of balls drawn consists of one white and one red ball. 


*. n(S) =("'G) Sa ~*C,) (P""G;) te (*C2) (??C2) 


-|{™ (2n — > {@ — 2) (2n = {@ — 4) (2n 2} 
7 1-2 1-2 1-2 


4-3) {2-1 
“" 14-2) L1-2 
2 2 


and n(E) =("C,-"C) uae wo G)C 7G ae C,) 
EG GyCGeG) 


_1-2-3-4..,(2n—1)2n _ 2n! 


=n?-(n-1)?-(n —2)* ...2?-1? = [1-2-3 ...(n —1) n= (n!)’ 
.. Required probability, 
n(E) (ni)? a" 


PE) "5) ~ nia" ant 6, 


(n!)’ 
115. Let p be the probability that any one thing is received by a 


men and q be the probability that any one thing is received by 
a women. 


= and gq = 
P : at+b 


Clearly, ptq=l1 ie, q=1-p 


Out of m things, if rare received by a men, then the rest 
(m — r) will be received by women. 
The probability for this to happen is given by 
P(r) ="C,p'q” " [r =0,1,..., m] 
The probability P that odd number of things are received by 
men is given by 
P =P(1) + P@)+ PS) +... 


3m — 3 


="C.pq™ | + "Csp’q™ > + "Csp’q” > +... (i) 
We know that, 

(q+ py =qr+"Qqn ‘p+ "Coq™ “p> +...4+ p” — ...fii) 
—...+(-1)” p™ 


(iii) 


2,2 


and (q - p)"=q" —"C.q"" ‘p+ "C.q”~*p 


Subtracting Eq.(iii) from Eq. (ii), then 
m-3,3 


(q+ p)” -(q- py” =2 {"Ciq” "p+ "Cyq™~*p? + ...} 
=2P [from Eq. (i)] 


P= : (q+ py" -(q- p)"} 


el Pee ioe P| (bay =o Say" 
“9 b+a}) | 2 (b + a)” 


116. -. P(C)= = P(S) = P(B) = P(T) = - 


Let E be the event that person reaches late 


(QF) 38) 448)-3 


To find (<) 
E 


[' reaches in time = not late] 


E 
nor E) 


Using Baye’s Theorem 


eC 
of u : . : 7 
‘ wor E| i ris. E) me o.o( | # ven .r( | 


= x(1-2] 

=|=x|/1—-— 

7 9 

ee ea 
x]1 +—X]1 +—X]1 +—X]1 

7 9) 7 9 7 9 7 9 


_ 7 _7_1 
7+3X8+2xX5+8 49 7 


117. Probability of getting 1 is - and probability of not getting 1 is ° 


Then, getting 1 in even number of chances = getting 1 in 2nd 
chance or in 4th chance or in 6th chance and so on. 


.. Required probability 
5, 1 (2) 1 (2) 1 
=—x-4 x=+ X= +..,0 
6 6 6 6 6 6 
5 
25 
1-2 
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118. P(A UB) = "3 (ANB) = 


Blo Wle 


P(A) ==> P(A)= 


P(A UB) =1- P(A UB) 
=1- P(A) — P(B) + PAB) 


> P(B) = 


Since, P(A ~ B) = P(A)- P(B) and P(A) # P(B) 
.. Aand B are independent but not equally likely. 
119. For a particular house being selected, probability = ; 


Probability (all the persons apply for the same house) 
(3 1 | 1 
=|-x-x-B=-— 


120. P(X >1.5) =1- P(X = 0) - P(X =1) 


ak 
—~bhyae te 
P(X =k) =e 7 

1 2 3 

PAO Ne gg [A =np =2] 
121. (i) P(u) =ki, UP(u) =1k = Z 
n(n + 1) 
=. de 


lim P(w) = lim & 


n— co n> i=in(n +1)? 


2n(n + 1)(2n + 1) _2 


= lim rl 
n>e n(n + 1)°6 3 
Pea) P{ 
Un 


n 
c 
n+1 —= n2 — 2 
ce i nnt+1) nt+1 
i=1(n +1) 
(iii) E=u,wyU&VU...Uu, 
P(E) = P(u) + P(uy) + ...+ P(un) 
1 1 1 in 1 
=-+-4+...455--= 
non no n2 2 
of =) =e OF) 
E P(E) 
_— PWwOw) + Pew ouy) +... + Pew Ou,) 
- Z 
2 
1 2 1 4 1 on 
=2 7 + Baer ee 
Fee nnt+1 1 
n 
4°" pee 


n nt+1 ~ n+ 1) 


156 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


Textbook of Algebra 


= P(X <1) = P(X = 0) + P(X =1) 
[mm = mean=5] 
Let E be the event when each American man is seated adjacent 


to his wife and A be the event when Indian man is seated 
adjacent to his wife. 


Now, n(A OE) =(4!) x (2!)° and n(E) = (5!) x (2!)4 
(4) P(ANE) WANE) (4!)x(2!)> 2 
> P — — = = 
E P(E) n(E) 65!) x(2lyh 5 
Statement-1 If P(H; © E) = 0 for some i, then 


(i= 


If P(H; A E) #0, V i = 1, 2, 3,..., n, then 
(ti) Re P(H, noe P(H, OE) y PCH) 
E P(H;) P(E) 
_f £ ie E 
2) x P(E) >» E } ray [as 0 < P(E) <1] 


Hence, Statement-1 may not always be true. 
Statement -2 Clearly, H; UH, U... UH, =S (Sample space) 


= P(H,)+ P(H2)+...+ P(H,) =1 
P E® ~\ F* = P(E‘ A FS AG) 
G P(G) 
_ PG) - PE NG) - P(F OG) 
7 P(G) 
_ P(G) — P(E): P(G) — P(F): PG) 
7 P(G) 
=1- P(E) — P(F)= P(E‘) — P(F) 
Probability of getting sum of nine in a single thrown = . 


*, Probability of getting sum nine exactly two times out of 


2 
1 8 8 

three draws = ‘o 2) (?) So 
9 9 243 


P(I) = 0.3, P(II) = 0.2 
*, Required probability 
= P(I)P(II) =(1 — P(I))P(II) = 


Since, P(A) = 2 


(1 - 03) x 0.2=07 x 0.2=0.14 


For independent events, 
P(AMB) = P(A)P(B) > P(ANB)S ; 


1 2 3 4 
P(A TB) =—, —, —, — 
10° 10° 10° 10 


[maximum 4 outcomes may be in A M B] 


(i) Now, P(A MB) =— 


=> 


P(A): P(B) = 


1 
10 
1 ae | 
P(B) = — X — = —, not possible 
(B) = Tartar Pp 


(ii) Now, P(A 7B) 


2 2 
=— => -x P(B)=— 
10 5 


5 
> P(B)= i outcomes of B =5 
1 
ais 3 
(iii) Now, P(A 1 B) = a 


(iv) Now, P(A OB) 


129. 


130. 


137. -. 


132. 


133. 


134. 


On > = x P(B) == 
P(B) = 


= Faas possible 


4 4 
=o > MA PB)=T 


= _ P(B) = 1, outcomes of B = 10. 


a 


b 
For unique solution q # 0, 


where a, b, c,d € {0, 1}. Total cases = 16 
(Either ad = 1, bc = 0 or ad = 0, bc = 1) 


Probability that system of equations has unique solution is 
6 


16 
infinite solutions, so that probability for system to have a 
solution is 1. 

A={4,5, 6}, B={1, 2, 3, 4} 


AUB ={1, 2, 3, 4, 5, 6} 


Favourable cases = 6 


3 s ; : 
= Fi and system of equations has either unique solution or 


=> oe ener 
P(AUB = 
( ) - 
=| A P(A MB) _1 i 
B) 2 P(B) 2 
acai (2 )-2 ag SE) 2 me 
A) 3 P(A) 3 
On dividing Eq. (i) by Eq. (ii), we get 
P(A) 3 4 
PAF = HB) = 414) 
P(B) 4 3 
eo yet [Pa =4| 
4 3 4 
P(X =3)= (22) 25. 
6)\6)6 216 
P(X 23) =1- P(X $2) =1 (i+ «3 = eee 
6 6 36 36 
> 
5 6 ot 5 
P(X >6)= 2 +24 m8 -(2) 
6 aan 
6 53 
57 5f 55 6! (2) 
and P(X >3)=~—+ + <+...0= =| eS 
\ y= 66 6 6° ict: M6 
6 


Hence, the conditional probability = =— 


135. 1 eae s = (=) 2s 
10 
1 


=> n(logi93 — logy) 4) <0-1 => n => ——_—_——_ 
(logyo 4 — log;o3) 


136. S = {00, 01, 02,..., 49} 
Let A be the event that sum of the digits on the selected ticket 
is 8, thenA = {08, 17, 26, 26, 35, 44} 
and let B be the event that the product of the digits is zero, 
then 
B = {00, 01, 02, ..., 09, 10, 20, 30, 40} 
25 AO B= {08} 


P(AMB) 59 _ 1 
P(B) 14 14 
50 


.. Required probability = ([4| = 


! 
137. Required probability = es) = - 
6 
138. Let E, denote original signal is green, E, denote original signal 
is red and E denote signal received at station B is green. 


P(E,): {=| 


2) | 
E E E 
ney) + ney-A{ 2) 


0). 
+] iitea] * 


4 4 4 
20.19.18 .1 
139. Total ways = "°C, — 20.19.18.17 
1.2.3.4 


= 4845 
Statement-1 


Common difference (d) | Number of cases 


Nn oO |e WwW |r 
oo 


.. Number of favourable cases = 17+ 14+ 114+84+5+2 
=57 
“. Required probability = cee 
4845 85 
Statement-1 is true and Statement-2 is false. 
9-8-7 _ 
co a 


84 


140. Total ways, °C; = 


Favourable ways = °C, x *C, x °C, =24 
24 2 
.. Required probability = — =— 
q P y 847 
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141. H — 1 ball from U, to U, 


T 2 balls from U, to Uz 
E:1 ball drawn from U, 


“. P(W from U,) = (2 xi) : -(; x | 


Ww 
P(H) x (=) 


142. a) - = a a 
”. run xr 2) + pcr) x of ©) = 
H T 30 
_2 
23 
143. Let P(E) =e and P(F) = f 
=> PIE UF)~ PEF) = 
11 
> BE) ee OES 
11 
> e+ f —2ef =— 1 
eae (i) 
= 2 = 2 2 
P(EQF)=—=> P(E). (PF) =—>(1-e)Q-f)= 
25 25 
23 i 
=> et+ - =— Priel e 
f-f =e (i 
: rr 12 7 
From Eqs. (i) and (ii), we get ferns a 
Onsen weectes—, =P ghee : = 
5 ) 5 
144. Given probability of atleast one failure > - 
> 1- P(X =0)>2" 
32 
5 0 pss 2 5 
=> 1-"C).Q-P aS [(P + Q)’] 
=> p< 
32 


Pe Psy Pela] 
2 2 
145. We have,C CD S>CND=C 


of <) = ACR?) FO) > 0) [- 0< P(D) <1] 
D P(D) —~P(D) 
(6 {4 = _ PATA BNC) 
PC) 

_ P(C)- PPA NC) - P(BAC) + PANBAC) 

> P(C) 

_ P(C) - P(A): P(C) — P(B)- P(C) + 0 

~ P(C) 


[. A, B, C are pairwise independent] 
=1- P(A) - P(B) = P(A‘) — P(B) 
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147. P(X) = P(X, AX, 0X3) + P(X1 AX, 0X3) 
+ P(X, 0X20 X3) + P(X, AX) 0X3) 


ee ee ee ee 
244 244 244 244 4 
Sy, Bae 
(4) =2 4 4_1 
X 1 8 
4 
(b) P (exactly two engines of the ship are functioning / X) 
oe. eee 
244 244 244_7 
1/4 8 


(c) (=| = Probability that X occurs given that engine 
2 


P(X, A Xy 0X3) + P(X1 AX) 0X3) 
P(X, A Xy 0X3) + P(X1 AX, 0X3) 


E, has started 


+ P(X, AX, 0X3) 5 


+ P(X, 0X) A X3) + P(X, AX, 0X3) 8 


(d) (2) = Probability that X occurs given that engine E, has 


1 
P(X, AX, 0X3) 
P(X, A X_ 0X3) + P(X, A X20X3) 


# PUG Xen) + POG AGA es) 7 


+ P(X, Axe AR) + PR ARAM) 16 


started 


148. CaseI When D,, D,, D; all show different number and one of 
°C3 x3! 3 60. 


216 «6216 
Case II When D,, D,, D3 all show same number and that 


the number is shown by Dy, P(E,) = 


4 
1 1 
number is shown byD,, P(E.) =6 x} — | =—— 
yD,, P(E) (2) Por 


Case III When two numbers shown by D,, D;, D; are same and 
one is different and one of the number is shown by D,, 


°C x °C, 3! 2-30 


P(E = x x = 
= oie 216 216 
. Required probability = P(E,) + P(E,) + P(E3) = ne 
149. of 2) 7000 =» Pye" 
Y PY) 2 3 
=)- PX AY) _1 = px) =! 
x P(X) 3 2 


(a) P(X UY) = P(X) + P(Y) - P(X AY) =; 


(b) «» P(X AY) = P(X) - P(Y), they are independent. Also, X° 
and Y will be independent 
Now, POP AYia2 ees eS 
2 3 6 3 


150. - S = {1, 2, 3, ...,8} 


Let A: Maximum of three numbers is 6 


» A={1, 2,3, 4,5, 6} 
and B : Maximum of three numbers is 3 
-. B=, 45,67, 8} and A OB = %3, 4,5, 6} 


n(A OB) 
(2) P(A OB) n(S) n(ANB) *G 1 
= p|—|= = = =—1= 
A P(A) n(B) n(B) °C, 5 
n(S) 
1 2 


151. Here, p => andq = 1-2 == 


3 5 
.. Required probability = P(X = 4) + P(X =5) i E + 7 | 


4 5 
iy 72 iy? 42 
PNB OAS hg) 38 


152. Probability of solving the problem correctly by atleast one of 


mer ora sye oes 


153. Let x, y and z be the probability of occurrence of E,, E, and Es, 


respectively. 
Then, 0 = x(1-y)(1-z)=—*— [-- p=(1- x) Q-y) (0 -2)] 
(1-x) 
ss __ py __ pz 
Similarly, B = a-y) and y is 
Now, (a — 28) p=aB 
= P_?P oy 
B a 
Gey) m-x)_, 
y x 
> x=2y (i) 
and (B—3y) p = 2p 
= Po 3 
y B 
= G58) SS ¥) 4 
Zz y 
> y =3z ...(ii) 


x 
“ =6 
Zz 


From Eqs. (i) and (ii), we get x =6z «. 


154. Let E = Event that one ball is white and the other ball is red. 


26 x 3G, 
9 
Then, P (2) i 3 2 oe 3 fn = 
E Cc, x Oi. Cc, x Oy CQ xc, 181 
°C; "C3 al OF 


3 3 3 
155. Required probability = ii | P(W,) + Il P(R;) + Il P(B;) 
i=1 i=1 


i=1 


1.2.3 ,3 3. 4 a) 
= Re t= xX— X 

6 9 12 6 9 12 12 

82 


156. 


157. 


158. 


159. 


160. 


161. 


-: (AUB) =1-P(AUB)=1-—=> 
6 6 

a 1 3 

P(A) =1- P(A) =1-—=-— 
(A) (A) ae 


and P(B) = P(A UB) — P(A) + (AB) 
1 


5 3 1 
=-—-—4+-—= 
6 4 4 3 
= Aand B are not equally likely. 


3. 1 


Als, P(A B)=— =~ x~ = P(A). PB) 


“. Aand B are independent. 

Hence, A and B are independent but not equally likely. 

n(S) = 5!= 120 and possible favourable cases are 

(B, G, G, B, B), (G, G, B, B, B), (G, B, G, B, B), 

(G, B, B, G, B), (B, G, B, G, B) 

.. Number of favourable cases = n(E) =5 x 12 =60 

.. Required probability, 
pee 

n(S) 120 2 

n(S) =3 X5X7 =105; x + x2 + x3 = odd 

CaseI All three odd =2 x3 x 4=24 

Case II Two even and one odd 

=1xX2x4+4+1xX3x34+2x2x3=29.. n(E) =24+4 29 =53 


ppc 8 
nS) 105 


Required probability, 


X1, X2, X3 are in AP. 

AP with common difference = 1, (1, 2, 3) (2, 3, 4) (3, 4,5) 
AP with common difference = 2, (1, 3, 5), (2, 4, 6), (3, 5, 7) 
AP with common difference = 3, (1, 4, 7) 

AP with common difference = 0, (1, 1, 1), (2, 2, 2) (3, 3, 3) 


n(E) =10 
, on nE) 10 
.. Required probability, P(E) = eee 
q Pp y, P(E) 7S) 108 


We have mentioned that boxes are different and one particular 


box has 3 balls. 


Then number of ways = 


eo, x29 55 (2) 
Using Binomial distribution 
P(X >2)=1- P(X =0)— P(X =1) 


JOE | 
fan 


1 
=1-—-"C,-—=1 
2 2 
Given, P (X = 2) = 0.96 
, mt), 24 


3 

n 
1l+n 

gn 


2” 25 
a (@+) 1 
2" 25 
> n=8 
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162. 
n; Red Ng Red 
No Black 4 Black 
Box | Box II 
Let A =Drawing red ball 


P(A) = P(B,): P(A/ B,) + P(By):P(A/ By) 


_l nh re n3 
2\ m+n, 2 \n3t+ng 


P(B,)-P(By A) _ 1 
P(A) = 


1 ns 
2 \ nz +14 1 
1 nh el n3 3 
2\n, +n, "2 nz + Ng 
n3(n, + nz) 1 


— = 
n(n3+ng)t+n3(m +n) 3 


Given, P(B,/ A) = : => 


Now, check options, then clearly options (a) and (b) satisfy. 


159 


163. 
ps 1 Black 
1 Red fre 
(n,-1) Red | |(n3+1) Red ny Red || ng Red 
or 
NM Black | | "4 Black (M- 1) Black | |(M4+ 1) Black 
Box | Box II Box | Box II 


.. P (drawing red ball from B,) = ; 


n-1 n. n n 1 

= 1 1 +4 2 i = 
ntny-1) m+n» mtn, )/\mt+n,-1) 3 
ne +nny—n 1 


=> = 
(m+n2)(m+n2-1) 3 


Clearly, options (c) and (d) satisfy. 


1 1 
164.:. P(E,) = —, P(E2) =-, 
6 6 
2+4+6+4+2 1 
P(E3) = = 
36 2 
1 
Also, P(E; NE;) = aa 


1 1 
P(E, OE =—,P(E OE,)=— 
( 1 3) 12 ( 3 1) 12 


and P(E, NE, VE3) = 0 # P(E,). P(E2). P(E3) 
Hence, E,, Ey, E; are not independent 
0 80 


200 1 4 
P T = = ,P TE — = 5 
(h) 100. 5 (t) 100. 5 


165. 


P(D) = a Let P = = x, then 
100 Th 


760 = Textbook of Algebra 


p| 2) =10-P| 2 | =10x 
T, T, 


P(D) = P(E) x (2) + P(Ty) x (2 


1 2 


1 4 
=> “mse 


D 
P(T,) x P| — 
(2)- = [7] — 


D D 
P(T,) x (2) + P(Tp) x (2| 


93 


166. P(x > y) = P(T, wins 2 games or T, wins either of the matches 
and other is draw) 


(3 | E 1 1 qj] 
=|—x—]+|—x-+=~x 
22 2 6 6 2 
tT; a 3) 
=—+— =— 
4 6 12 
167. P(x =y)= P(T, and T, win alternately) 


+P (Both matches are draws) 


11121 1 =| 
= x-+-xX + x 

23 3 2 6 6 

1:4 

3 


oF 3 


168.p =: = ,Q=1 P=1 3_2 
5 5 5 


25 
and n = 10 
3 2 12 
“. Variance = nPQ=10X—x—= = 


169. Cases: (0, 4), (0, 8), (2, 6), (2, 10), (4, 8), (6, 10) 


170. -.- 


6 


. Required probability = in = = 
2 


[e 


P(A) + P(B)-2P(A MB) = 
P(B)+ P(C)-2P(BAC) = 


P(C) + P(A) -2P(C NA) = 


Ja ale ATS ® 


and BAB = 


a 


Now, adding Eqs. (i), (ii) and (iii), then 


P(A)+ P(B) + P(C)— P(A AB) -P(BAC)—P(C. NA) = ; Av) 


On adding Eqs. (iv) and (v), we get 


P(A) + P(B) + P(C)- P(AAB)-P(BAC)-P(C OA) 


3. 1 
+ PANMBOC)=-+— 
8 16 


or P(AUB vojnet 
16 
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Introduction 


There are two basic processes of reasoning which are 
commonly used to draw mathematical or scientific 
conclusions. Reasoning or drawing conclusions can be 
classified in two categories: 


(i) Inductive reasoning 
(ii) Deductive reasoning 


(i) Inductive reasoning This is the process of reasoning 
from particular to general. 
The numbers 324, 576, 603, 732 are all divisible by 3. 
From these particular results, we can hope to have a 
general result that all numbers of 3-digits are divisible 
by 3. But this is not true, because 692 is not divisible 
by 3. 
If at all this conjuctive were true, we would have to 
establish its validity either by verifying the conjuctive 
for all possible 3-digit numbers or by using some 
mathematical process. The process of reasoning a 
valid general result from particular results is called 
inductive reasoning. 


(ii) Deductive reasoning This is the process of 
reasoning from general to particular. 


n(n +1) 


The sum of first n natural numbers is . This is 


a general result. From this, we can deduce that the 
sum of first 100 natural numbers is 


5050 - wou) This process of reasoning a 
2 


valid particular result from general result is called 
deductive reasoning. 

The principle of mathematical induction is a 
mathematical process which is used to establish the 
validity of a general result involving natural 
numbers. 


Statement 


A sentence or description which is either definitely true or 
definitely false is called a statement. For example, 


1. Mumbai is the capital of Maharashtra is a true 
statement. 


2. There are 30 days in February is a false statement. 


3. Umang is a good boy is not a statement (as it is not a 
definite sentence. One day whose name is Umang 
may be a good boy while the other boy whose name 
is also Umang may not be a good boy. Also, the word 
‘good’ is not well-defined). 


Mathematical Statement 


A statement involving mathematical relation or relations 
is called mathematical statement. 


A statement concerning the natural number ‘n’ is 
generally denoted by P(n). 


For example, If P(n) denotes the statement “n(n + 1) is 
divisible by 2”, 

then P(3) :“3(3 +1) =12 is divisible by 2” 

and P(8) :“8(8 + 1) =72 is divisible by 2”, etc. 

Here, P(3) and P(8) are both true. 


First Principle of Mathematical 
Induction 


To prove that P(n) is true for all natural numbers n = i, we 
proceed as follows: 
Step I (Verification Step) : Verify P(n) for n = i. 
StepII (Assumption Step): Assume P(n) is true for 
n=k>i. 


Step III (Induction Step) : Using results in Step I and Step II, 
prove that P(k + 1)is true. 


Remark 
If P(n) is true for n = 1 (i.e., for/ =). 


Second Principle of 
Mathematical Induction 


Sometimes the above procedure will not work. Then, we 
consider the alternative principle called the second 
principle of mathematical induction, which consists of the 
following steps: 

Step I (Verification Step) : Verify P(n) for n = i. 

StepII (Assumption Step) : Assume P(n)is true fori<n<k. 
Step III (Induction Step) : Prove P(n) forn=k +1. 


Remark 


The second principle of mathematical induction is useful to prove 
recurrence relations which involve three successive terms, 


For example, statements of the type 
Plat =n t+ Th 3 


Different Types of Problems 
of Mathematical Induction 


Type | These problems are of the Identity Type. 
Examples of this type are as follows: 


Example 1. Prove by mathematical induction that 


2 
n(n+1 
F423 etn = us J 


for every natural 


number n. 


i) 


n(n + aif 
2 


Sol. Let P(n):1° +22 +3? 4¢...4n?° -| 
Step For n = 1, LHS of Eq. (i) =1° =1 
2 


and RHS of Eq. @=|9 =1 


: LHS = RHS 
Therefore, P(1) is true. 
StepIl Assume P(k) is true, then 


2 
Pk): +22 43° atk =] MOD) 


2 
Step UI Forn =k +1, 
Pik +1): 422439 4+..4kh2 4+(k +1) 
2 


LHS = 1° +229 +39 +..4+k? +(k +1) 
2 
= ean +(k +1)° 
2 
[by assumption step] 
2 
= mur [k? + 4(k +1)] 


_ (k +1)°(k? + 4k + 4) 
4 

_ (k +1)°(k +2) 

—— 


7 E +1)(k + af ae 
2 


Therefore, P(k +1) is true. Hence, by the principle 
of mathematical induction, P(n) is true for allne N. 
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Example 2. Prove by mathematical induction that 


1.2:342-3-4+ .. tale +2) = mee ee) 


for every natural number. 
Sol. Let P(n):1-2-34+2-3-4 +... + n(n +1)(n + 2) 
_ n(n +1)(n + 2)(n + 3) 
4 
For n = 1, LHS of Eq. (i) = 1-2-3 =6 
1-(1+1)(1+2)(1+3) _ 
4 


esd) 
Step I 


and RHS of Eq. (i) = 6 


LHS = RHS 
Therefore, P(1) is true. 
Step1I Assume that P(k) is true, then 
P(k):1:2-3+2-3-4+..4+k(k + 1)(k + 2) 
_ k(k + 1)(k + 2)(k +3) 
4 


Step TI] Forn=k+1 
P(k +1):1:2:34+2:3-4+...4+k(k + 1)(k +2) 
+(k + 1)(k + 2)(k +3) 
_(k +1)(k + 2)(k + 3)(k + 4) 
4 
. LHS =1-2-34+2-3-4+..+k(k +1)(k + 2) 
+(k + 1)(k + 2)(k +3) 


_k(k + 1)(k + 2)(k +3) 
4 


+(k +1)(k + 2)(k +3) 


[by assumption step] 

_(k + 1)(k ; 2)(k + 3) (k +4) 

_ (k +1)(k + 2)(k + 3)(k + 4) 
4 


= RHS 


Therefore, P(k + 1) is true. Hence, by the principle of 
mathematical induction P(n) is true for alln € N. 


Example 3. Prove by mathematical induction that 


| 4 1 ; | — n(n+3 
23 25 n(n+1)(n+2)  4(n+1)\(n+2) 
VnenNn. 
Sol. Let Pi es, — 
1-2-3 2-3-4 n(n + 1)(n + 2) 
__ r(n+3) i) 
4(n + 1)(n + 2) 
StepI Forn=1, 


t of 
LHS of Eq. (i) = —— =- 
a@ 12:3 6 
1(1+3) 1 


and RHS of Eq. (i) = 
4(1+1)(1+2) 6 


Therefore, P(1) is true. 
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StepI1 Assume that P(k) is true, then 


ee oe 
1-2-3 2-3-4 k(k + 1)(k +2) 
_ k(k +3) 
~ 4(k + 1)(k +2) 
Step II Forn=k +1, 
1 1 1 
P(k +1): +..4+ 
1-2-3 2-3-4 k(k + 1)(k + 2) 
re 1 _ (k+1)(k + 4) 
(k+1)(k +2)(k +3) 4(k +2)(k +3) 
.. LHS= : + : teak : 
1-2-3 2-3-4 k(k + 1)(k + 2) 
" 1 
(k + 1)(k + 2)(k +3) 
k(k +3) ip 1 


4k +1)(k +2) (k+1)(k +2)(k +3) 


[by assumption step] 
k(k +3)? +4 
4(k + 1)(k + 2)(k + 3) 


_ ke +6k? +9k +4 
4(k + 1)(k + 2)(k +3) 
(k +1)°(k + 4) 
4(k + 1)(k + 2)(k + 3) 
_ (kK +1)(k + 4) — RHS 
4(k + 2)(k +3) 


Therefore, P(k + 1) is true. Hence, by the principle of 
mathematical induction P(n) is true for alln € N. 


Example 4. Prove by mathematical induction that 


Src, =n-2""' WneN. 
r=0 
Sol. Let P(n): rc =n-2"7! 
r=0 


StepI Forn=1, 


1 
LHS of Eq. (i) = WrtC, =0+1-°C, =1 
r=0 
and RHS of Eq. (i) = 1-2'~'=2° =1 
Therefore, P(1) is true. 
Step Assume that P(k) is true, then P(k) 
k 
: srt Cy =k-2k-} 
r=0 
Step UI Forn=k+1 


k+1 
P(k +1): Sir-**1C, =(k +1)-28 


r=0 


k+1 k+1 
LHS = rfc. a04 Yr" 
r=0 r=1 
k+1 k 
= by eon Yr tte, + (kt ti Chay 
r=1 r=1 


= si COAT teed 


k k 
=Yric.t+ ¥r-*c,_1+(k +0) 


r=1 r=1 


> il 


= P(k) + P(k) + * [by assumption step] 
=f 4 pea oF ao. p a * 4 
=k-2k 42% =(k +1)-2* =RHS 
Therefore, P(k + 1) is true. Hence, by the principle of 
mathematical induction P(n) is true for alln € N. 


Type II These problems are of the Divisibility Type. 
Examples of this type are as follows: 


Example 5. Use the principle of mathematical 
induction to show that 5*°*' + 3"**.2"" divisible by 
19 for all natural numbers n. 


Sol. Let P(n)=5°"*1 4.37%? .g"71 
Step Forn=1, P(1)=5°*1+3'*?.2'7! 
= 125 + 27 = 152, which is divisible by 19. 
Therefore, the result is true for n = 1. 
Step1I Assume that the result is true for n =k, i.e., 
P(k) = 52K +1 4 3+? .ok-1 ig divisible by 19. 
= P(k)=19r, where r is an integer. 
Step III Forn=k +1, 
P(k+ (ag aaa e a 
= 52k +3 + 3K +3 ok 
= 25.52kt1 + 3.3 +2 2.9 =1 


= 95.52K +1 46-3 +2 oko 


Now, 52* *! 4 3F 42 okt ) 95.5281 4 63k? gk-1 (25 


25.52k +1 +25.3h +2 9k -1 


~19.3k +2 9k -1 


25.52k +1 46-342 oko} 

= 25.(52k +1 4 3k 2 gk 2) 49 .gk +2 gk 1 
ie., P(k + 1) =25 P(k) —19-3**? .2k ~} 
But we know that P(k) is divisible by 19. Also, 
19-3°*?.2*~1 is clearly divisible by 19. 
Therefore, P(k + 1) is divisible by 19. This shows that 
the result is true forn =k +1. 


Hence, by the principle of mathematical induction, the 
result is true for alln € N. 


Example 6. Use the principle of mathematical 
induction to show that a” —b” is divisible by a—b for 
all natural numbers n. 
Sol. Let P(n) =a" — b" 
Step1 Forn=1, 
P(1) = a — b, which is divisible by a — b. 
Therefore, the result is true for n = 1. 
StepI1 Assume that the result is true for n =k, 
ie, P(k) =a" —D* is divisible bya-b. 
=  P(k)=(a-b)r, where r is an integer. 
Step I Forn =k +1, 
P(k +1)=a"*1—- pt! 


Now, aé — bE \gk +1 — pk +4 
_ak +1 F abk 
abé — BK *! = pK(a— b) 
ak *} _ pet _ a(ak _ bk) + bK(a- b) 
ie., P(k +1)=a P(k) + BK (a- b) 
But we know that P(k) is divisible by a — b. Also, b (a—b) 
is clearly divisible by a — b. 
Therefore, P(k + 1) is divisible by a — b. 
This shows that the result is true forn =k +1. 
Hence, by the principle of mathematical induction, the 
result is true for alln € N. 
Type III These problems are of the Inequality Type. 
Examples of this type are as follows: 


Example 7. Using mathematical induction, show 
that tanna >ntana, where 


O0<a< ,vneNandn>1. 


Tl 
4(n-1) 
Sol. Let P(n):tanna >ntana 

StepI Forn=2, tan 2M > 2tana 


2tana 
2tana >0 


1-tan’o 
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1-(1- tan’ 
= Tr eee 


1— tan’ 


T 
=>. tan’ -tan20 >0 [vo<e <T form =2| 
4 


Tl 
S0< 20 <— 
2 


which is true (‘. in first quadrant, tan 20 is positive) 
Therefore, P(2) is true. 


Assume that P(k) is true, then P(k) : 
tanka > ktano 


=> tan2a >0 


Step II 


Step III For n =k +1, we shall prove that 
tan(k + 1)a >(k +1)tana 
tanka + tana 


tan(k + 1)a = — éa( 
( ) 1— tanka tana @) 


Tt Tt 
when0 <a <— or 0<ka <— 
4k 4 


ie. 0<tanka <1, also0 < tana <1 
tanka tana <1 
1—tanka tana >0 and 1- tanko tano <1...(ii) 
From Eggs. (i) and (ii), we get 
tanko + tana 


1 
> tanka + tana > ktano + tana 
[by assumption step] 


tan(k + 1) >(k +1)tano 


tan(k + 1)a > 


Therefore, P(k + 1) is true. Hence by the principle 
of mathematical induction P(n) is true for alln € N. 


Example 8. Show using mathematical induction that 


n+1)\" 
nt<( 7) , where ne N andn>1. 


Sol. Let P(n):n! < E ; _ 


2 

2+1 9 
Step I Porn =2,21<[242) > 2<. 
2 4 


= 2<2-25, which is true. 
Therefore, P(2) is true. 
StepII Assume that P(k) is true, then 


k+1 ‘ 
ribyskt<( A) 


Step WI Forn =k +1, we shall prove that 
k+l 
k+ _ 


Mk +Ak+D!<[ 


(ke +1" 
9k 


From assumption step k! < 
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k+1 
=> (k+iki< ee 
k+1 
= (k+1)!< ee Ai) 
k+1 k+1 
Let us assume, igs wi < (* = ) (ii) 
2 2 


k+1 k+1 
k+2 1 
— >2 => /1+— >2 
(Fe) =i 
1 1 : 
Seg | | aS? 
(k +1) k+1 


2 
1 
=> erste, (4) oo BO 


=> 14+(k+1)- 


k+1 


which is true, hence Eq. (ii) is true. 


From Egg. (i) and (ii), we get 


k+1 k+1 
(e+ < EH) <($*) 
2 


2 
k+1 
- (ea or<( #24) 


Therefore, P(k + 1) is true. Hence, by the principle of mathematical 
induction P(n) is true for allne€ N. 


Type IV These problems are of the Second principle of 
induction. Examples of this type are as follows: 


Example 9. If a+b=c+d and a*+b* =c* +d’, 
then show by mathematical induction 
a" +b" =c"+d" 
Sol. P(n):a" +b" =c" +d" 
StepIl Forn=1andn=2, 
P(1):a+b=c+t+d and P(2):a° +b’ =c? +d’ 
which are true (from given conditions). 
Therefore, P(1) and P(2) are true. 
StepIl Assume P(k — 1) and P(k) to be true 
a’ +b tack 14 gko! ili 
and a+ bk =ck + a* ...(ii) 
Step UI Forn=k +1, 
Petia 4 ec ae 
LHS = a**1 + DK +? 
=(a+t b)(ak + b*) — abk — bak 
=(a+ b)(ak + b*) — ab(a* 1 + DK -') 
[givena+b=c+dand 
a’ +b’ =c* +d’, then ab = cd] 


=(c + d)(c¥ + d*) — cd(ck~1 + d*~') 
[from Eggs. (i) and (ii)] 
=ckKtl, gkt1_ RHS 


Therefore, P(k + 1) is true. Hence, by the principle of mathematical 
induction P(n) is true for alln € N. 


*( 1—cos mx 
Example 10. Let |, -|( SS use 
# 1-—CcOos x 


mathematical induction to prove that |,, = mr, 
m=0,1,2,... 


Tl 
1- 
StepI Form=1,1I,= i so i 


i 1—cosx 


. I, = and for m=2, 


I =f 1— cos2x i 
1—cosx 


0 


_ i 2sin” x(1+ cos x) 


) (1 — cos x)(1 + cos x) 


_ [es x(1+ cos x) 


Tl 
; dx = f(a + cos x)dx 
sin* x 


= 2[x + sinx]j =2[(m + 0) —-(0+0)]=2n 


which are true, therefore I, and I, are true. 


Step1I Assume I; _, and J; to be true 
I, =(k-1)0 ...(i) 
and I, = kn (ii) 


Step WI Form=k +1, 


T 
Pax =? cos(k + 1)x 4. 
1—cosx 


0 
T 
coskx — cos(k + 1)x 
as Teg =f ( ) dx 
0 


. (A) (| 
72sin x-sin| — 
= | 2 2 Ag 
0 


1—cosx 


Xe (iii) 


On subtracting Eq. (iv) from Eq. (iii), we get 


: (A a) 
7 Sin 9 x sin 2 x 
Tear - 2h +h =f d. 
0 


x 
{x 
sin} — 

-2cos(kx)sn| z ake" 
= tx =2f cosh = 2] J =0 
ef k 
0 sin} — 0 

2 


0 
=> Ip, = 2h, - Ip, = 2kn —(k -1)0 
[by assumption step] 
=kn+m=(k+1)a 
This shows that the result is true for m = k + 1. Hence, by the 
principle of mathematical induction the result is true for all m € N. 


Type V These problems are of the Recursion Type. 
Examples of this type are as follows: 


Example 11. Given u,., = 3u, —2U,_; and Uy =2, 
u, = 3. Prove that u, =2" +1, VneN. 
Sol. 


"Un 41 = 3Uy — Uy 1 ...(i) 


StepI Given, u, = 3=2+1=2' +1 which is true forn = 1. 
Putting n = 1 in Eq. (i), we get 
Uy41 = 3Uy — 2uy-4 
=> uy = 3, — 2uy = 3-3 —-2-2=5=2" $1 
which is true for n = 2. 
Therefore, the result is true forn = 1andn =2. 


StepII Assume it is true for n = k, then it is also true for 


n=k-1. 
Then, 


and 


u,=2* +1 


...(ii) 
Te le a ...(iii) 
Step II Putting n =k in Eq. (i), we get 
Ug 44 = 3Up — 2Uy - 4 
= 3(2* +1) - 2(2*-1 +1) 
[from Eggs. (ii) and (iii)] 


“1_ 923.2 43-2" -2 


= 3-2 +3-2-2 
= (3-1) 4122-2 41=2%t141 
This shows that the result is true for n = k + 1. Hence, by the 
principle of mathematical induction the result is true for alln € N. 


7 
Example 12. Let u, =1, u, =2,u; = . and 


3 . 
Un+3 = 3Up42 - un —u,. Use the principle of 


mathematical induction to show that 


i, ota [ BP Ina 
al 2 2 | 


Sol. «- 
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ts fieya) .ft=<3) 
Uy, = —| 2° + + (i) 
3 2 2 
1 1+v3) (1-3) 
Step 1 For n= 1, nada : }+( 5 


1 
=-[2+1]=1 
aL ] 


which is true for n = 1 and for n = 2, 


weal # (4) (4) 


3 2 2 


= i. + : | + : 25) = (6 =2 


which is true for n = 2. 


Therefore, the result is true for n = 1 andn =2. 


Step II Assume it is true for n = k, then it is also true for 
n=k-1,k-2 


k 
i f1+s8 1-3 ' 

Uk al” +| ; )+[ ; ...(ii) 
ee 14v3) 1- v3)" (iii) 

hea, ; ; of 
k-2 k-2 
Ur — 2 a ae i+) + ! = “| ..(iv) 
3 Z 2 


Step III Given that, u, . 3 =3uU, 42 —- Fe 417 Up 


Replace n by k — 2 


3 
Then, uj, 4 = 3up — —Up_ 1 — Up —2 
2 
k k 
1 1+ V3 1-48 
=—|3-2* 43) "| +3 v3 
3 2 2 
k-1 k-1 
pil tes sf 1443 $f 14/3 
3] 2 2 2 a\ 3 
k-2 k-2 
1 7 1+4/3 1-3 
+ a2 v3 v3 
3 2 2 


k 
1 Z = 1 44/3 
= —| 3-2 —3.2k-2 _ ok +(e) 


3 2 


se) P28) f4) 
2 2 2 2 
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F 1-3) “| (1-48) 6) t= 4/8. ; 
2 2 2\ 2 


fas et a4) 


2 4 


2 4 


(4) "|" Aa) a8) ‘ 


= 


2 8 
- i 1-3) *F 10-63 
2 8 


hele he aya tes| 


nifans(H8) [ores] 


2 2 2 


[ k+1 k+1 
ot) get, | tts). (ton8 
3 2 2 
This shows that the result is true for n = k + 1. Hence, by the 


principle of mathematical induction the result is true for all 
neN. 


Shortcuts and Important Results to Remember 


1 Principle of mathematical induction is widely used in 
proving identities, theorems, divisibility of an expression 
by a number or by another expression, inequalities, etc. 

2 Principle of mathematical induction can only help in 
verifying an established result. It cannot discover a new 
formula. 


3 If f(k)is divisible by anumber p and it is to be proved that 
f(k + 1)is divisible by p, sometimes it is easier to show 
that f(k + 1)-f(k)is divisible by p. 


4 aaaaa...a=a(i+104+107 + 10% +...4+1077') 


mM times _ aio” -1) 


9 ,Visas9andaeN. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d), out of which 
ONLY ONE is correct. 


Ex. 1 When P is a natural number, then 
P"*'4(p+41)""~' is divisible by 
(a) P (b) P? +P (c)P? +P +1 
Sol. (c) For n = 1, we get 
Pott a ( psy") = pe 4 (P41) =P? +P +1, 


(d) P? -1 


which is divisible by P? + P +1, so result is true for n = 1. 
Let us assume that the given result is true for n = me N. 
ie, P™*1+(P +1)?” 1 is divisible by P? +P +1. 
ie, P™*14+(P 41)" 1=k(P? +P +1),VkKEN ...(i) 
Now, P("**14 (p41)? (m+1)-1 

=pmt2y(pyypemel 

=P™** 4+(P4+1)? (P+1)""! 

=Pp™*?4(p 41) [k(P? + P+1)-P™*] 

[by using Eq. (i)] 
=Pp™*?4(Pp4+1)?-k(P? +P +1)-(P +1)? (P)™*? 
=P™*!'(p—(P4+1)*]4+(P +1) -k(P? + P41) 
=p™*!(p— Pp? -2P—1]+(P +1)? -k(P? + P+1) 
=—P™* (Pp? + P+1)+(P +1)? -k(P? + P+1) 
=(P? + P+1)[k-(P +17 —P™*] 

which is divisible by P? + P +1, so the result is true for 


n=m +1. Therefore, the given result is true for alln € N 
by induction. 


Ex. 2 Let P(n) denote the statement that n? +n is odd. It 
is seen that P(n) => P(n +1), P(n) is true for all 
(a)n>1 (b) n 
(c)n >2 (d) None of these 
Sol. (d) P(n) =n’ +n. It is always odd (statement) but square 


of any odd number is always odd and also, sum of two 
odd numbers is always even. So, for no any ‘n’ for which 
this statement is true. 


® Ex. 3 For a positive integer n, 


. Then 


tL. 7 4 
leta(n) =1+—+-—+-—+4...+ 
2 3 4 


(a) a(100) > 100 
(b) a(100) < 200 
(c) a(200) < 100 
(d) a(200) > 100 


Sol. (d) It can be proved with the help of mathematical 
induction that 


n 
—<a(n)<n 
5 (n) 
200 
> — < a(200) 
2 
> a(200) > 100 


> Ex. 4 Let S(k) =14+345+...+(2k-1)=3+k?. Which of 
the following is true? 


(a) Principle of mathematical induction can be used to 
prove the formula 


(b) S(k) = S(k + 1) 
(c) S(k) = S(k + 1) 
(d) S(1) is correct 
Sol. (c) We have, S(k) =1+3+5+...+ (2k -1)=3+k?’, 
S(1) => 1 = 4, which is not true 
and S(2) = 4 =7, which is not true. 
Hence, induction cannot be applied and S(k) # S(k + 1). 


» Ex. 510" +3(4"*?) +5 is divisible by (n€ N) 


(a) 7 (b) 5 
(c) 9 (d) 17 
Sol. (c) 10" + 3(4"*7) +5 
Taking n = 2, 


10° +3x 44 +5=100+ 768 +5 = 873 
Therefore, this is divisible by 9. 
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JEE Type Solved Examples : 
Statement | and Il Type Questions 


= Directions Example numbers 6 and 7 are 
Assertion-Reason type Examples. Each of these Examples 
contains two statements : 
Statement-1 (Assertion) and 
Statement-2 (Reason) 
Each of these examples also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below: 
(a) Statement-1 is true, Statement-2 is true Statement-2 is 

correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true, Statement-2 
is not the correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


» Ex. 6 Statement-1 For all natural number n, 
1424...40<(2n+1)? 


Statement-2 For all natural numbers, (2n + 3)* <7(n +1) 


Sol. (b) Let P(n):1+24+3+..+n<(2n +1)’ 


StepI Forn=1, 
P(1):1<(2+1) 3>1<9 
which is true. 
StepII Assume P(n) is true for n =k, then 


P(k):14+24...+k <(2k +1) 
Step WI Forn =k +1, we shall prove that 
Pik +1):14+24+3+...+¢k +(k +1) <(2k +3) 
From assumption step 
14+24+34+...¢k+(k+1)<(2k +1) +k +1 
= 4k? +5k +2 
= (2k +3)’ 7(k +1)<(2k +3)? [- 7(k +1) > 0] 
*, P(k + 1)is true. 


Here, both Statements are true but Statement-2 is not 
correct explanation of Statement-1. 


» Ex. 7 Statement-1 For all natural numbers n, 


T4IT4IT +...777..7 = (10! —9n-10) 
n digits 


Statement-2 For all natural numbers, 


TT cc STAT MO +7 107 4,47 810" 
eY— 
n digits 


Sol. (0). 777.7 = 7(111...1) 


n digits ae 

=7(1+10+107 +...+10"~') 
=7+7X10+7 X10? +..+7x10"7! 
#T7+7X104+7X10° +...4+7 X10" 


.. Statement-2 is false. 


Now, let P(n):7 +77 +777 +...+777 ...7= Le 
n digits a 
(10" *? — 9n — 10) 


StepI Forn=1, 


LHS =7 and RHS = (10° -9-10)=7 


LHS = RHS 
which is true for n = 1. 
StepII Assume P(n) is true for n = k, then 
P(k):7 +77 4777 +...+777...7 
eae 
k digits 
7 


= — (10 *! — 9k - 10) 
81 


Step UI Forn =k +1, 
PR 4 1)67 497 $977 2 #077 oe IT 


k digits  (k +1) digits 
ee 
= — [108 *? —9(k + 1) - 10] 
81 
LHS =7 +77 +777 + 0.4777 7 +777 «07 
ee es 
k digits — (k +1) digits 
are 2 k 
= 9k — 10) + 7(1+10+10" +...+ 10°) 
[from assumption step] 
k+1 
1k ieee 
== yok + 9k 10) + ) 
81 10-1 
7 
(10° *! -9k — 10+ 9-10" *1 9) 
81 
7 k +1 
= — [10° * (1 4+.9)-9(k +1) - 10] 
81 
7 k + 2 
== [io —9(k +1)—10] 
= RHS 


Therefore, P(k + 1) is true. Hence, by mathematical 
induction P(n) is true for all natural numbers. 


Hence, Statement-1 is true and Statement-2 is false. 


Subjective Type Examples 


= In this section, there are 8 subjective solved examples. 


Ex. 8 Prove by induction that the integer next greater 
than (3+ “5)" is divisible by 2” for allne N. 
Sol. Let a =3+-5 andB =3- 5 
0<p" <1,VnEN 
=> a+ =6a0B8 =4 ...(i) 
Then, o and f are the roots of 
x’ -6x+4=0 
es vse (ii) 
B’ = 6B - 4 
a” +B” =6(a +P) —8 = 28 ...(iii) 
a” +B" =(3+ V5)" +(3- v5)" 
= 2[3” + "C.3"7 7-5 4."C, 377 4-5? +...) 
= Even integer. 


As,0<B” <1,a"+” is the even integer next greater than 


a”. 
StepI For n=1, 
a+B=6 [from Eq. (i)] 
divisible by 2' 
and for n=2,07 +B" =28 [from Eq. (iii)] 
divisible by 2” 
which is true for Rea12 
Step Assume it is true for n =k. 


ie., a* + BF is divisible by 2°. 
Step U1 Forn=k +1, 


the integer next greater than asa Bp‘ i 


=? .qk7} se le 
= (6a — 4)-0*~1+(6B — 4)-B*~! [from Eq. (ii)] 
= 6(a* +B) — 4(a*~1 + BF?) 


= 3 (divisible by 2* *') — divisible by 2* *') 
= Divisible by 2* *1 
This shows that the result is true for n = k + 1. Hence, the 


k+1 


integer next greater than a‘ *? is divisible by 2 


Ex. 9 Using mathematical induction, show that 


[ alt “(0 sf 
2 3° 4? (n +1)? 
acme Vn eEN. 


2(n +1) 
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Sol. Let P(n): [ 


n+2 


= ill 
2(n + 1) 0) 
StepI For n=1, 
LHS of Eq. () =1- 7, = and RHS of Eq. (i) 
2 
ae 
2:2 4 


Therefore, P(1) is true. 
StepII Assume it is true for n = k, then 


P¢a)-(1 alt alt *)-(2 ) 
2 3 4 (k +1) 


_ k+2 
~ 2(k +1) 
Step III Forn=k +1, 
~~ arate) 
3 
i _ k+3 
ne ao 2(k +2) 


os 


ee sl-a)- 
q wll mF 


[by assumption step] 


_ k+2 1 
2(k +1) (k +2)° 


_ (k+2) [(k+2)?-1)]_ k? +4k4+3 


2(k+1)  (k +2) 2(k + 1)(k +2) 
_ (k+1)(k +3) — (k+3) _ 
2(k+1)(k +2) 2(k +2) 


This shows that the result is true for n = k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for allneN. 


Ex. 10 Using the principle of mathematical induction to 


show that 
-1 x =4 x 
tan ———— | + tan —_———__| +... 
[| [-—*- 
| x 
+ tan — re 
1+n(n+1) x 


=tan”'(n+1)x—tan”'x,VxEN. 
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Sol. Let P(n): tan’ ' — +tan ! — 
14+1:2-x L42:3°x 


ee  — 
1+n(n+1)x 


= tan '(n+1)x —tan ' x (i) 


StepI For 


LHS of Eq. (i) = tan’! = ; 
pe na ae 


a -1/ 2x-—x )_ -1 -1 
tan tan 2x-—tan <x 


n=1, 


1+2x-x 
= RHS of Eq. (i) 
Therefore, P(1) is true. 


Assume it is true forn = k. 


P(k): tan” ' —— +tan | — Hse 
Pix L+2:3x 


1 x 


[1+ k(k +1) x7] 


Step II 


+tan- 


(k +1) x—tan 'x 
Step U1 Forn=k +1, 


P(k +1): tan’ —— +tan! — 
1+1:2-x Lt 232% 

+...+tan7! —— = 

1+k(k+1)x 


+tan ! = 5 
1+(k+1)(k+2)x 
'(k+2)x—tan |x 
“LHS = tan7?| —* 
14+1-2-x 


-1 x = 
+ tan > a +...4 tan 
1+2-3-x 


-1 
= tan 


= tan 


ae 


+ tan 
Fea eCe 


= tan (k+1)x-—tan’'x 


+ tan! ua 
_. 


[by assumption step] 


=tan '(k+1)x—tan ‘x 
tant (k + 2)x —(k +1)x 
1+(k+2)x(k+1)x 
=tan '(k+1)x-tan 'x+tan '(k +2) x 
—tan”'(k+1)x 


= tan '(k + 2)x — tan ' x =RHS 


This shows that the result is true for n = k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for allne N. 


Ex. 11 Use the principle of mathematical induction to 
prove that for allne N. 


f2ty2ty2taut tv! = 205 a 
gr 


5] 
when the LHS contains n radical sign. 


Sol. Let P(n) = 2+ 24244 +2 


= 2cos (+) ...(i) 
StepI Forn=1, 
LHS of Eq. (i) = V2 and RHS Eq. (i) = 2 cos (=| 
Tl 1 
=2c0s(")=2.7 = 2 
Therefore, P(1) is true. 
StepII Assume it is true for n =k, 


P(k)= 24 24 y2te tat 2 = 2s ~ 
2 


k radical sign 


Step III Forn =k +1, 


: Pk +1)= 24 yo+ ata t +2 


(k + 1) radical sign 


{2 + P(k)} 


— T b . 
= \’ + 2cos res [by assumption step] 


= Jo[t eos (5) 
= ? C + 200s'( 5, = | 
= apace: (sr = 2 cos [5] 


This shows that the result is true for n = k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for allne N. 


Ex. 12 Prove by mathematical induction that 


1 2 4 2 
+ + +...+ 
T+x 1+x? 14+x4 1¢x2 
1 pr! 
es +1 
XT. qn? 
where, 
2 4 2 
Sol. Let P(n): + Ts +...4+ . 
1+x 1+x 1+x 14+x?2 
1 gett : 
= + ...(i) 
x= 1 gntl 


StepI  Forn=1, 
2 


1+ x? 


+ 


LHS of Eq. (i) = 
ES ae, © 


1 2 1 a 
+2 7 3 = + 5 
x-1 (1-x")(1+x°)) x-1 1-x 
= RHS of Eq. (i) 
Assume it is true for n =k, then 
2 4 2 


1 
P(k): + + +..4+ 
2 
1+x 1+x 


Step II 


Step UI Forn=k +1, 


2k ok +1 


1+x? 
ok +1 


k+l 
= x¢ 1 ae 


[by assumption step] 


_ k+1 2 
= are gk+1 gk+l 
x (1-x \at+x ) 


1 ok +2 


gkt2 RHS 
Lx 
This shows that the result is true for n = k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for allne N. 


Ex. 13 Using the principle of mathematical induction to 


» 2 
/2 1 1 1 
prove that [ Sin OX dx =14—4—4...4 
° 2n-1 


sin x 3 5 
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/2 sin? 11 1 
Sol. Let P(n):["° “""* dx =1+-+=+..4 i) 
9 sin x 3. 5 2n—1 
StepI Forn=1, 
/2sin? /2 
LHS of Eq. (i) = ie sm k= i sin x dx 
0 sin x 0 
=-[cos x Jv? =-(0-1)=1 
and RHS of Eq. (i) =1 
Therefore, P(1) is true. 
Step1I Assume it is true for n = k, then 
/2sin® k 11 1 
P(k):[" = Wdesi+ e544 
0 sin x 3.5 2k -1 


Step III Forn =k +1, 
n/2sin® (k +1) x 


1: ~ 1 
P(k+1):[ dx =1+—+-—+... 
0 sin x 3 5 
1 1 
+ 
2k-1 2k+4+1 


+ 


2 
LHS = m/2sin (k+1)x 1 


0 sin x 


n/2sin® (k +1)x—sin? kx + sin® kx d 
nc 


n/2sin® (k +1) x—sin® kx 


dx + dx 


/ sin x 
oa) 
{ (ieee kx 


0 sin x 0 sin x 


= dx + P(k) 
[by assumption step] 


m/ 2 
[, sin (2k + 1) x dx + P(k) 


T/ 2 
--| G+ + P(k) 
2k +1 


ie 2sin (2k +1) x sin x 


0 sin x 


0 


‘i n) .| 
- Gk+D as [nk + | - 1] + P(k) 
(2k +1) 


a 1 — 
=e enter) 
1 


= +1+ 
(2k +1) 


sin 1k 


1] + P(k) 


re 
(2k — 1) 
[by assumption step] 
1 1 
F nae + 
(2k-1) (2k +1) 


1 at 
=1+-+ 
3 


= RHS 


This shows that the result is true for n = k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for allne N. 
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Ex. 14 Use induction to show that for allne N. 


1+ (4a +1) 
jaratdatutda —— 


where a’ is fixed positive number and n radical signs are 
taken on LHS. 


Sol. Let Pn) :far Jar dart ve <1+ [ee 


Step I 


Step II 


Step III 


14+./(4a4+1 
For n=1, then Ja<** V0) 


=> 2Va <1+./(4a+1) 

> 4a<1+4at+1+2,(4a+1) 

> 2 J(4a+1) +2>0 which is true. 
Therefore, P (1) is true. 


Assume it is true for n = k, 


Wiehe 


k radical signs 


Forn=k +1, 


Pik Dat Jat dat. t da < tM 


(k +1) radical signs 


From assumption step 


1+~vV4a+1 
\ (i ek bde 
2 


k radical signs 


atat Jat Jat..tVa Deg iia Scie. ae 


k radical signs 


(k+1) radical signs 


\ 2 4 
_ [(/(4at 0)? +14 2/(4a 4 1) 
\ 4 


_ f{ i+ J(4a +1) j _ 1+. /(4a +1) 
\ 2 2 


(k +1) radical signs 


which is true for n =k + 1. 


Hence, by the principle of mathematical induction, the 
result is true for alln € N. 


— fea +14 (4a +1) _ 


Ex. 15 Prove by induction that 


{Hh f0| 


= YA fale Fi (0). fa OO}, 


i=1 


where dash denotes derivative with respect to x. 


Sol. Let P(n): |, 9] = DACP) fe) fl} 


Step I 


Step II 


Step III 


(k-+1) k 
uns=| Foo} 7 for feo} 


For n=1, 


LHS of Eq. (i) = {£00} = {fix} = f,'(x) 


RHS of Eq. (i) = SY {fil x) fo(x).--fi ().-- fil} 


i=1 


= f(x) 


which is true for n = 1. 


Assume it is true for n = k, then 


k 
noo TD ay 
r=1 k 
= Vif) fal). fix) fe} 


, 


i= 


For n=k+1, 


x 


k+1 


P(k + »| fo} 


k+1 


= LAAC%) fol) file) fal} 


i=1 


r=1 


, 


re 


k k : 
= []A()-f eoi(x) + feosoo| EH 


r=1 


k 
= [[A(e)- fe +1(%) + fe oil) 
r=1 k 
Df) fal) fi( x)» fe} 
={fi(x) fox) ~ Fe} fesi(x) + fe+ilx) 
DAAlx) fa(x). fi(%) f(t 
k+1 
- DAAC) fol) fi) fic +100} 


= RHS 


This shows that the result is true for n = k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for allneN. 


[by assumption step] 
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Mathematical Induction Exercise 1: 
Single Option Correct Type Questions 


= This section contains 3 multiple choice questions. Each 
question has four choices (a), (b), (c) and (d), out of which 


ONLY ONE is correct. 
1. Ifa, =,/7 +./7+./7 +... having n radical signs. Then, 


by mathematical induction which one is true? 
(aja, >7,Vn21 
(b) a, >3,Vn21 
(c)a,<4,Vn21 
(d) a, <3, Vn21 


2. If P(n)=2+4+6+...+2n,n€ N, then 


P(k)=k(k+1)+2 

=> Pik +1)=(k +1)(k +2)+2,VkE N. So, we can 
conclude that P(n) = n(n + 1) + 2 for 

(a) allne N (b)n>1 

(c)n>2 (d) Nothing can be said 


. The value of the natural number n such that the 


inequality 2” > 2n + 1is valid, is 


(a) forn=3 (b)forn<3 (c)foralln (d)formn 


Mathematical Induction Exercise 2 : 


Statement | and II Type Questions 


= Directions Question Number 4 to 6 Assertion-Reason 
type questions. Each of these questions contains two 
statements. 
Statement-1 (Assertion) and 
Statement-2 (Reason) 
Each of these questions also four alternative choices, only 
one of which is the correct answer. You have to select the 
correct choice as given below: 


(a) Statement-1 is true, Statement-2 is true; Statement-2 is 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 


4. 


Statement-1 Ifa, =1,a, =5, thena, =3" —2",VneEN 
andn 21. 


Statement-2 a, .. =5a,4;, —6a,,n21. 


, Statement-1 For all natural numbers n, 2-7” +3-5"” —5 


is divisible by 24. 
Statement-2 If f(x) is divisible by x, then 
f(x +1) —- f(x)is divisible by x +1,V xE N. 


. Statement-1 For all natural numbers n, 


5 1 1 
0-5+0-55+0-555 +... upto n terms= {n- [:- =f 
9 9 


Statement-2 a+ar+ar’ +...tar" }=———~ 


0<r<l. 


Mathematical Induction Exercise 3 : 


Subjective Type Questions 


= In this section, there are 10 subjective questions. 


7. Prove the following by using induction for all n € N. 


(i) 11°*? +12°"*1 is divisible by 133. 
(ii) n’ —n is divisible by 42. 
(iii) 3°" + 24n — 1 is divisible by 32. 
(iv) n(n + 1)(n + 5) is divisible by 6. 
(v) (25)" *! — 24n +5735 is divisible by (24)’. 


(vi) x*" — y”" is divisible by x + y. 


10. 


11. 


. Prove by induction that ifn is a positive integer not 


divisible by 3, then 3*” +3” +1is divisible by 13. 


, Prove by induction that the product of three consecutive 


positive integers is divisible by 6. 


Prove by induction that the sum of three successive 
natural numbers is divisible by 9. 


Prove by induction that the even power of every odd 
integer when divided by 8 leaves the remainder 1. 
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12. Prove the following by using induction for all n € N: 

_ n(n +1) 

=a a 

2 _ n(n + 1)(2n + 1) 

sa ee 

+ (2n — 1)(2n + 1) 
= n(4n? + 6n — 1) 
oo 

(iv) eee ee 2 -— 

(3n —1)(3n+2) 6n+4 


(Gi) 1424+3+4+...+ 
Gi) P4243? +...4n 


(iii) 1:343-54+5-74+... 


+ 
25 5:8 8-11 
v) 1-4:74+2-5-8+3:6:9+... upton terms 
Pp 


= ra + 1)(n + 6)(n +7) 


xl. 2" n° n(n + 1) 
(vi) + +..4+ = 
1:30 3:5 (2n —1)(2n +1) 2(2n +1) 


13. Let ay) =2,a, =5and forn >2,a, =5a,_1 — 6a, >, then 
prove by induction that a, =2” +3",Vn20,nEN. 


14. Ifa, =1,4,41 = 


ay, n = 1, then prove by induction 
n+1 


1 
(n+1)!- 


that a, 41 = 


15. If a,b,c,d,e and f are six real numbers such that 
a+b+c=dtet+f 
a+b? +c° =d’ +e +f? 
anda? +b? +c* =d* +e*+f’, prove by mathematical 
induction that 


a" +b" +c" =d" +e" +f", VneN. 


16. Using mathematical induction, prove that 


afi af. 7 1 
tan 5} tan (e] +t tan (4) 
3 7 n° +n+1 
= tan [ ii } 
n+2 


Mathematical Induction Exercise 4: 
Questions Asked in Previous 13 Year's Exam 


= This section contains questions asked in IIT-JEE, AIEEE, JEE Main & JEE Advanced from year 2005 to year 2017. 


1 


Rt a 


17. Statement-1 For every natural number n > 2— 


ot D> vn, 


Statement-2 For every natural number n= 2./n(n+1)<n+1 


(a) Statement-1 is true, Statement-2 is true; Statement-2 is correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 is not a correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 


[AIEEE 2008, 3M] 


18. Statement-1 For each natural number n, (n +1)’ —n’ —1is divisible by 7. 


Statement-2 For each natural number n,n’ —n is divisible by 7. 


(a) Statement-1 is false, Statement-2 is true 


b) Statement-1 is true, Statement-2 is true; Statement-2 is correct explanation for Statement-1 


( 
(c) Statement-1 is true, Statement-2 is true; Statement-2 is not a correct explanation for Statement-1 
( 


d) Statement-1 is true, Statement-2 is false 


[AIEEE 2011, 4M] 


Answers 


Chapter Exercise 


1. (c) 2. (d) 3. (a) 4. (a) 5. (c) 6. (b) 


17.(b) 18. (b) 


Solutions 


1. Let P(n) :a, =./7+4/7 + ./7+... (n radical sign) 


Step I For n=1, 

P(1):a,=V7 <4 
StepTI Assume that a, < 4 for all natural number, n =k 
Step III For n=k +1, 


Pik +1): ay4, =y7+7+ 7+... 


[(k + 1) radical sign] 


=J/7+qQ, <J7+4 [a <4] 


<4 [by assumption] 
This shows that, a, , , < 4, ie. the result is true forn =k + 1. 
Hence, by the principle of mathematical induction 

a, <4 Vn21 


2. It is obvious. 


3. Check through options, the condition 2” >2n + 1 is valid for 


n= 3. 


4, Let P(n): a, =3" —2" 


StepI For n=1, 


LHS = a, =1 [given] 
and RHS =3' —2' =1 
LHS = RHS 
Hence, P(1) is true. 
For n=2, 
LHS= a, =5 [given] 
and RHS = 3° —2? =5 
LHS = RHS 


Hence, P(2) is also true. 
Thus, P(1) and P(2) are true. 
Step II Let P(k) and P(k —1) are true 
a, =3* —2* anda, _, =3*t-—2*7! 
StepII For n=k+1, 
A 41 =54, — 64,4 
= 5(3* —2*) —6(3k-! — ak -1) 


[from Statement-2] 


=5.3* —5.2k —9.3k + 3.9% 
=3.3%_ 9.9% =3ktH — okt 


which is true forn =k + 1. 


Hence, both statements are true and Statement-2 is a correct 
explanation of Statement-1. 


. Let P(n):2-7" +3-5" —5 
StepI For n=1, 
P(1):2-7' 43-51 -5 
: 24 is divisible by 24. 
StepII Assume P(k) is divisible by 24, then 


P(k):2-7* +3-5* —5 =244, 1 is positive integer. 
Step III Forn =k + 1, 
P(k + 1)—P(k) =(2-7**14.3-5**1 —5) 
—(2:7* 43-5" —5) 
=2-7'(7 —1) + 3-5*(5 -1) 
= 12(7 +5*) 
= divisible by 24 
=24u,Vu el 
[7% +5* is always divisible by 24] 
P(k +1) = Plk) +24 =24A + 24 


=24(A + WL) 
Hence, P(k + 1) is divisible by 24. 


Hence, Statement-1 is true and Statement-2 is false. 


. Step I For n =1, 


LHS = 0.5 and RHS = 241 (1 \}=2(1 ~\=<=05 
9l 9k JJ 9k 10) 10 


a LHS = RHS 
which is true for n = 1. 
Step II Assume it is true for n =k, then 0.5 + 0.554 0.555 +... 


+ upto k terms 
=2fe-3f1 -2.)| 
9 9 10 


Step III Forn =k + 1, 


LHS = 0.5 + 0.55 + 0.555+... + upto (k + 1) terms 
5 1 1 
=-4k 1 , (k + 1) th terms 
9 9 10 
5 1 1 
=-4k 1 0.555...5 


SE 
(k + 1) times 


1 


be Pee} 


(k + 1) times 


10k +1 


5 
10k +} 


(1+10+10°+...+10*) 


: k+1_ 
ifs ‘(1 .) “ uo 1) 
9{ 9% 10 10**-(10 -1) 


5 1 1 10" +14 
= 4" 1 KI pare 
9 9 10 10** 
5 1 1 1 
= k+1 
|! ) 9 9-10 aint 
5 (10 —9) 
= {e+1) a 
9 9 9-10 
5 1 1 
= 4(k+1 1 = RHS 
9 ee) Al <x) 


which is true forn =k + 1. 


Hence, both statements are true but Statement-2 is not a 
correct explanation for Statement-1. 
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7. (i) Let P(n) =11"** +12°"*! 
Step I Forn =1, 
P(t) =11'*? + 12?%1*2 5119 + 12 

=(11 + 12)(11? —11 x 12 + 12”) 

= 23 x 133, which is divisible by 133. 
Therefore, the result is true for n = 1. 
Step II Assume that the result is true for n =k, then 

P(k) =11** 2 412°**? is divisible by 133. 

> P(k) = 133r, where r is an integer. 
Step III Forn =k + 1, 
P(k + 1) =4, *tU+2 + 4g? k+D+1 i 44kt 3 + 42k + 3 


=11%F)+1, 11+ 422k +1.402 


=11-11**? 4144-127* +1 


Now, 11**? ea 24 144-127 +H 14 


k+2 2k+1 


11-11 +11-12 


133:127**" 
11-11 **?) 4 144-1224 +1 
=11(11" * 2 4+ 1274 +1) 4133-1224 +1 
ie. P(k + 1) =11 P(k) + 133-127" *! 
But we know that, P(k) is divisible by 133. Also, 133- 12?* +145 
divisible by 133. 


Hence, P(k + 1) is divisible by 133. This shows that, the result 
is true for n=k+1. 


Hence, by the principle of mathematical induction, the result is 
true for all neN. 


(ii) Let P(n) =n’ —n 
Step I Forn=1, 
P(1) =1’ —1=0, which is divisible by 42. 
Therefore, the result is true for n = 1. 
Step II Assume that the result is true for n = k. Then, 
P(k) =k’ — kis divisible by 42. 
=  P(k) = 42r, where r is an integer. 
Step III Forn =k + 1, 
P(k +1) =(k+1)’ —(k+1) 
=(1+ k)’ -—(k +1) 
=1+ Ck + Ck? + 7C,k + 'C,k* + "Cok 
+ Coke + 7C,k? —(k +1) 
=(k’ —k) + ("Ck + "Cok? + 7C,k? + 'C, ke 
+ Ck? + "Cok°) 


But by assumption k’ — k is divisible by 42. 
Also, ’C,k + 7C,k? + 'C,k? + 'C,k* + "Cok + CO, k° 


is divisible by 42. [. 7C,,1<r <6 is divisible by 7] 
Hence, P(k + 1) is divisible by 42. This shows that, the 
result is true forn =k + 1. 


.. By the principle of mathematical induction, the result is 
true for alln € N. 


(iii) Let P(n) =3°" + 24n-1 
Step I For n =1, 
P(1) =3°*! 4+ 24xK1—-1=37 + 24-1=9+4+24-1 

= 32, which is divisible by 32. 

Therefore, the result is true for n = 1. 

Step II Assume that the result is true for n = k. Then, 

P(k) =3°* 4 24k — 1 is divisible by 32. 
> P(k) = 32r, where r is an integer. 
Step III Forn =k + 1, 
P(k +1) =37**) 4 24k +1) -1 

=37k+2 4 94k + 24-1 
=37.37* + 24k + 23 
=9-37* 4 24k + 23 


Now, 3** + 24k -1)ox3* + 24k + 23(0 
9-3°*4 216k -9 
= - + 
-192k + 32 
P(k + 1) =9(3 °* + 24k —1)—32(6k -1) 
=9 P(k) — 32(6k —1) 
P(k + 1) =9(32r) —32(k —1) [by assumption step] 
=32(r —6k +1), 
which is divisible by 32, as 9r —6k + 1is an integer. 


Therefore, P(k + 1) is divisible by 32. Hence, by the 
principle of mathematical induction P(n) is divisible by 32, 
VneNn. 


(iv) Let Pm) =n(n+1)(n+5) 
StepI Forn =1, 
PQ) =1-(1 + 1)(1 + 5)=1-2-6 
= 12, which is divisible by 6. 


Therefore, the result is true for n = 1. 


Step II Assume that the result is true for n = k. Then, 
P(k) =k(k + 1)(k + 5) is divisible by “| 


P(k) =6r, ris an integer. 


Step III Forn =k + 1, 
Pik +1) =(k + 1)(k+14+1)(k +145) 
=(k + 1)(k + 2)(k + 6) 
Now, P(k + 1) — P(k) =(k + 1)(k + 2)(k + 6) 
—k(k + 1)(k +5) 
=(k + 1){k? + 8k +12 —k® —5k} 
=(k + 1)Gk + 12) 
=3(k + 1)(k + 4) 
> P(k + 1) = P(k) + 3(k + 1)(k + 4) 
which is divisible by 6 as P(k) is divisible by 6 
[ by assumption step] 
and clearly 3(k + 1)(k + 4) is divisible by 6, Vk EN. 
Hence, the result is true forn =k + 1. 


Therefore, by the principle of mathematical induction, the 
result is true for alln € N. 


(v) Let P(n) =(25)"*! —24n + 5735 
Step I Forn=1, 
P(1) =(25)* — 24 + 5735 = 625 — 24 + 5735 = 6336 
= 11 x 24)’, which is divisible by (24)’. 
Therefore, the result is true for n = 1. 
Step II Assume that the result is true for n = k. Then, 
P(k) = (25)**! — 24k +5735 is divisible by (24)”. 
=> P(k) =(24)*r, where r is an integer. 
Step III Forn =k + 1, 
P(k +1) =(25) **9*! —24(k + 1) +5735 
=(25)**? —24k +5711 
= (25)(25)**! —24k +5711 
Now, P(k + 1) — P(k) 
= {(25)(25)* *! — 24k + 5711} — {(25)**! —24k + 5735} 
= (24)(25)**! —24 
= 244(25)F*! 1} 
=> P(k + 1) = P(k) + 24{(25)**! —1} 
But by assumption P(k) is divisible by (24). Also, 
244(25)* + ae 1} is clearly divisible by (24), VkeEN. This 


shows that, the result is true for n =k + 1. 


Hence, by the principle of mathematical induction, result is 
true for alln € N. 


(vi) Let P(n) =x?" -y*" 
r=, 
P(l)=x?- y? 
=(x — y)(x + y) which is divisible by (x + y). 


Step I For 


Therefore, the result is true for n = 1. 
Step II Assume that the result is true for n = k. Then, 
P(k) = x 7* — y °K is divisible by x+y. 
=> P(k) =(x + y)r, where r is an integer. 
Step III Forn =k +1, 
8 ak 9. 8k 
SKS yy 


_ 2. 2k 
= xX 


2, 2k 
—x"y 


= x?(x?k — y**) afi yx? —y’) 


4 xy? _ y?y?k 


"K(x — y)(x + y) 


[by assumption step] 
=(x+ y){x'r + y*(x-y)} 
which is divisible by (x + y) as x°r + y*(x —y)is an 


=x(xty)rt+ty 


integer. 
This shows that the result is true for n =k + 1. Hence, by the 
principle of mathematical induction, the result is true for all 
neN. 


8. Let P(n) =3"" +3" + 1, V nis a positive integer not divisible by 3. 


Step I For n=1, 
P(1) =3° +34+1=94+3+4+1 
= 13, which is divisible by 13. 


10. 
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Therefore, P(1) is true. 
Step II Assume P(n) is true for n =k, k is a positive integer not 
divisible by 3, then 
P(k) =3°* + 3* 4 1, is divisible by 13. 
> P(k) = 13r, where r is an integer. 
Step III For n=k +1, 
Pik +1) =37*t9 4 3kt1 44 


= 373% 43.3F 44 


37% 43h 41) 323% 338s 


37.3 °K 4 32. 3k 4 32 


Now, 


~6-3* —8 

=> P(lk+1)=37(3°* +3°+1)-6-3* -8 
=9 P(k) —2(3**1 + 4) 

=9(13r) —2(3**! + 4) 


which is divisible by 13 as 3**! + 4s also divisible by 


13, V k € Nand not divisible by 3. This shows that the result is 
true for n =k + 1. Hence, by the principle of mathematical 
induction, the result is true for all natural numbers not 


divisible by 3. 


[by assumption step] 


. Let P(n) = n(n + 1)(n + 2), where nis a positive integer. 


Step I For n= 1, 
P(1) =1(11 + 1)(1 + 2)=1-2-3 
= 6, which is divisible by 6. 

Therefore, the result is true for n = 1. 
Step II Let us assume that the result is true for n =k, where k is 
a positive integer. 
Then, P(k) =k(k + 1)(k + 2) is divisible by 6. 
=> P(k) =6r, where r is an integer. 

Jae ak + b2 ok (a? [infact positive integer] 
Step III For n =k + 1, where k is a positive integer. 

P(k +1) =(k + 1)(k+14+1)(k +241) 

=(k + 1)(k + 2)(k + 3) 
Now, P(k + 1) — P(k) =(k + 1)(k + 2)(k + 3) —k(k + 1)(k + 2) 

=(k + 1)(k + 2)(k +3 -—k) 

= 3(k + 1)(k + 2) 
> P(k + 1) = P(k) + 3(k + 1)(k + 2) 
But we know that, P(k) is divisible by 6. Also, 3(k + 1)(k + 2) is 
divisible by 6 for all positive integer. This shows that the result 


is true forn =k + 1. Hence, by the principle of mathematical 
induction, the result is true for all positive integer. 


Let P(n) =n? + (n+ 1)? + (n+ 2)’, wheren EN. 


Step I For n= 1, 
PQ) =1° +27 +39 =14+8427 
= 36, which is divisible by 9. 
Step II Assume that P(n) is true for n =k, then 
P(k) =k? +(k +1)? + (k + 2)°, where k € N. 
> P(k) = 9r, where r is a positive integer. 
Step III Forn =k + 1, 
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Now, P(k + 1) — P(k) =(k 


=(k+3)-k 
=k? 49k? +27k+27-k 
=9(k* + 3k +3) 

=> P(k + 1) = P(k) + 9(k? + 3k +3) 
=9r + 9(k? +3k+3) 


=9(r +k? +3k +3) 


which is divisible by 9 as (r + k” + 3k + 3) is a positive integer. 
Hence, by the principle mathematical induction, P(n) is 
divisible by 9 for alln € N. 


Let P(n): (2r + 1)?", Vn e€ Nandr el. 
Step I For n=1, 
P(1):(2r +1)? =4r? + 4r +1 


=4r(r+1)+1=8p+1,pel 
[ r(r + 1) is an even integer] 
Therefore, P(1) is true. 
Step II Assume P(n) is true for n =k, then 
P(k): (2r + 1)** is divisible by 8 leaves remainder 1. 
=> P(k)=8m-+1,n€ I, where mis a positive integer. 
Step III Forn =k + 1, 
P(k + 1) =(2r + 1)2(k +1) 

= (2r + 1)**(ar + 1)? 

=(8m+ 1)(8p +1) 

= 64mp+8(m+ p)+1 


[from Steps I and IT] 


=8 (8mp+ m+ p)+1 


which is true forn =k + 1as8mp + m+ pis an integer. Hence, 
by the principle of mathematical induction, when P(n) is 
divided by 8 leaves the remainder 1 for alln € N. 


@) Let P@):142434..4 n-ne) _.(i) 
Step I Forn =1, 
LHS of Eq. (i) =1 
HES ofkg, Wisi a4 
LHS = RHS 


Therefore, P(1) is true. 
Step II Let us assume that the result is true for n = k. Then, 


PQ):1 +2434... 4 k= EAD 
Step III For n = k + 1, we have to prove that 
_(k+1)(k+2) 


PikK+1)=14+24+3+...+k+(k+1) 


LHS =14+24+34+..4+k+(k+1) 


[by assumption step] 


k k+2 
w+o(Eea] «+ of 5 
(k + 1)(k + 2) 
2 


=RHS 
This shows that the result is true for n = k + 1. Therefore, 
by the principle of mathematical induction, the result is 
true for alln € N. 
+1)(n+1 
(ii) Let P(n):12 +22 437 4...4 r= @ : ea) (i) 


StepI For n=1, 
LHS of Eq. (i) =1?=1 
11 +1)(2x1+4+ 1) 


RHS of Eq. (i) = ; 
1-2:3 
— ih 
6 
LHS = RHS 


Therefore, P(1) is true. 
Step II Let us assume that the result is true for n = k. Then, 
P(k):17 +27 +37 4...4kh = isles on ) 


Step III For n =k + 1, we have to prove that 
Pik +1):17 427437 4+...4+kh 4 (k 41) 
(k + 1) (k + 2) (2k + 3) 


LHS =17 4+ 274+374+...4k?+(k 41) 
_ kk +1) (2k +1) | 
6 


=(e4 1 RD, (k 4 o} 


2 
m+n | ue 


=(k4 ) SRA) eee 


(k+1)° [by assumption step] 


=RHS 
This shows that the result is true for n = k + 1. Therefore, 
by the principle of mathematical induction, the result is 
true for alln € N. 
(iii) Let P(n) :1-34+3-54+5-7+...+(2n—1)(2n + 1) 
n(4n” + 6n—1) : 
= go (i) 
Step I For n =1, 
LHS of Eq. (i) =1-3 =3 
_1(4X1°+6x1-1)_ 4+6-1 
3 


RHS of Eq. (i) 


LHS = RHS 
Therefore, P(1) is true. 
Step II Assume that the result is true for n = k. Then, 
P(k):1-34+3-54+5-7+... + (2k —1) (2k + 1) 
k (4k? + 6k -1) 
3 


Step III For n = k + 1, we have to prove that 
P(e +1):1-3+3-54+5-7+... + (2k —1) (2k + 1) 
+ (2k + 1) (2k + 3) 
_(k +1) [4k +1)? +6(k+1)-1] 
3 
_(k +1) (4k? + 14k + 9) 
3 
LHS =1-:3+3:5+5-7+... + (2k —1) (2k + 1) 
+ (2k + 1) (2k + 3) 


= Rak + ok») t (2k + 1) (2k + 3) 


[by assumption step] 


3 2 
= AE (ake + 8k +3) 
_ 4k? + 18k? + 23k +9 
3 
2 
_(k+ a 14k + 9) _ pris 


This shows that the result is true for n =k + 1. Therefore, by 
the principle of mathematical induction, the result is true for 
allneN. 


1 1 1 1 
(iv) Let P (n): + + +..4 
2-5 5:8 8-11 (3n — 1) Bn + 2) 
n r 
= Pee vl 
6n+4 @ 
Step I For n =1, 
1 1 
LHS of Eq. (i) = —- = — 
a@ 25 10 
eee 2 | a 
= 6x1+4 10 
LHS = RHS 


Therefore, P(1) is true. 
Step II Let us assume that the result is true for n = k. Then, 


Po + : + : Peck : a # 
2:5 5-8 8-11 (3k-1)(3k+2) 6k+4 
Step III For n = k + 1, we have to prove that 
P(k+1): : + : + d b+ : 
2:55 5-8 8-11 (3k — 1) (3k + 2) 
1 


+ —— 
(3k + 2) (3k +5) 


(k+1)  _ (k+1) 
6(k+1)+4 6k+10 
LHS = : : : + ...4 : 
2-5 5-8 8-11 (3k —1) (3k + 2) 


1 
* Gk + 2) Gk +5) 

aie i 
6k+4 (3k +2)8k +5) 
k@Gk+5)+2 —  3k°+5k+2 
2(3k + 2)(3k +5) 2(3k+2)(3k +5) 


[by assumption step] 


(v 


(yet Pha); ~ 7 


~S 
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(k+1)G3k+2) — k+1 
2(3k+2)8k+5) 6k+10 
=RHS 
This shows that the result is true for n = k + 1. Therefore, 


by the principle of mathematical induction, the result is 
true for alln € N. 


Let P (n):1-4-7+2-5-8+ 3-6-9 +... + upto n terms 


— 1° 1) (n+ 6)(n+7) 
Le. P(n):1-4-74+2-5-84+3-6-:94+..4n(n+3)(n+6) 
n 


=F + )n+6)(n+7) (i) 


StepI Forn=1, 
LHS of Eq. (i) = 1-4-7 = 28 


RHS of Eq, (i) = +1)(1+6)(1+7) 


LHS = RHS 
Therefore, P(1) is true. 
Step II Let us assume that the result is true for n = k. Then, 
P (k):1-4-74+2-5-843:-6:9+..+k(k+3)(k+6) 


=" (k++ ok +7) 


Step III For n =k + 1, we have to prove that 
P(k+1):1-4-74+2-5-84+3-6-94+...+ k(k + 3)(k + 6) 
+(k+1)(k + 4)(k +7) 
-< Dk + ay(k + 7)(k +8) 
LHS =1-4:7+2:5-84+3-6-:9+...+k(k + 3)(k + 6) 
+(k+1)(k + 4)(k +7) 


= tk + Ik + 6)(k +7) + (k+ Ik + 4k +7) 


[by assumption step] 


=(k + 1)(k 4 mf + 6) +(k4 »| 


Crkesee is} 


seycsdyessa) +048} 


This shows that the result is true for n =k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for alln EN. 


2 2 2 
2 n 


eT ee 
3-5 (2n — 1)(2n + 1) 
_ nn+1) 
2(2n + 1) 


782 
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Step I Forn =1, 
1 
3 
i+1) 2 1 
(2x14+1) 23) 3 
LHS = RHS 
Therefore, P(1) is true. 


Step II Let us assume that the result is true for n =k, 
then 


12 
LHS of Eq. (i) =——= 
CWS s a 


RHS of Eq. (i) = ; 


2 2 2 
ps2 2. is 
1:3 3:5 


_ Kk +1) 
"(2k -1)(2k +1) 2(2k +1) 


Step III For n =k + 1, we have to prove that 
in ke 


P(k +1): + Fad 
1:3. 3-5 (2k —1)(2k + 1) 
(k+1)° 
“eek +2) (2k + 1)(2k + 3) 
(2k +3) 
LHs = Pes 4 ia 
1:30 3-5 (2k —1)(2k + 1) 
(k+1)° 
(2k + 1)(2k + 3) 
_ Wk+1) | (k +1)’ 


: by ass tion st 
ia) Cease 


_ (k+1) ( _ A+ \. (k +1) aera 
(2k+1)|2 (2k+3)) (2k+1)| 22k +3) 

_ (k+l) (k+2)@k+1)_ (kK +1) +2) 
(2k+1)  2(2k+3) 2(2k + 3) 

=RHS 


This shows that, the result is true for n =k + 1. Therefore, 
by the principle of mathematical induction the result is 
true for alln e N. 


Let P(n):a, =2" +3". Vn20nEN 
and ay =2,a,=5and forn 22;a, =5a,_, —6a, —2 
Step I For n= 0, 
a) = 2° +3°=14+ 10=2 

which is true as ay = 2. [given] 
Also, for n = 1, a, =2'+3'=24+3=5 
which is also true as a, =5. [given] 
Hence, P(0) and P(1) are true. 
Step II Assume that P(k — 1) and P (k) are true. Then, 

‘=? 43" ...(i) 
where ap, =5a,_» —6Q,_3, and a, =2* 43° (ii) 
where a, =5a,_1 —6A,_» 


Step III Forn =k + 1, 
P(k + 1):a,,, =2°7'4+3"* VE2OKEN. 


where Apa 1 =DAp —6A,_1 


Now, Any, = 5A, —6a,_, 


14. 


=5(2k 4 3) —6 (2-1 4 3k-4) 
[by using Eqs. (i) and (ii)] 
=5-2* 45.3" 6.2871 6.3k-1 


=2*-165.2 -6) +3*-1(5-3 -6) 


= ok-1 443%-1.9 moktlygkt1 
= Goie7 aa 
where Ap =5Ay —OA,_, 


This shows that the result is true for n = k + 1. Hence, by the 
second principle of mathematical induction, the result is true 


forne N,n=0. 
1 


Let P(n):a = snEN wall 
(1) +n 44 are (i) 
wherea, =1ande,,,=——a,a>1 ...(ii) 
(n+ 1) 
Step I For n = 1, from Eq. (i), we get 
1 1 
a, = a 
(Q+1)! 2! 
1 
But from Eq. (ii), we get a, = ,a,=-(1)= 
q. (ii), we get a, aa a 
which is true. 
Also, for n = 2 from Eq. (i), we get 
as tet 
83 6 
1 Li of 
But from Eq. (ii), we get a, =—-,a,=—-— =— 
Ct) weg a = aa = S 
which is also true. 
Hence, P(1) and P(2) are true. 
Step II Assume that P(k — 1) and P(k) are true. Then, 
1 - 
CST ..(ii) 
where, a, = ay k>1 (iv) 
1 
and P(k (Vv 
©) a61= Gay (v) 
where a =—a,,k2>1 (Vi 
k+1 k+1 k ( ) 
Step III For n=k + 1, 
1 
Pik+1):a4 = ———_ . (vii 
(kK+1):4 45 (b+! (vii) 
1 
where a =——_a (viii 
k+2 (k + 2) k+1 ( ) 
Now, LHS of Eq. (vii) = a;.,. 
1 
= a using Eq. (viii 
+n [using Eq. (viii)] 
ee a {using Eq. (vi)] 
(k+2) (k+1) ‘ on 
1 1 1 
= : = ing Eq. (i 
bag pa [using Eq. (iv)] 
1 1 1 1 


= a [using Eq. (iii)] 


15. 


1 
(k + 2)! 
This shows that the result is true for n = k + 1. Hence, by the 


second principle of mathematical induction, the result is true 
foralln>1,neEN. 


= RHS of Eq. (vii) 


Let P(n):a" +b" +c" =d" +e" + f", VneNn (i) 
where at+b+c=dt+e+f (ii) 
a+b +c°=d* +e? + f* ...(iii) 
and at+b+c=d +e + f° ...(iv) 
Step I For n = 1 from Eq. (i), we get 
Pil):at+b+c=H=dt+et+f [given] 
Hence, the result is true for n = 1. 
Also, for n = 2 from Eq. (i), we get 
PQ): +b? +c? =d'? +e 4+ f? [given] 
Hence, the result is true for n = 2. 
Also, for x = 3, from Eq. (i), we get 
P3):a@+b+c0e=d+e4+ f° [given] 


Hence, the result is true for n = 3. 
Therefore, P(1) , P(2) and P(3) are true. 
Step II Assume that P(k — 2), P(k — 1) and P(k) are true, then 
Pk=o)a 4 eet ad ee tae 
P(k—1):a* 14 oF 14 ck Tage 14 ek 14 fe wi) 
and P(k):a* + bk +ck =d* +e* + fF .. (vii) 
Step III For xn = k + 1, we shall to prove that 
Petia 44 ee tag tea 
LHS -<aktig pktia kt! 
=(a' + b* +c (at b+c)—(ak 14+ b* 14 ck} 
(ab + be + ca) + abc (ak? + pK? + ck?) 
=(d¥ + ek + fiyd+e+ fy—(de 14+ & 1 4 fF) 
(de + ef + fd) + def(d*~* + ck? + fk?) 
[using Eqs. (ii), (iii), (iv), (v), (vi), (vii)] 
(at bt+c)=(dt+e+ fy 
=> a+b? +c? +2 (ab + be + ca) 
=d’+e'+ f? + Ade + ef + fd) 
=> ab+be+ca=de+ef + fd 
Pate +ce=d' +e + f? 


and a?+b>+c?—3abe 
=(d+et f)(d’? +e? + f* —de—ef — fa) 
=d?+e?+ f* —3def 

> abc = def [ra t+b+c=d?+e3 + f'] 


=dhtl4 ektt 4 fktl_ Rs 


This shows that the result is true for n = k + 1. Hence, by 
second principle of mathematical induction, the result is true 
for alln € N. 
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16. Let P(n): tan"(2) + tan"(2) +...4¢ tan! 5 . 
3 7 n+n+1 


Sere sl (PR : 
= tan (45) -s.(i) 


StepI Forn=1, 
1 1 
LHS of Eq. (i) = tan } = tan! 
3 1+2 


= RHS of Eq. (i) 
Therefore, P(1) is true. 
Step II Assume that P(k) is true. Then, 


tk): tan”"(2 + tan“*(2) +... + tan 5 : 
3 7 ke +k+1 


= tan “| ——— 
k+2 
Step III Forn =k + 1, 


tk + 1):tan() + tan™(2] +... + tan” ; : 
3 7 ke+k+1 


+tan{ ; : 
(k+1)°+(k+1)4+1 


LHS of Eq. (ii) 
= tan™( 2) + tan") + .. ¢tan? ; s 
3 7 ke+k+1 


+ tan-{ 5 : 
(k+1)° +(k+1)4+1 


an! , 
(k+1)? +(k+1)4+1 
[by assumption step] 


4 k = 1 
= tan tan 
1+(k+1) kK? +3k43 


a : ) ‘| ) 
an tan 
1+(k+1) 1+(k+1)(k +2) 


(e+1)-1) af &+2)- +1) 
1+(k+1)-1)— 1+(k+2)(k+1) 


-1 
= tan 


=tan (k + 1)— tan !1+ tan (k + 2) — tan \(k + 1) 


=tan ‘(k+2)—tan 1 
= tan! oe tan” ae | RHS of Eq. (ii) 
14+(k+2)-1 k+3 


This shows that the result is true for n = k + 1. Hence, by the 
principle of mathematical induction, the result is true for all 
neN. 


1 1 1 
17. Let P(n) = : tt 
Ng is 
7 Pp) =. + + =1707> V2 


1 2 
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Let us assume that 


1 1 1 
P(k) = ese a > vk is true forn =k + 1. 
OP aig 
1 1 1 1 
LHS = 4.4 + 
a Vk k+1 
1 k(k+1)4+1 k+1 
>vk 4 = > 
Vk+1 a(k +1) al(k +1) 


[VMK +1) +1>k Vk 20] 
P(k +1) >[(k +1) 
By mathematical induction Statement-1 is true, V n 2 2. 
Now, let a(n) = {n(n + 1) 
(2) = /2(2 + 1) = V6 <3 
Let us assume that 
a(k) = /k(k + 1) <(k + 1) is true 
for n=k+1 
LHS = (K+ 1) (K+ 2) <(k +2) 
[-. (k +1) <(k + 2)] 


By mathematical induction Statement-2 is true but Statement-2 
is not a correct explanation for Statement-1. 


18. Let P(n)=n’—n 


By mathematical induction for n = 1, P(1) = 0, which is divisible 
by 7 


for n=k, P(k) =k’ —k 

Assume P(k) is divisible by 7 

; k’-k=70,X EI ..(i) 
Forn=k+1, 


P(k +1) =(k +1)’ -(k +1) 
=("Cyk’ + 'Ck° + "Cy k° + 7Cyk* 4 
wit! Cy k +"C,)-(k +1) 
=(k’ —k) + 7(ko +3kh° +...+k) 
=7h + 1k° + 3k° +... + k)=Divisible by 7 


.. Statement-2 is true. 
Also, let F(n) =(n +1)’ —n’ -1 
={(n +1)’ —(n+1)}-(n’ —n) 
= Divisible by 7 from Statement-2 


Hence, both statements are true and Statement-2 is correct 
explanation of Statement-1. 
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Session 1 


Definition of Set, Representation of Set, Different 
Types of Sets, Laws and Theorems, Venn Diagram 


(Euler-Venn Diagrams) 


Introduction 


The concept of set is fundamental in modern 
Mathematics. Today this concept is being used in 
different branches of Mathematics and widely used in 
the foundation of relations and functions. The theory of 
sets was developed by German Mathematician Georg 
Cantor (1845-1918). 


Definition of Set 


A set is well-defined collection of distinct objects. Sets 
are usually denoted by capital letters 
A, B,C, X,Y, Z,.... 
Examples of sets 
(i) The set of all complex numbers. 
(ii) The set of vowels in the alphabets of English 
language. 

(iii) The set of all natural numbers. 

(iv) The set of all triangles in a plane. 

(v) The set of all states in India. 

(vi) The set of all months in year which has 30 days. 


(vii) The set of all stars in space. 


Elements of the Set 


The elements of the set are denoted by small letters in 
the alphabets of English language, ie. a, b, c, x, y, Z,.... 
If x is an element of a set A, we write x E A 

(read as ‘x belongs to A’). 


If x is not an element of A, then we write x ¢ A (read as 
‘x does not belong to A’). 


For example, 
If A= {1, 2, 3, 4, 5}, then3€ A, 6¢ A. 


Representation of a Set 


There are two methods for representing a set. 


1. Tabulation or Roster or 
Enumeration Method 


Under this method, the elements are enclosed in curly 
brackets or braces {} after separating them by commas. 


Remark 

1. The order of writing the elements of a set is immaterial, so 
{a, b, c}, {b, a, c}, {c, a, b} all denote the same set. 

2. An element of a set is not written more than once, i.e. the set {1, 
2,3, 4, 3, 3, 2, 1, 2, 1, 4} is identical with the set {1, 2, 3, 4}. 

For example, 
1. If Ais the set of prime numbers less than 10, then 
A= ({2, 3,5, 7} 
2. If A is the set of all even numbers lying between 2 and 


20, then 
A={4, 6, 8, 10, 12, 14, 16, 18} 


2. Set Builder Method 


Under this method, the stating properties which its elements 
are to satisfy, then we write 
A={x P(x)} or A={x:P(x)} 
and read as ‘A is the set of elements x, such that x has the 
property P’. 
Remark 
1. “:" or“|” means ‘such that’. 
2. The other names of this method are property method, rule 
method and symbolic method. 
For example, 
1. If A = {1, 2, 3, 4,5, 6, 7, 8}, then we can write 
A={xEN:x <8. 


2. Ais the set of all odd integers lying between 2 and 51, then 
A={x:2<x <51,x is odd}. 


Some Standard Sets 


e N denotes set of all natural numbers = {1, 2, 3,...}. 

e Zor I denotes set of all integers 
er a 

Z,y or Ig denotes set of all integers excluding zero 
={...,-3,-2,-11,2,3,...} 


e Z* orl” denotes set of all positive integers 
= {1,2,3,...}=N. 

E denotes set of all even integers 
=f..-8-4=—20,0,46....1 

O denotes set of all odd integers 
={...,-5,-3,—-1,1,3,5,...}. 

W denotes set of all whole numbers = {0, 1, 2, 3,...}. 


QO denotes set of all rational numbers ={x:x =p /gq, 
where p and q are integers and gq #0}. 


Q, denotes set of all non-zero rational numbers 
{x:x = p/q, where pand qare integers and p #0 and 
q#0}. 


Q* denotes set of all positive rational numbers = {x : x 
= p /q, where pandqarebothpositive ornegative integers} 
e R denotes set of all real numbers. 

e R,» denotes set of all non-zero real numbers. 


R* denotes set of all positive real numbers. 


e R—Q denotes set of all irrational numbers. 


C denotes set of all complex numbers 
={a+ib:a,be Rand i= -4}. 


Cy denotes set of all non-zero complex numbers 
={a+ib:a,be€ R, andi=~-1}. 


N, denotes set of all natural numbers which are less than 
or equal to a, where a is positive integer 


= {1,2,3,..., a}. 


Different Types of Sets 
1. Null Set or Empty Set or Void Set 


A set having no element is called a null set or empty set or 
void set. It is denoted by 6 or {}. 


Remark 
. ois called the null set. 


. ois Unique. 


1 

2 

3. dis a subset of every set. 

4. dis never written within braces i.e., {6} is not the null set. 
5 


. {O} is not an empty set as it contains the element 0 (zero). 
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For example, 
1. {x:xEN,4<x<5}=0 
2. {x:xER, x? +1=0}=6 


3. {x: x” =25, x is even number} = 


2. Singleton or Unit Set 


A set having one and only one element is called singleton 
or unit set. 


For example, {x : x —3 = 4} is a singleton set. 
x-3=4 >x=7 
{x:x-3=4}={7} 


3. Subset 


If every element of a set A is also an element of a set B, 
then A is called the subset of B, we write AC B (read as A 
is subset of B or A is contained in B). 


Thus, 


Since, 


ACB S&S [xe A >xeEB] 


Remark 
1. Every set is a subset of itself 
i.e., ACA. 
2. fACBBcC thenACC. 


For example, 
1. If A= {2, 3, 4} and B= {5, 4, 2, 3, 1}, then AC B. 
2. The sets {a}, {b}, {a,b}, {b,c} are the subsets of the 
set {a, b,c}. 


4. Total Number of Subsets 


If a set A has n elements, then the number of subsets 
of A=2”. 


Example 1. Write the letters of the word ALLAHABAD 
in set form and find the number of subsets in it and 
write all subsets. 

Sol. There are 5 different letters in the word ALLAHABAD 
i.e., A,L,H,B,D, then set is {A, B, D, H, L}, then number of 
subsets = 2° = 32 and all subsets are 
, {A}, {B}, {D}, {Hy}, {Lh {A. Bh, {A, D}, {A, Hy}, {A, L}, {B, D}, 

{B, H}, {B, L}, {D, H}, {D, L}, {H, L}, {A, B, D}, {A, B, H}, 

{A, B, L}, {A, D, H}, {A, D, L}, {A, H, L}, {B, D, H}, {B, D, L}, 
{B, H, L}, {D, H, L}, {A, B, D, H}, {A, B, D, L}, {B, D, H, L} 
{A, D, H, L}, {A, B, H, L}, {A, B, D, H, L}. 


5. Equal Sets 


Two sets A and B are said to be equal, if every element of 
Ais an element of B, and every element of B is an element 
of A.If A and B are equal, we write A = B. 
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Itis clear that AC Band BCA © A=B. 
For example, 
1. The sets {1, 2, 5} and {5, 2, 1} are equal. 
2. {1, 2, 3} ={x:x* -—6x” +11x —6=0} 


6. Power Set 


The set of all the subsets of a given set A is said to be the 
power set A and is denoted by P(A) or 2“. 

Symbolically, P(A) ={x:x Cc A} 

Thus, x€ P(A) @& xCA. 


Remark 
1. dand Aare both elements of P(A). 


2. If A= 0, then P (6) = {6}, a singleton but ois a null set. 
3. If A= {a}, then P(A) = {, {a}} 
For example, If A= {a, b, c}, then 
P(A) or 2 = {6, {a}, {0}, {ch. {ab}. {b, ch. {c, a}, {a b, cH} 
Also, n(P(A)) or n(24) = 23 =8 


4. Since, P() = {0} 

- P(P()) = {0, {O}} 

and P(P(P(O))) = {0, {0}, {LO} }, (0, fo} }} 
5. If Anas nelements, then P(A) has 2” elements. 


7. Super Set 


The statement AC B can be rewritten as B D A, then B is 
called the super set of A and is written as BD A. 


8. Proper Subset 


A set A is said to be proper subset of a set B, if every 
element of A is an element of B and B has atleast one 
element which is not an element of A and is denoted by 
AC B(read as “A is a proper subset of B”). 
For example, 
1. If A = {1, 2, 4} and B = {5, 1, 2, 4,3}, then AC B 
Since, 3,5¢ A. 
2. If A = {a, b,c} and B = {c, b, a}, then A ¢ B (since, B 
does not contain any element which is not in A). 
3. NCICOCRCC 


9. Finite and Infinite Sets 


A set in which the process of counting of elements comes 
to an end is called a finite set, otherwise it is called an 
infinite set. 
For example, 
1. Each one of the following sets is a finite set. 
(i) Set of universities in India. 


(ii) Set of Gold Medalist students in Civil Branch, 
sec A in A.M.LE. (India). 
(iii) Set of natural numbers less than 500. 
2. Each one of the following is an infinite set. 
(i) Set of all integers. 
(ii) Set of all points in a plane. 
(iii) {x :xE€ R,1<x <2} 
(iv) Set of all concentric circles with centre as origin. 


10. Cardinal Number of a Finite Set 


The number of distinct elements in a finite set A is called 
cardinal number and the cardinal number of a set A is 
denoted by n(A). 

For example, 

If A = {-3, - 1,8, 9, 13, 17}, then n(A) =6. 


11. Comparability of Sets 
Two sets A and B are said to be comparable, if either 
Ac Bor BC Aor A=B, otherwise A and B are said to be 
incomparable. 
For example, 
1. The sets A= {1,2,3} and B= {1,2, 4,6} are 
incomparable (since A¢ Bor B¢ Aor A¥B) 
2. The sets A = {1,2, 4} and B = {1, 4} are comparable 
(since BC A). 


12. Universal Set 


All the sets under consideration are likely to be subsets of 
a set is called the universal set and is denoted by Q or S 
or U. 
For example, 
1. The set of all letters in alphabet of English language 
U ={a, b,c,..., x, y, Zz} is the universal set of vowels in 
alphabet of English language. 
ie., A= {a,e, i, 0, u}. 
2. The set of all integers ]={0, +1, +2, +3,...}is the 
universal set of all even integers 
ie, {0,42,+4, +6,...} 


13. Union of Sets 


The union of two sets A and B is the set of all those 
elements which are either in A or in B or in both. This set 
is denoted by AU B or A+ B (read as ‘A union B’ or ‘A 
cup B’ or ‘A join B’). 

Symbolically, AU B={x:xe Aorxe B} 

or AU B={x:xE Av xe B} 


Clearly, xE€AUB& xEA or xEB 


For example, 
1. If A= {1,2,3, 4} and B = {4,5, 6}, 
then AU B ={1,2,3, 4, 4,5, 6} = {1, 2,3, 4, 5, 6} 
2. If A = {1,2, 3}, B = {2,3, 4,5}, C ={7, 8}, 
then AU BU C={1,2,3, 4,5, 7,8} 
Remark 


The union of a finite number of sets A, Ao, Ag, ..., A, is represented 
n 
by A VAJUA,U...U A, or YA 
iz 


Symbolically, U A; = {x: x €A,;for atleast one /} 


14. Intersection of Sets 


The intersection of two sets A and Bis the set of all 
elements which are common in A and B. This set is 
denoted by AX B or AB (read as ‘A intersection B’ or ‘A 
cap B’ or ‘A meet B’). 
Symbolically, AN B={x:xe Aand xe B} 
or AX B={x:xE Anxe B} 
Clearly, xe€ ANB & xe Aandxe B 
For example, 
1. If A= {1,2, 3} and B = {3, 4,5, 6}, then AM B= {3}. 
2. If A = {1, 2,3}, B = {2,3, 4} and C = {3, 4,5}, then 
AN BO C= {3h 
Remark 


The intersection of a finite number of sets A,, Aj, Az... An 


represented by 
n 
A AAA Ag A...AA, or OA; 
i=1 


Symbolically, a A; = {x:x €A/for all /} 


15. Disjoint Sets 


If the two sets A and B have no common element. 

i.e, AM B=, then the two sets A and B are called disjoint 
or mutually exclusive events. 

For example, If A = {a, b,c} and B = {1,2,3}, then AN B=0 


Hence, A and B are disjoint sets. 


Remark 
IFS = {8, A, &, -.4 Ay}, SO 


a 
number of ordered pairs of disjoint sets of S is : — 


(¢.;each element in either (A) or (B) or neither 

.. Total ways = 3’ i.e., A=B, iff A= B = o(1 case) otherwise A 
and Bare interchangeable. 

*. Number of ordered pairs of disjoint sets of 


a a 
gate Sr P41) 
2 2 
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16. Difference of Sets 


If A and B be two given sets, then the set of all those 
elements of A which do not belong to B is called difference 
of sets A and B. It is written as A — B. It is also denoted by 
A~ Bor A\Bor C,B (complement of B in A). 
Symbolically, A— B={x:xe€ Aand x ¢ B} 
Clearly, xe A-B & xe Aand x¢€ B. 


Remark 

1.A4-B#B-A 

2. The sets A- B, B- Aand An Bare disjoint sets. 
3. A~-BcAandB-AcB 

4. A-o=Aand A-A=6 


For example, 
If A = {1, 2,3, 4} and B = {4,5,6, 7}, then A — B= {1, 2,3}. 


17. Symmetric Difference of Two Sets 
Let A and B be two sets. The symmetric difference of sets 
Aand Bis the set (A — B)U (B-— A) or (AU B) —-(AN B) 
and is denoted by AA Bor A @ B (A direct sum B). 


Le., A®B orAAB=(A-B)U(B-A) 
and A®B or AAB=(AU B)-(AN B) 
Remark 


1. AA B={x:x €Aand x €B} 
or AAB={x:x eBandx ¢€A} 
2. AAB=BA A(commutative) 


For example, 
Let A= {1,2,3,4,5} and B= {1,3,5,7}, 
then A-B= {2,4}, B- A= {7} 

AA B=(A-B)U(B-A)= {2,4,7} 


18. Complement Set 


Let U be the universal set and A be a set, such that ACU. 
Then, the complement of A with respect to U is denoted 
by A’ or A® or C(A) or U -A. 

Symbolically, A’ or A® or C(A) ={x:x EU and x¢ A}. 


Clearly, xe A’ & xE€A. 


Remark 
1. U’=oando’ =U 
2,.AUA=UandAnA =o 


For example, 
LetU = {1,2,3,4,5,6, 7} and A= {1,3,5, 7}. 
Then, 4’=U —- A= {2, 4,6} 
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Laws and Theorems 


1. Idempotent Laws 
For any set A, 
(i) AUA=A (ii) AN A=A 
Proof 
(i) Letx€ AUA & xEAorxed 
eS xeaA 
Hence, AU A=A 
(ii) Lettxe ANA & xe AandxeE A 
eS xea 
Hence, AN A=A 
2. Identity Laws 
For any set A, 


(i) AUO=A (ii) AN b=0 
(iii) AUU =U (iv) ANU=A 
Proof 

(i) Letxe AUO & xe AandxEed 

2S xeAa 


Hence, AU =A 


(ii) Let xe ANO & xE€ Aandxeo 
2 xed 
Hence, AN 0=0 
(iii) Let xe AUUS xe AorxEU 


& xEeU 
Hence, AUU =U 
(iv) Let xe ANU & xe AandxEeU 
& xEeA 


Hence, ANU=A 
3. Commutative Laws 
For any two sets A and B, we have 
(i) AUB=BUA (ii) ANB=BOA 
Proof 
(i) Letxe AUB & xE€ AorxeB 
= xeEBorxedA 
& xEeBUA 
. xE€EAUB S&S xE BUA 
Hence, AU B=BUA 
(ii) LettxE ANB & xe Aandxe B 
= xe€BandxeA 
S&S xEBNA 
xEANBS xE BNA 
Hence, AN B=Bo A. 
4. Associative Laws 
For any three sets A, B and C, we have 
(i) AU (BUC)=(AU B)UC 
(ii) AN (BN C)=(AN B)AC 


Proof 


(i) Letxe AU(BUC) ©& xe AorxeE BUC 
= xe Aor(xe€ BorxeC) 


= (xe Aorxe B)orxEC 

& xe AU Borxec 

& xE€(AUB)UC 
x€AU(BUC) & xE(AUB)UC 


Hence, AU(BUC)=(AU B)UC. 
(ii) Letx€ AN (BOC) & x€ AandxE€ BNC 


= xe Aand(xe€ BandxeéC) 
= (xe Aandxe B)andxEC 
= x€ AN BandxeEC 
2 xE(ANB)NAC 
Hence, AN (BOC) =(AN B)AC. 
5. Distributive Laws 
For any three sets A, B and C, we have 


(i) AU (BON C)=(AU B)N (AUC) 
(ii) AN (BU C)=(AN B)U (ANC) 
Proof 
(i) Lettxe AU(BNC) ©& xe AorxE BNC 
= xe Aor(xe BandxeEC) 
(x € Aorxe B)and(xe€ AorxeEC) 
@xeAvU Bandxe AUC 
@exeEel[(AU B)N(AUC)] 
~» x€ AU(BOANC)S&xE(AU B)N(AUC) 
Hence, AU(BNC)=(AU B)N(AU C). 
(ii) Letx€ AN(BUC) & xe Aandxe BUC 
= xe Aand(xe€ BorxeC) 
<= (xe Aand xe B) or(x € Aand x €C) 
SxEeANBorxEe ANC 
@xE(AN B)U(ANC) 
~ xE€AN(BUC)Sx€(AN B)U(ANC) 
Hence, AN (BU C) =(AN B)U(AN C). 
6. For any two sets A and B, we have 
(i) P(A)O P(B) = P(AN B) 
(ii) P(A)U P(B)C P(AU B) 
where, P(A) is the power set of A. 
Proof 
(i) Let x € P(A) P(B) & x € P(A) or x € P(B) 
eoxcAorxcB 
SxCANB 
= xe P(AN B) 
Hence, P(A) 7 P(B) = P(AN B) 


(ii) Let x € P(A) U P(B) & x € P(A) or x € P(B) 
&xCcAorxcB 
SxCAUB 
@=xeP(AU B) 
Hence, P(A) U P(B) C P(AU B) 
. If Ais any set, then (A’)’=A 
Proof LetxE(A’)’ex€éA SxeEdA 
Hence, (A’)’=A 
8. De-Morgan’s Laws 
For any three sets A, B and C, we have 
(i) (AU BY =A’O B’ 
(ii) (AM BY =A’U B’ 
(iii) A- (BU C) =(A- B)n (A-C) 
(iv) A-(BO C)=(A- B)U (A-C) 
Proof 
(i) Letx€ (AU B/ @&x€AUB 
@=xéA andx€B 
xe A’ and xe B’ 


“I 


exe An B’ 
x€(AU BY exe A nB’ 
Hence, (AU B)’=A’O B’. 
(ii) Letx E(AN BY &x¢ ANB 
@xéA orx€B 
@xeA’orxe B’ 
=xeA’UB’ 
xe (AN BY exe A’UB’ 
Hence, (AN BY = 4’u B’. 
(iii) Let xe A-(BUC)@ xe Aandx€é BUC 
xe Aand(x ¢ Bandx¢C) 
(x € Aand x ¢ B) and(x € Aand x ¢ C) 
= xe(A-B)andxe€(A-C) 
@2xeE(A-B)N(A-C) 
Hence, A—(BU C) =(A- B)N(A-C). 
(iv) Letxe A-(BNC)@& xe Aand x €(BNC) 
= xe Aand(x¢ Bor x€ C) 
(x € Aand x ¢ B) or(x € Aand x € C) 
= xeE(A-B)orxeE(A-C) 
@2xeE(A-B)U(A-C) 
Hence, A—(BN C) =(A- B)U(A-C). 
Aliter 
A-(BNC)=AN(BOC)’ 
=AN(B’NC)’ 
=(AN B’)U(AN C’) 
=(A- B)U(A-C) 


[A-B=AnN B’] 
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More Results on Operations on Sets 


For any two sets A and B, we have 
1..ACAUB,BCAUB,AQN BCA,ANBCB 
2. A-B=An B’ 

Proof 
Letxe A-~-B& xe Aandx¢€B 
&xeAand xe B’ 
@exeEAn B’ 
Hence, A— B= AN B’ 
3.(A-B)\U B=AUB 
Proof (A— B)U B=(AN B’)UB 
=(AU B)N(B’U B) [from distributive law] 
=(AU B)NU 
=AUB 
Hence, (A- B) UB=AUB 
4.(A-B)O B= 
Proof (A-B)A B=(AN B’)OB 
=AN(B’O B) [from associative law] 
=ANO=9 
Hence, (A-B)A B=0 
5.ACBSB’cA’ 


Proof Only if part Let AC B (i) 
To prove B’c A’ 

Let xEeB’ >xE€B 

=> x€A [." AC B] 
> xe A’ 

Thus, xe€ B’>xeEA’ [. BC A] 
Hence, B’c A’ ..-(ii) 
If part Let B’C A’ ...(iii) 
To prove AC B 

Let xEASXEA’ 

> x¢é B’ [from Eq.(iii)] 
=> xeEB 

Hence, ACB ...(iv) 


From Eqs. (ii) and (iv), we gett AC B& B’C A’ 
6. A- B=B’- A’ 


Proof A-B=(AN B’) 
=B’AAH=B’A(A’ = 8B! — A’ 
Hence, A-B=B’-A’ 


7.(AU B)O (AU B’)=A 

Proof (AU B)A(AU B’)=AU(BN B’) 

[by distributive law] 
=AUOb=A 

Hence, (AU B)AN(AU B’)=A 
8. AU B=(A- B)U (B- A)U (An B) 

Proof (A- B)U(B-A)U(AN B) 

=[(AU B) -(AN B)JU (AN B) 
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=[(AU B) A (AN B)’]U(An B) Example 2. Let A, B and C be three sets such that 
=[(AVU B)U (AN BJO [(AN BYU (AN B)] AUB=AUC and ANB=ANC. Show that B = C. 
=(AU B)OU=AUB Sol. Given, AUB=AUC Ai) 
Hence, AU B=(A- B)U(B- A)U (AN B) shi AABEAAL aii) 
9. A-(A-B)=ANB To prove B=C. 
Proof A-(A-B)=A-(AnN B’) From Eq. (i), (A U B) ANC =(A UC) AC 
=AM(AnN B’)’ => (ANC)U(BNC)=(ANC)U(C UC) 
=AN(A’U B) => (ANB)VU(BNAC)=(ANC)UC 
=(ANM A’)U(AN B) [- ANC=AMB] 
=)U(AN B)=AN B => (A OB)U(BNC)=C [<ANCCC] 
Hines Boa As Thus, C=(ANB)U(BAC) ...(iii) 
10. A-B=B-A © A=B Again, from Eq. (i), (A UB) NnB=(A UC)OB 
Proof Only if part Let A-B=B-A (i) = AOE ABB = SOB UNG TNs) 
To prove A=B => (AN B)UB=(ANB)U(BNC) 
LetxeE A & (xe Aand x ¢ B) or(x € Aand x € B) =F BRINE NC) 
=x €(A-B)orx€(An B) [- AM Bc B] 
> x€(B-A) Thus, B=(ANB)U(BNC) ..(iv) 
br xe ANB [from Eq. (i)] From Eqs. (iii) and (iv), we have B= C. 
Se eS eae Example 3. Let A and B be any two sets. If for some 
@xeB set X, AN X =BOX=and AUX =BUX, 
Hence, A=B prove that A=B. 
If part Let A=B Sol. Given,  ANX=BNX=6 Ai) 
TO UNGMe ee a and AUX =BUX ii) 
Bows sie ais aia B= 4) From Eq. (ii), A A(A UX) =A A(BUX) 
and B-A=A-A=0 B=A] - A=(ANB)U(ANX) 
i A-B=B-A [< AC AUX «AN(AUX)=A] 
Hence, A=B>A-B=B-A = A=(ANB)U6 [-ANX =6] 
11.AUB=ANBSA=B = A=(AMB) 
Proof Only if part Let AU B=AnN B as ACB (iii) 
Now, xEAS>xEAVUB Again, AUX =BUX 
=> xE ANB [. AU B=An B] => BO(AUX) = B(BUX) 
> xeB => (BNA)U(BAX)=B 
Thus, ACB (i) [ BC BUX «.BO(BUX)=B] 
Again, yEeBSycecAUB => (BOA)UO=B [- BAX = 6] 
=> yEANB [. AU B=An B] => BOA=B 
=> yea > BCA ...(iv) 
Thus, BCA (ii) From Eqs. (iii) and (iv), we have A = B. 
i 0) ee baa ee B. Example 4. If A and B are any two sets, prove that 
If part Let A=B iii) Ae ee 
To prove AU B=ANB Sol. Given, P(A) = P(B) (i) 
Now, AUB=AUA=A _ [ B=A)...(iv) To prove A = B 
and AN B=ANA=A [« B= A]...(v) Let x € A => there exists a subset X of A such that x € X. 
From Eqs. (iv) and (v), we have AU B= AN B Now, XCA => XEP(A) 


Hence, AUB=ANBSA=B > X € P(B) [from Eq. (i)] 


=> XCB 
> xeEB [oxexX] 
Thus, xEA > xEB 


ACB 


bs ..-(ii) 
Let y € B= there exists a subset Y of B such that ye€ Y. 


Now, YCB => Ye P(B) 

> Y € P(A) [.. P(B) = P(A)] 
=> YCA 

=> yea [yeY] 
Thus, yeB => yEedA 


a BCA iii) 
From Eqs. (ii) and (iii), we have A = B 


Use of Sets in Logical Problems 


M =Set of students which have Mathematics. 

P = Set of students which have Physics. 

C = Set of students which have Chemistry. 
Applying the different operations on the above sets, then 
we get following important results. 
M‘ = Set of students which have no Mathematics. 
P’=Set of students which have no Physics. 
C’=Set of students which have no Chemistry. 
MU P =Set of students which have atleast one subject 
Mathematics or Physics. 
PU C=Set of students which have atleast one subject 
Physics or Chemistry. 
CU M =Set of students which have atleast one subject 
Chemistry or Mathematics. 
Mo P =Set of students which have both subjects 
Mathematics and Physics. 
PO C=Set of students which have both subjects Physics 
and Chemistry. 
CoO M =Set of students which have both subjects 
Chemistry and Mathematics. 
Moc P’=Set of students which have Mathematics but not 
Physics. 
PO C’=Set of students which have Physics but not 
Chemistry. 
Cr M’ =Set of students which have Chemistry but not 
Mathematics. 
(M U P)’ =Set of students which have not both subjects 
Mathematics and Physics. 


(PU C)’ =Set of students which have not both subjects 
Physics and Chemistry. 
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(CU M)’ =Set of students which have not both subjects 
Chemistry and Mathematics. 

(MQ POC) =Set of students which have all three 
subjects Mathematics, Physics and Chemistry. 

(MU PU C) =Set of all students which have three 
subjects. 


Cardinal Number of Some Sets 


If A, B and C are finite sets and U be the finite universal 
set, then 
(i) n(A’) =n(U) — n(A) 
(ii) n( AU B) =n(A) +n(B)-—n(An B) 
(iii) n(AU B) =n(A) +n(B), if A and B are disjoint 
non-void sets. 
(iv) n(AC B’) =n(A) -n(AN B) 
(v) n(A’O B’)=n(AVU BY =nU) -n(AVU B) 
(vi) n(A’U B’)=n(AN BY =n(U) —n(An B) 
(vii) n(A — B) =n(A) — n(AN B) 
(viii) n(: AT B) =n(AVU B)-n(AN B’)-n(A’n B) 
(ix) nAU BU C)=n(A) +n(B) +n(C) -—n(AN B) 
—nBOAC)-n(CO A)+n AN BOC) 
(x) If A,, Az, A3,.., A, are disjoint sets, then 
n(A,;U A,UA3VU...U An) 
=n(A,)+n(A,2)+n(A3) +...+0(A,) 


Example 5. If A and B be two sets containing 6 and 3 
elements respectively, what can be the minimum 
number of elements in AUB ? Also, find the maximum 
number of elements in AUB. 
Sol. We have, n(A U B)=n(A)+n(B)-n(A OB), 

n(A U B)is minimum or maximum according as n(A M B) 

is maximum or minimum, respectively. 

CaseI Ifn(A FO B) is minimum i.e., n(A O B) = 0 such that 

A= {a,b,c,d,e, f} and B= {g, h, i} 
n(A U B)=n(A) + n(B)=6+3=9 
Case II Ifn(A O B)is maximum i.e., n(A A B) = 3, such 
that 
A = {a,b,c, d,e, f} and B= {d, a,c} 
“ (A U B)=n(A)+n(B)- n(A OB) =64+3-3=6 


Example 6. Suppose Aj, A9,...,A 30 are thirty sets 


each with five elements and B,,B3,...,B, are n sets 


each with three elements. 
30 n 


B, =S 
j=? 
Assume that each element of S belongs to exactly ten 


of the A;’s and exactly to nine of the B;’s. Find n. 


Let U Aj; = 
j=l 
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Sol. Given, A’s are thirty sets with five elements each, so 
30 
x n(A;) =5 xX 30 = 150 ..(i) 
i=l 


If the m distinct elements in S and each element of S belongs 
to exactly 10 of the A ,’s, so we have 
30 
x n(A;)=10m ...(ii) 
i=1 
“. From Eqs. (i) and (ii), we get 10m = 150 
m=15 (iii) 
Similarly, & n(B;) =3n and x n(B;)=9m 
jel jel 


9m 


3n=9m > n= =3m 


=3x15=45 
n=45 


[from Eq. (iii)] 


Hence, 


Example 7. In a group of 1000 people, there are 750 
who can speak Hindi and 400 who can speak Bengali. 

How many can speak Hindi only? How many can speak 
Bengali only? How many can speak both Hindi 

and Bengali? 


Sol. Let H and B be the set of those people who can speak 
Hindi and Bengali respectively, then according to the 
problem, we have 


n(H U B) = 1000, 
n( H) = 750, n(B) = 400 
We know that, 
n(H U B)=n(H)+ n(B)- n(H 7B) 
1000 = 750 + 400 — n(H 7 B) 


n(H OB) = 150 
.. Number of people speaking Hindi and Bengali both is 
150. 
Also, n(H © B’)=n(H)-n(H OB) 
= 750 — 150 
= 600 


Thus, number of people speaking Hindi only is 600. 
Again, n(BOH’)=n(B)-—n(BO H) = 400 - 150 = 250 
Thus, number of people speaking Bengali only is 250. 


Example 8. A survey of 500 television watchers 
produced the following information, 285 watch 
football, 195 watch hockey, 115 watch basketball, 

45 watch football and basketball, 70 watch football 
and hockey, 50 watch hockey and basketball, 50 do 
not watch any of the three games. How many watch all 
the three games? How many watch exactly one of the 
three games? 


Sol. Let F, H and B be the sets of television watchers who 
watch Football, Hockey and Basketball, respectively. 


Then, according to the problem, we have 
n(U) = 500, n(F) = 285, n(H) = 195, 
n( B) = 115, n(F OM B) = 45, 
n(F © H)=70,n(H - B)=50 
n(F’ U H’ UB’) =50, 
where U is the set of all the television watchers. 
Since, n(F’ U H’ U B’)=n(U) -n(F UH UB) 
=> 50 =500 —n(F UH U B) 
=> n(F U H U B) = 450 
We know that, 
n(F OH U B)=n(F) + n(H) + n(B)- n(F OH) 
—n(H OB)-n(BOF)+n(F AH OB) 
=> 450 =285+195+115—-70-50- 45+ n(F XN HB) 
n(F OH © B)=20 
which is the number of those who watch all the three 
games. Also, number of persons who watch football only 
=n(F OH’ OB’) 
=n(F)-n(F 0 H)-n(FOB)+n(F OH OB) 
= 285 — 70 — 45 + 20 = 190 


and 


The number of persons who watch hockey only 
=n(H A F’OB’) 
=n(H)-n(H A F)-n(HOB)+n(H ANF OB) 

= 195 -—70—-50+ 20 =95 

and the number of persons who watch basketball only 
=n(BOH’ OF’) 
=n(B)-n(BOH)-n(BOF)+n(H AF OB) 
=115-50- 45+ 20 = 40 


Hence, required number of those who watch exactly one of 
the three games 


= 190+95+ 40 =325 


Venn Diagrams 
(Euler-Venn Diagrams) 


The diagram drawn to represent sets are called Venn 
diagrams or Euler Venn diagrams. Here, we represent the 
universal set U by points within rectangle and the subset 
A of the set U is represented by the interior of a circle. Ifa 
set A is a subset of a set B, then the circle representing A is 
drawn inside the circle representing B. If A and B are not 
equal but they have some common elements, then to 
represent A and B by two intersecting circles. 
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Venn Diagrams in Different Situations = 7. 49. (BNC) and (An BNC 


1. Subset a 
Ypy 
CY 
ZF 
ASB 
2. Union of sets 
U U 


SSiS— =—2S-—— 
SS SS || So 
AUB, when AUB, when 


ANB=9 neither A cB norBcA Hence, AN (BX C) =(AN B) A C which is 
associative law for intersection. 


ANB (ANB)AC 


3. Intersection of sets 


8. Distributive law 


U 
(i) AU(BNC)=(AU B)N(AUC) 
Gj) (ii) AN (BUC) =(AN B)U(ANC) 


(i) 


AB, when neither AaB, when 
AcBnorBcA AB = 9 (no shaded one) 


4. Difference of sets 


A-—B, when neither A-B, when 
AcBnorBcA A-B=90 


5. Complement set 


YY G a 
Y Y 
hi Ai 
oo. (AUB) (AUC) (AUB)A(AULC) 
‘a It is clear from diagrams that 
AU(BOC)=(AU B)A(AU C) 


A’ = shaded one (ii) 
6. AU (BU C)and (AU B)UC 
U e U 
B==EC :===—e— 
: —— 
BUC AU (BUC) 


/ 7 


AUB (AUB)UC 


Hence, AU (BU C) =(AU B)U C which is It is clear from diagrams that 
associative law for union. AN(BUC)=(AN B)U(ANC) 
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9. Symmetric difference 


U U 
——_ => 
E=A=| EB =A =. 
. We S 7 
A AB, when neither A AB, when 
AcBnorBcA AnB=0o 


andAnB#o 


Remark 
Remember with the help of figures. 


Example 9. A class has 175 students. The following 
table shows the number of students studying one or 
more of the following subjects in this case. 


Subjects Number of students 
Mathematics 100 
Physics 70 
Chemistry 46 
Mathematics and Physics 30 
Mathematics and Chemistry 28 
Physics and Chemistry 23 
Mathematics, Physics and Chemistry 18 


How many students are enrolled in Mathematics alone, 
Physics alone and Chemistry alone? Are there students 
who have not offered any one of these subjects? 


Sol. Let P, C and M denotes the sets of students studying 
Physics, Chemistry and Mathematics, respectively. 


Let a, b, c, d, e, f, g denote the elements (students) 
contained in the bounded region as shown in the diagram. 


Then, at+dt+et+g=170 
c+d+f+g=100 
b+te+ft+g=46 


d+g=30 
e+ g=23 
ft+g=28 

g=18 


After solving, we get g = 18, f =10,e =5,d =12,a = 35, 
b= 13 and c= 60 


at+b+ct+dtet+ft+g=153 


So, the number of students who have not offered any of 
these three subjects = 175 — 153 = 22 


Number of students studying Mathematics only, c = 60 
Number of students studying Physics only, a = 35 
Number of students studying Chemistry only, b= 13 
Aliter 


Let P, C and M be the sets of students studying Physics, 
Chemistry and Mathematics, respectively. Then, we are 
given that 


n( P) = 70, n(C) = 46, n(M) = 100 
n(M O P) =30,n(M AC) = 28 
n(P AC) =23 
and nM APOAC)=18 
“. The number of students enrolled in Mathematics only 
=n(MAP’AC’)=n(Ma(PUC)’) 
[by De-Morgan’s law] 


n(M)-—n(M A( PUC)) 
n(M) — {n[((M A P)U(M AC)}} 
[by distributive law] 
=n(M)-n(MnP)-(MOAC)+n(ManPoc) 
= 100 — 30 — 28+ 18= 60 


Similarly, the number of students enrolled in Physics only, 
n(PAM’AC’) 
=n(P)-n(PAM)-n(PAC)+n(PAMAC) 
= 70 — 30 - 23+ 18=35 
and the number of students enrolled in Chemistry only, 
n(CAM’AP’)=n(C)-n(C AM)-n(CAP)+n 
(CAMP) 


= 46 — 28 — 23+ 18= 13 
and the number of students who have not offered any of 
the three subjects, 
n(M’ OP’ AC’)=n(M OPC)’ [by De-Morgan’s law] 
=n(U)-n(MUPUC) 
= n(U) — {n(M) + n(P) + n(C) — n(M 2 P) 
—n(M AC)-n(PAC)+n(PACOM)} 
= 175 — {100 + 70 + 46 — 30 — 28 — 23 + 8} 
= 175 — 153 = 22 


Example 10. In a pollution study of 1500 Indian rivers 
the following data were reported. 520 were polluted by 
sulphur compounds, 335 were polluted by phosphates, 
425 were polluted by crude oil, 100 were polluted by 
both crude oil and sulphur compounds, 180 were 
polluted by both sulphur compounds and phosphates, 
150 were polluted by both phosphates and crude oil and 
28 were polluted by sulphur compounds, phosphates 
and crude oil. How many of the rivers were polluted by 
atleast one of the three impurities? 
How many of the rivers were polluted by exactly one 
of the three impurities? 

Sol. Let S, P and C denote the sets of rivers polluted by 

sulphur compounds, by phosphates and by crude oil 


respectively, and let a, b, c, d, e, f, g denote the elements 
(impurities) contained in the bounded region as shown in 


the diagram. 
S 


P Cc 


Then, a+dt+et+g=520 
c+td+f+g=425 
b+et+tft+g=335 = dt+g=100 
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e+g=180 => ft+g=150 
g =28 
After solving, we get 
£& = 28, f =122,e = 152,b = 33,d =72,c = 203 anda = 268 


The number of rivers were polluted by atleast one of the 
three impurities 


=(a+b+ct+dt+e+f+g) =878 


and the number of rivers were polluted by exactly one of 
the three impurities, 


at+b+c=268+33 +203 =504 


Aliter 


Let S, P and C denote the sets of rivers polluted by sulphur 
compounds, by phosphates and by crude oil, respectively. 


Then, we are given that 
n(S) = 520, n(P) = 335, n(C) = 425, n(C MS) = 100, 

n(S A P) = 180, n(P AC) = 150 and n(S A P AC) = 28. 
The number of rivers polluted by atleast one of the three 
impurities, 
n(iSUPUC) 

=n(S)+ n(P) + n(C)-— n(S A P) 

—n(PAC)-n(C ANS)+n(SAPAC) 
= 520 + 335 + 425 — 180 — 150 — 100 + 28 = 878 


and the number of rivers polluted by exactly one of the 
three impurities, 


n{(SAP’AC’)U(PAC’AS’)U(C AP’ AS’) 
=n{(SA(PUC)JU{PA(C US) UIC OPUS) 
=nW(SA(PUC)’)+n(P A(C US)’ + n(C A(P US)’) 
=n(S)-—n(S A P)-n(S AC) 
+n(SAPAC)+n(P)-n(P AC)-n(P OS) 
+n(S APOC) 
+n(C)-n(C A P)-—n(C AS)+ nS AP AC) 
=n(S)+ n(P) + n(C) — 2n(S A P) —2n(S AC) 
— 2n(P AC) +3n(SAP AC) 
= 520 + 335 + 425 — 360 — 200 — 300 + 84 =504 
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Exercise for Session 1 


If X = {4" -3n -1:n EN} and y = 9(n -1):n EN}, then X UY equals 
(a)X (b) Y (c)N (d) None of these 


If Nz = {an :n € N}, then Ns Nz equals 
(a)N (b) Ns (c) Nz (d) N35 


If Aand B are two sets, then A ~(A UB)’ equals 
(a)A (b)B (c) > (d) None of these 


If U be the universal set and AUB UC =U, then [(A —- B) U(B - C) U(C — A)’ J equals 
(a) AUBUC (b) ANBAC (d) AU(BAC) (d) AN (BUC) 


If A and B are two sets, then (A — B) U(B — A) U(A 4B) equals 


(a)AUB (b) ANB (c)A (d) B’ 

If A= {x : x is a multiple of 4} and B = {x : x is a multiple of 6}, then A CB consists of all multiple of 

(a) 4 (b) 8 (c) 12 (d) 16 

A set contains 2n + 1elements. The number of subsets of this set containing more thann elements equals 
(a) gn-1 (b) gn (c) Qn +1 (d) gen 

If A = {0, {o}}, then the power set of Ais 

(a)A (b) {, {¢}, A} 

(C) {, {0}, {0}, AP (d) None of these 

Given n(U) = 20, n(A) = 12, n(B) = 9, n(A 7B) =4, where U is the universal set, A and B are subsets of U, then 
n((A UB)’) equals 

(a) 3 (b) 9 (c) 11 (d) 17 


A survey shows that 63% of the Indians like cheese, whereas 76% like apples. If x % of the Indians like both 


cheese and apples, then x can be 
(a) 40 (b) 65 (c) 39 (d) None of these 


In aclass of 55 students, the number of students studying different subjects are 23 in Mathematics, 24 in 
Physics, 19 in Chemistry, 12 in Mathematics and Physics, 9 in Mathematics and Chemistry, 7 in Physics and 
Chemistry and 4 in all the three subjects. The number of students who have taken exactly one subject is 

(a) 6 (b) 7 (c) 9 (d) 22 


Session 2 


Ordered Pair, Definition of Relation, Ordered Relation, 
Composition of Two Relations 


Ordered Pair 


If A be a set and a, be A, then the ordered pair of elements 
aand b in A denoted by (a, b), where a is called the first 
coordinate and b is called the second coordinate. 


Remark 
1. Ordered pairs (a, 6) and (6, a) are different. 


2. Ordered pairs (a, b) and (c, d) are equal iffa=candb=d. 


Cartesian Product of Two Sets 


The cartesian product to two sets A and B is the set of all 
those ordered pairs whose first coordinate belongs to A 
and second coordinate belongs to B. This set is denoted by 
Ax B (read as ‘A cross B’ or ‘product set of A and B’). 


Symbolically, A x B= {(a,b):ae A andbe B} 
or Ax B={(a,b):a€ An be Bh 
Thus, (a,b)E AXBSacCAADEB 


Similarly, BxA={(b,a):be Baae A} 


Remark 
1,.A4AxB#BxA 


2. If Anas p elements and B has g elements, then Ax B has pq 
elements. 


3. If A=oandB=90, then AxB=0. 


4. Cartesian product of nsets A;, A», Ay..., A, is the set of all 
ordered mtuples (a, a, ..., a) 4 €A,/ =1,2,3.., nand is 


denoted by A x Ax... A, or 1 Aj. 


Example 11. If A= {1,2, 3} and B = {4, 5}, find AxB, 
Bx A and show that A xB 4BxA. 
Sol. A x B= {1, 2,3} x {4,5} = {(1, 4), (1, 5), (2, 4), (2, 5), (3, 4), 
(3, 5)} 


and Bx A = {4, 5}x {1, 2, 3}= {(4, 1), (4, 2), (4, 3), (5, 1), 
(5, 2), (5, 3)} 
It is clear that Ax B# BX A. 


Example 12. If A and B be two sets and A x B = {(3, 3), 
(3, 4), (5, 2), (5, 4)}, find A and B. 
Sol. A = First coordinates of all ordered pairs = {3, 5} 
and B = Second coordinates of all ordered pairs = {2, 3, 4} 
Hence, A = {3, 5} and B = {2, 3, 4} 


Important Theorems on Cartesian 
Product 


If A, B and C are three sets, then 
(i) AX(BU C) =(Ax B)U(AXxC) 
(ii) AX(BO C) =(AX B)N(AXC) 
(iii) Ax(B-C)=(Ax B)-(AXxC) 
(iv) (Ax B)O(S XT) =(AN S) xX(BOT), 
where S and T are two sets. 
(v) If AC B, then(A x C) C€(BXC) 
(vi) If AC B, then(A x B) 4 (Bx A) =A’ 
(vii) If AC BandCC D, then AXCC BXD 


Example 13. If A and B are two sets given in such 
a way that Ax 8 consists of 6 elements and if three 
elements of A xB are (1, 5), (2, 3) and 
(3, 5), what are the remaining elements? 
Sol. Since, (1,5), (2, 3), (3,5) € A x B, then clearly 1,2,3¢ A and 
35€ B. 
A Xx B= {1, 2, 3}x (3, 5) 
= (1, 3), (1, 5), (2, 3), @, 5), G, 3), (3, 5) 
Hence, the remaining elements are (1, 3), (2, 5), (3, 3). 
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Relations 


Introduction of Relation 


We use sentences depending upon the relationship of an 
object to the other object in our daily life such as 


(i) ‘Ram, Laxman, Bharat, Shatrughan’ were the sons of 
Dashrath. 
(ii) ‘Sita’ was the wife of Ram. 
(iii) ‘Laxman’ was the brother of Ram. 
(iv) “‘Dashrath’ was the father of Ram. 
(v) ‘Kaushaliya’ was the mother of Ram. 


If Ram, Laxman, Bharat, Shatrughan, Sita, Kaushaliya and 
Dashrath are represented by a, b, c,d, e, f andy 
respectively and A represents the set, then 


A={a,b,c,d,e, f, y} 


Here, we see that any two elements of set A are related 
many ways, i.e. a, b, c,d are sons of y. ‘a’ is the son of y is 
represented by aRy. Similarly, b is the son of y, c is the son 
of y and d is also son of y are represented as bRy,c Ry 
and d Ry, respectively. 


If we write here y Ra it means that y is the son of a which 
is impossible, since a is the son of y. Hence, y and a 
cannot be related like this. Its generally represented as 
yRa. Hence, we can say that a and y are in definite order. a 
comes before R and y after R. Therefore, aRy may be 
represented as a order pair (a, y). Similarly, bRy, cRy and 
dRy are represented by (b, y), (c, y) and (d, y), respectively. 
If all pairs will represented by a set, then we see that first 
element of each pair is the son of second element. Hence, 
the set of these pairs may be represented by set R, then 


R={(a y),(by) (ey) (4 y)} 
Symbolically, R={(x, y):x,y € A, where x is son of y} 
It is clear that Ris subset of Ax A 
Le., RCAXA 
Corollary In above example, if 
A={a,b,c,d} and B = {e, f, y}, then 
R={(x,z):x€ A,z€ B, where x is son of z} 
It is clear that RC Ax B. 


Definition of Relation 


A relation (or binary relation) R, from a non-empty set A 
to another non-empty set B, is a subset of A x B. 

ie., RCAXB or RC {(a,b):a€ A, be B} 

Now, if (a, b) be an element of the relation R, then we 
write aRb (read as ‘a is related to b’) 

ie., (a,b) € R&aRb 


and if (a, b) is not an element of the relation R, then we 
write ab (read as ‘a is not related to b’), 


ie. (a,b)é Ra Rb. 


Remark 


1. Any subset of Ax Ais said to be a relation on A 


2. If Ahas melements and B has nelements, then Ax Bhas 
mx nelements and total number of different relations from A 
toBis2™”. 


3. IfR = Ax B, then Domain R = Aand Range R = 8B. 
4. The domain as well as range of the empty set ois 0. 
5. If A=DomRand B = Ran, then we write B= R [A]. 
For example, 
Let A = {1, 2,3} and B = {3,5, 7}, then 
Ax B={(1, 3), (1, 5), (1, 7), (2, 3), (2, 5), (2, 7), 
(3, 3), (3, 5); (3, 7}. 
But RCAXB 
i.e., every subset of A x Bis a relation from A to B. If 
we consider the relation, R = {(1,5), (1,7), (3, 5), (3, 7)} 
Then, 1R5;1R7;3 R5;3 R7 
Also, 1R3;2 R3;2R5;2 R7;3 R3; 
Clearly, Domain R = {1,3} and Range R = {5,7} 
For example, 
Let A = {1, 2,3} and B = {4,5}, then number of different 
relations from A to B is 2°* =2° =64 because A has 3 


elements and B has 2 elements. 


Types of Relations from One Set to 
Another Set 


1. Empty Relation 


A relation R from A to B is called an empty relation or a 
void relation from A to Bif R=6. 
For example, 
Let A = {2, 4,6} and B = {7, 11} 
Let R= {(a,b):a€ A, be Banda — bis even} 
As, none of the numbers 2 — 7, 2-11, 4-7, 4-11, 
6—7,6—11is an even number, R= 0. 


Hence, R is an empty relation. 


2. Universal Relation 


A relation R from A to B is said to be the universal 
relation, if R= Ax B. 
For example, Let A = {1,2}, B = {1,3} and 
R={(1, 1), (1, 3), (2, 1), (2, 3)} 
Here, R=AXB 
Hence, R is the universal relation from A to B. 
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Types of Relations on a Set a kc 
and dom(R ') = {2, 4,6}, range(R') = {1,3,5} 


1. Empty Relation Clearly, dom (R~') = range (R) 


A relation R on a set A is said to be an empty relation or a er 
void relation, if R= 0. and range(R  )=dom(R). 


For example, : . 
Let A = {1,3} and R= {(a,b):a,b€ Aanda +b is odd} Various Types of Relations 


Hence, R contains no element, therefore R is an empty 


relation on A. 1. Reflexive Relation 
2. Universal Relation A relation R ona setA is said to be reflexive, if 
aRa,Vae A 
yi ay . 7 a set Ais said to be universal relation on ie, if(a,a)e RWae A 
Jif R= . 
For example, For example, 
Let A= {1,2} Let A={1,2,3} 
and R=[(1,1),(1,2), (2, 1), (2, 2)] R, ={(1, 1), (2,2), (3, 3)} 
Here, R=AXA R, = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 1), (1, 3)} 
Hence, R is the universal relation on A. and R, =4{G, 1), (2,2),@,3), 6,2) 
oa Identity Relation Here, R and Rp are reflexive relations on A, R; isnota 
; oe ; reflexive relation on A as (3,3) € R3, ie. 3 Ky 3. 
A relation R on a set A is said to be the identity relation on 
A, if Remark 
R=[(a,b):a€ A,be A anda=b] The identity relation is always a reflexive relation but a reflexive 
Thus, identity relation, R =[(a, a): V ae A] relation may or may not be the identity relation. It is clear in the 


above example given, Ff, is both reflexive and identity relation on A 


Identity relation on set A is also denoted by I. but A, is a reflexive relation on A but not an identity relation on A 


Symbolically, [4 =[(a,a):a€ A] 


For example, 2. Symmetric Relation 
Let A = {1, 2, 3} A relation R on a set A is said to be symmetric relation, if 
Then, I, = {(1,1), (2,2), (3,3)} aRb=>bRaVabeA 
Remark ie. if (a4 bbe RE(h,aAERVabEA 
In an identity relation on Aevery element of Ashould be related to For example, 
itself only. Tet A={12,3} 
4. Inverse Relation R, ={(L2), (2, D} 


R, = {(1, 2), (2, 1), (1, 3), (3, 1)} 


If Ris a relation from a set A to a set B, then inverse 
and R, = {(2,3), (1,3), (3, } 


relation of R to be denoted by R™, is a relation from 


BtoA. Here, R, and R, are symmetric relations on A but R3 is 
Symbolically, R~' ={(b,a):(a,b) € R} not a symmetric relation on A because (2,3) € R3 
Thus, (a, bye R&(b,a)ER', Vac A, DEB. and (3,2) Rs. 
3. Anti-symmetric Relation 
Remark ; oo, ; : 

4. Dom (R™) = Range (R) and Range (R“') = Dom (R) A relation R on a set A is said to be anti-symmetric, 

2. (Ry sh ifaRb,bRa>a=b,VabeaA 
For example ie. (a,b)€ Rand(b,aj)E R > a=b,VabeaA 

If R=({(1,2), (3, 4),(5,6)}, then For example, 
R7 ={(2,1),(4,3),(6,5)} Let R be the relation in N (natural number) defined by, ““x 


ee is divisor of y’’, then R is anti-symmetric because x divides 
“(R™)~ ={(12), (3, 4), (5,6)} =R y and y divides x > x =y 
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4. Transitive Relation 
A relation R on a set A is said to be a transitive relation, 
ifaRbandbRc>akc,Va,b,cEe A 
ie, (a,b)€ Rand(b,c)e RS(ac)E R,Va,bcEeA 
For example, 
Let A= {1,2,3} 

Ry = {(1,2), (2,3), (1,3), 3, 2)} 

Ry = {(2,3),(3, D} 

R, ={(1,3), (3,2), (1 2)} 
Then, R, is not transitive relation on A because (2,3) € R, 
and (3,2) € R, but (2,2) € R,. Again, R» is not transitive 


relation on A because (2,3) € R, and (3,1) € R, but 
(2,1) € R,. Finally R; is a transitive relation. 


Example 14. Let A= {1,2, 3} and R ={(a,b):a,be A, a 
divides b and b divides a}. Show that R is an 
identity relation on A. 
Sol. Given, A = {1, 2, 3} 
a€é A, be B,adivides b and b divides a. 
> a=b 
R= {(a,a),a€ A}= {(1, 1), (2, 2), (3, 3)} 


Hence, R is the identity relation on A. 


Example 15. Let A = {3, 5}, B={7, 11} 

Let R={(a,b):ae A,beEB, a—b is even}. 

Show that R is an universal relation from A to B. 
Sol. Given, A = {3,5}, B = {7, 11}. 


Now, R= {(a,b):a€ A, be Banda -— bis even} 
= {(3,7), (3, 11), (5,7), (5, 11)} 

Also, A x B= {(3,7), (3, 11), (5,7), (5, 11)} 

Clearly, R=AxB 


Hence, R is an universal relation from A to B. 


Example 16. Prove that the relation R defined on the 
set N of natural numbers by xRy <> 2x* — 3xy + y? =0 


is not symmetric but it is reflexive. 
Sol. (i) 2x* —3x-x +x? =0,V xEN. 
x Rx,V x€ N,ie. Ris reflexive. 
(ii) For x =1, y =2,2x” —3xy + y’ =0 
 IUR2 
But 2-2’-3-2-1+ 17 =3 40 
So, 2 is not related to 1 ie., 2R1 


“. Ris not symmetric. 


Example 17. Let N be the set of natural numbers and 
relation R on N be defined by xR y = x divides y, 
VX, VEN. 
Examine whether R is reflexive, symmetric, 
anti-symmetric or transitive. 
Sol. (i) x divides x ie, xRx,V xEN 
“. Ris reflexive. 
(ii) 1 divides 2 ie., 1 R2 but 2k 1 as 2 does not divide 1. 
(iii) x divides y and y divides x > x =y 
ie, xRyandyRx>x=y 
“. Ris anti-symmetric relation. 
(iv) x Ry and y Rz => x divides y and y divides z. 
=> kx = yandk’y =2, where k, k’ are positive 
integers. 
= kk’x =z => xdividesz > xRz 


*. Ris transitive. 


Equivalence Relation 

A relation R on a set A is said to be an equivalence relation 
on A, when R is (i) reflexive (ii) symmetric and (iii) 
transitive. The equivalence relation denoted by ~. 


Example 18. N is the set of natural numbers. The 
relation R is defined on N x N as follows 
(a,b)R (c,d) sa+d=b+c 
Prove that R is an equivalence relation. 
Sol. (i) (a,b) R(a,b) sa+b=bt+a 
“. Ris reflexive. 
(ii) (a,b) R(c,d) >at+d=b+t+ec 
> c+tb=d+a => (c,d) R(a)b) 
*. Ris symmetric. 


(iii) (a, b) R(c,d)and(c,d) R(e, f)Sat+d=bt+c 


and c+f=dte 
=> atdtctf=bt+ct+dte 
=> a+f=b+t+e =>(a)b) R(e, f) 


.. Ris transitive. 


Thus, Ris an equivalence relation on N x N. 


Example 19. A relation R on the set of complex 


Z,-Z2. 
is real, show 


numbers is defined by z;RZ. © 
Z,+Z) 


that R is an equivalence relation. 


47% 


Sol. (i) z,Rz, > Vz,EC => Ois real 


ZZ, 


.. Ris reflexive. 


Bi. a 
: 2 is real 
Z+2Z. 


Zoo gs Z—-Z,). 
= —| 3 1 \isreal => | —2—*! is real 
Z+2Z2 Z,+Z2 


=> z,RYy,V 24,22 EC 


(ii) z,Rz.> 


“. Ris symmetric. 
Z—Z2. 

1_*? is real 
Z+2Z 


= 21-22 | _ 21 —Z2 
ZtZ ZZ 
2,-Z Z-Z 
se, fe lg 
ZtZ 2422 
— as 2 2 . 
= (212 — Z2Z2) =0 = |Z)" =|Z9] ~»-(i) 


...(ii) 


(ili) «2, Rz.> 


Similarly, z, Rz, >|z2| =|z5|° 

From Eggs. (i) and (ii), we get 
2,RZ2,Z2 Rz3 

= lal? =[zs|° 

=> RZ 

.. Ris transitive. 


Hence, R is an equivalence relation. 


Ordered Relation 


A relation R is called ordered, if R is transitive but not an 
equivalence relation. 


Symbolically, aRb,bRc > aRc,Va,b,ceEA 


For example, 

Let R = {(1, 2), (2, 1), (2, 3), (3, 2), (1, 3)}. 

Here, R is symmetric. 

Since, (1,2) € R= (2,1) € R, (2,3)€ R>(3,2)E R 
and R is transitive. 

Since, (1,2) € R,(2,3)E R = (13)ER 

but R is not reflexive. 

Since, (1,1) ¢ R, (2,2) ¢ R, (3,3)¢ R 

Hence, R is not an equivalence relation. 


*, Ris an ordered relation. 


Partial Order Relation 


A relation R is called partial order relation, if R is 
reflexive, transitive and anti-symmetric at the same time. 
For example, 


Let R= {(1,1), (2,2), (3,3), (1,2), (2,3), (1,3)} 
R™ ={(1,1), (2,2), (3,3), (2 1), (3,2),(3, 1} 
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ROR ={(1,1), (2,2), (3,3)} = Identity 

“. Ris anti-symmetric. 

It is clear that R is reflexive. 

Since, (1, 1) € R, (2,2) € R, (3,3) € Rand R is transitive. 
Since, (1,2) € Rand (2,3)e R>(1,3)ER 


Hence, R is partial order relation. 


Composition of Two Relations 


If A, B and C are three sets such that RC AX Band 
SC BxC, then (SOR) ' = R™'OS"'. It is clear that aRb, bSc 
= aSORc. 


More generally, 
(R,OR,OR,O...OR,)"' =R,'O...OR3' OR; OR;* 


Example 20. Let R be a relation such that 
R={(1,4), (3,7), (4, 5), (4,6), (7,6)}, find 
(i) R-'OR™' and (ii) (R-' OR). 


Sol. (i) We know that,(ROR)' = ROR” 


Dom (R)= {1, 3, 4, 7} 
Range (R) = {4, 5, 6, 7} 


R R 
_ eee 
== SS 


We see that, 
1 —> 4 —>5> (1,5) € ROR 
1—> 4 —>6=(1,6)€ ROR 
3 —> 7 — 65 (3,6) € ROR 
ROR = {(1,5), (1, 6), (3, 6)} 
Then, R'OR™' =(ROR)” 
= {(5, 1), (6 1), (6 3)} 
(ii) We know that, (ROR) = R'O(R"')'=R"OR 
Since, 
R= {(1, 4), (3,7), (4, 5), (4, 6), (7, 6)} 
R™ = {(4, 1), (7,3), (5, 4), (6 4), (6, 7)} 
*. Dom (R) = {1, 3, 4,7}, Range (R) = {4, 5, 6, 7} 
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Dom (R") = {4, 5, 6,7}, Range (R') = {1,3, 4,7 R R" 
ere ; ge(R)={ } 4—>6—>7=>(4,7)E ROR 


R R! 
7 —>6—>43>5(7,4)€ R'OR 


R R? 
7 —>6—>7>(7,7)€ R'OR 


 R'OR={(1, 1), (3,3), (4, 4), (7,7), (4,7), (7. 4)} 
Hence, (R7'OR)' = R'OR= {(1, 1), (3,3) 


We see that, (4, 4), (7,7), (4,7), (7; 4)} 
R Rt 
1—> 45 15(1,1)e ROR 


E Theorems on Binary Relations 


R 
3—>7 —>35(3,3)€R'OR If Ris a relation on a set A, then 
Ro (i) Ris reflexive > R’ is reflexive. 


R 
1 
- >5 > 4=>(4, 4)E RTOR (ii) R is symmetric => R™ is symmetric. 


R x 


4 ‘ 6 4=3(4,4)€ RIOR (iii) R is transitive > R' is transitive. 


Exercise for Session 2 


1. If A={2,3,5}, B = 2,5,6}, then(A-B) x (An B)is 


(a) {(3, 2), (3, 3), (3, 5)} (b) {(3, 2), (3, 5), (3, 6)} 
(c) {(3, 2), (3, 5)} (d) None of these 


2. Ifn(A) =4, n(B) =3,n(Ax Bx C)=24, then n(C) equals 

(a) 1 (b) 2 (c) 17 (d) 288 
3. The relation R defined on the set of natural numbers as 

{(a,b): a differs from b by 3} is given by 

(a) {(1 4), (2, 5), (3, 6), ...} (b) {(4, 1), (5, 2), (6, 3), ...} (c) {(1 3), (2, 6), (3, 9), ...} (d) None of these 
4. Let Abe the non-void set of the children in a family. The relation ‘x is a brother of y’ on A, is 

(a) reflexive (b) anti-symmetric (c) transitive (d) equivalence 
5. Let n(A) =n, then the number of all relations on A, is 


(a) 2” (b) 2” (c) 2” (d) None of these 


6. IfS= {1, 2, 3, ..,20}, K = {a,b, c,d}, G = {6,d, e, f}. The number of elements of (S x K) U(S x G) is 


(a) 40 (b) 100 (c) 120 (d) 140 
7. The relation R is defined on the set of natural numbers as {(a, b ):a = 2b}, then R™' is given by 

(a) {(2, 1) (4, 2) (6, 3), ...} (b) {(1, 2) (2, 4) (3, 6), ...} (c) R~' is not defined (d) None of these 
8. The relation R = {(1,1), (2,2), (3,3),(1,2),(2, 3), (4,3)} on set A = {1,2, 3} is 

(a) reflexive but not symmetric (b) reflexive but not transitive 

(c) symmetric and transitive (d) Neither symmetric nor transitive 


9. The number of equivalence relations defined in the set S = {a,b,c} is 


(a) 5 (b) 3! (c) 2° (d) 3° 
10. \fR bea relation < from A = {1,2, 3, 4} to B = {1,3, 5}, i.e. (a,b) ER & a <b, then ROR“, is 
(a) {(1, 3), (1, 5), (2, 3), (2, 5), (3,5), (4, 5)} (b) {(3, 1), (5, 1), (3, 2), (5, 2), (5, 3), (5, 4)} 


(c) {(3, 3), (3, 5), (5, 3), (5, 5)} (d) {(3, 3), (3, 4), (4, 5)} 


Session 3 


Definition of Functions, Domain, Codomain and Range, 
Composition of Mapping, Equivalence Classes, 


Partition of Set, Congruences 


Functions 


Introduction 


If two variable quantities x and y according to some law 
are so related that corresponding to each value of x 
(considered only real), which belongs to set E, there 
corresponds one and only one finite value of the quantity 
y (i.e., unique value of y). Then, y is said to be a function 
(single valued) of x, defined by y = f(x), where x is the 
argument or independent variable and y is the 
dependent variable defined on the set E. 
For example, If r is the radius of the circle and A its area, 
then r and Aare related by A= mr’ or A= f(r). Then, 


we say that the area A of the circle is the function of 
the radius r. Graphically, 


fF 


x Input —» _, Y=) 


Output 


Where, y is the image of x and x is the pre-image of y 
under f. 


Remark 


1. If to each value of x, which belongs to set E there 
corresponds one or more than one values of the quantity y. 
Then, y is called the multiple valued function of x defined on 
the set E. 


2. The word ‘FUNCTION’ is used only for single valued function. 
For example, y = Vx is single valued functions but y? =x isa 
multiple valued function. 

. y? =x=y =+ VX for one value of x, y gives two values. 


Definition of Functions 


If A and B be two non-empty sets, then a function from A 
to B associates to each element x in A, a unique element 
f(x) in B and is written as 


f:Aa7vB sed 5B 


which is read as f is a mapping from A to B. 


The other terms used for functions are operators or 


transformations. 
A B 


Remark 


1.lfx €A y =[f(x)] €B, then (x, y) ef. 
2. If (x, ¥;) €f and (Xo, Yo) Ef, then y, = Yo. 


Domain, Codomain and Range 


Domain The set of A is called the domain of f (denoted 
Codomain The set of Bis called the codomain of f 
(denoted by Cr). 


Range The range of f denoted by R, is the set consisting 
of all the images of the elements of the domain A. 


Range of f =[ f(x): x € A] 


The range of f is always a subset of codomain B. 


Onto and Into Mappings 
In the mapping f: A— Bsuch 

f(A) =B 
Le. Range = Codomain 


Then, the function is Onto and if f(A) C B, i.e. Range Cc 
Codomain, then the function is Into. 


Remark 
Onto functions is also known as surjective. 


Method to Test Onto or Into Mapping 


Let f : A— B be a mapping. Let y be an arbitrary element 
in Band then y = f(x), where x € A. Then, express x in 
terms of y. 
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Now, if xe A, V ye B, then f is onto 
and if x € A, V y€ B, then f is into. 


For into mapping Find an element of B which is not 
f-image of any element of A. 


One-one and Many-one Mapping 


(i) The mapping f : A > Bis called one-one mapping, if 
no two different elements of A have the same image 
in B. Such a mapping is also known as injective 
mapping or an injection or monomorphism. 
Method to Test One-one If x,, x, € A, 


then f(x1) = f(x2) 
> x, =x, and x, #Xx, 
= f(x1) # f(x2) 


(ii) The mapping f : A> Bis called many-one mapping, 
if two or more than two different elements in A have 
the same image in B. 

Method to Test Many-one 
If x,,x.€A, then f(x,) = f(x2) 
=> xX, FX» 
From above classification, we conclude that 
function is of four types 
(i) One-one onto (bijective) 
(ii) One-one into 
(iii) Many-one onto 
(iv) Many-one into 


Number of Functions (Mappings) at 
One Place in a Table 


Let f : A— B be a mapping such that A and B are finite 
sets having m and n elements respectively, then 


Description of mappings 


(i) Total number of mappings from A to B 


(ii) Total number of one-one mappings from A to B 


(iii) Total number of many-one mappings from A to B 


(iv) Total number of onto (surjective) mappings from A to B 


Let y = 2x, then x = ; 


Now, if we put y =5, then x => N. 


This show that 5 € N has no pre-image in N. So, f is into. 


Hence, f is one-one and into. 


Example 22. Show that the mapping 
f:R SR: f(x) =cos x, V x eR is neither one-one nor 
onto. 


Sol. Let x1, x. ER. 
Then, f (x1) = f (x2) 


=> x, =2nN ix, > x, FX 


= COS X, = COS X2 


.. f is not one-one. 
Let y = cos x, but -1< cosx <1 
ye[-11] 
[-1,1] CR 
So, f is into (not onto). 


Hence, f is neither one-one nor onto. 


Constant Mapping 


The mapping f : A > Bis known as a constant mapping, 
if the range of B has only one element. 


For all x € A, f(x) =a, where as ae B. 


Identity Mapping 
The mapping f : A> Bis known as an identity mapping, 
if f(a) =a,V ae Aand it is denoted by I,. 


Remark 
/, iS bijective or bijection. 


Equal Mapping 


Let A and B be two mappings are f: A— Band g:A—>B 
such that 


f(x)=g(x),VxEA 


Then, the mappings f and g are equal and written as 


(v) Total number of one-one onto (bijective) mappings from A to B 


(vi) Total number of into mappings from A to B 


Example 21. Let N be the set of all natural numbers. 
Consider f: NN: f(x)=2x,V XEN. Show that f is 
one-one into. 
Sol. Let x,,x, € N,then 
F(x) = (x2) 
> 2X, =2X9 DX, = Xo 


“. f is one-one. 


f=s. 

Inclusion Mapping 

The mapping f : A > Bis known as inclusion mapping. 
If ACB, then f(a)=a,VaeA. 

Equivalent or Equipotent 

or Equinumerous Set 


The mapping f : A > Bis known as equivalent sets, if A 
and B are both one-one and onto and written as A ~ B 
which is read as ‘A wiggle B’. 


Inverse Mapping 


If f : A > B be one-one and onto mapping, let b € B, then 
there exist exactly one element a€ A such that f(a) =), so 
we may define 


f 2B Art bya 
© f(a) =b 
The function f~' is called the inverse of f. A functions is 


invertible iff f is one-one onto. 


Remark 
1.7 ca 


2. Iff: A>Bandg:B—-A then/ and g are said to be 
invertible. 


Example 23. Let f :R —R be defined by 
f(x) =cos (5x + 2). Is f invertible? Justify your answer. 


Sol. For invertible of f, f must be bijective (i.e., one-one onto). 


If X1,.X,ER, 

then f(x) = f(%2) 

> cos(5x, + 2) = cos(5x_ + 2) 
> 5x, +2=2nt + (5x2 + 2) 
> xX, #X, 


“. f is not one-one. 
But —1<cos(5x +2)<1 
-1s f(x)S1 
Range =[-1,1]cC R 
.. f is into mapping. 
Hence, the function f(x) is no bijective and so it is not 
invertible. 


Composition of Mapping 


Let A, B and C be three non-empty sets. Let f : A— Band 
g:B—Cbe two mappings, then gof : A C. This 
function is called the product or composite of f and g, 


given by (gof)x =g{f(x)}VxEA. 


Important Remarks 
1. (i) (fog)x = f{g(x)} 
(iii) (gog)x = g{g(x)} 


(Vv) (f# g)x = f(x) £ g(x) 
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2. Leth: A>B,g:B—>Candf:C3+D 
be any three functions. Then, (fog) oh = fo(goh). 
3. Letf: A> 8, g:B —Cbe two functions, then 
(i) f and g are injective = gof is injective. 
(ii) f and g are surjective => gof is surjective. 
(iii) f and g are bijective = gof is bijective. 

4. An injective mapping from a finite set to itself in bijective. 
Example 24. If f:R Rand g:R—R be two 
mapping such that f(x) =sin x and g(x)= x’, then 

(i) prove that fog # gof. 


(ii) find the values of (fog) and op = 


Sol. (i) LetxeR 
( fog)x = f{g(x)} [- g(x) = x7] 

= f{x"}=sin x? (i) 

[. f(x) =sin x] 

and (gof)x = g{f(x)} 

= g(sin x) 


: 2 
=sin x 


[. f(x) = sin x] 
(ii) 
[- g(x) = x7] 
From Egg. (i) and (ii), we get ( fog)x #(gof)x,V xER 
Hence, fog # gof 
(ii) From Eq. (i), ( fog)x = sin x” 
vn nm 1 


(fog) = sin = 


and from Eq. (ii), (gof )x = sin’ x 
2 

mn. .n_ (v3) 3 
wn aa) 


Example 25. If the mapping f and g are given by 
f = {(1, 2), (3, 5), (4, 1)} 
and g = {(2, 3),(5, 1), (1, 3)}, 
write down pairs in the mapping fog and gof. 
Sol. Domain f = {1,3, 4}, Range f = {2,5, 1} 
Domain g = {2,5, 1}, Range g = {1, 3} 
Range f =Dom g = {(2,5, 1)} 
“. gof mapping is defined. 


Then, gof mapping defined following way 


fi, 3,45 4 25,1 > 01,3} 


sof 
We see that, f(1) =2, f(3) =5, f(4) =1 
and g(2) = 3, g(5) =1, g(1) =3 


(gof )(1) = g{f(1)} = g(2) =3 
(gof )(3) = g{f(3)} = g(5) =1 


808 = Textbook of Algebra 


(gof )(4) = gt f(4)} = g(1) =3 
Hence, gof = {(1, 3), (3, 1), (4, 3)} 
Now, since Range of f C Dom f 
“. fog is defined. 
Then, fog mapping defined following way 
2,5,4 5 9,34 45 25,3 


fog 
We see that, £(2) =3, g(5) =1, g(1) =3 
SO=2, fQ=sS {4-1 
( fog )(2) = fi{g(2)} = f(3)=5 
( fog)(5) = fig(5)} = Ff) =2 
( fog)(1) = fig(1)} = f(3)=5 
Hence, fog = {(2,5),(5,2),(1,5)} 


Equivalence Classes 


If R be an equivalence relation on a set A, then [a] is 
equivalence class of a with respect to R. 


Symbolically, X, or[a]={x:x € X,x Ra}. 
Remark 


. ae€falandae[b] >[a] =[6] 
. Either [a] =[6] or[a] N[b] =0 
. Equivalence class of aalso denoted by F(a) or a. 


. Ifa~b, (a-6) = k, the total number of equivalence class is m. 
m 


a fF wh = 


Example 26. Let /={0,+1,+2,+3,+4,...}.and 


R={(a,b):(a—b) /4=k,ke/} is an equivalence 
relation, find equivalence class. 
a-—b 


Sol. Given, =k 


=> a=4k +b, where0<b< 4 

It is clear b has only value in 0, 1, 2, 3. 

(i) Equivalence class of [0] = {x : x € I and x ~ 0} 
={x:x—-0= 4k} ={0,+4,+8, +12...) 
where, k =0,+1,+2,+3,... 

(ii) Equivalence class of [1] = {x : x € J and x ~ 1} 
={x:x-1=4k}={x:x=4k+1} 
={.,-11,-7,-3,1,5,9,..) 

(iii) Equivalence class of [2] = {x : x € I and x ~ 2} 

={x:x-2= 4k} ={x:x=4k +2} 
= {..,-10, —6, —2, 2, 6, 10,...} 
(iv) Equivalence class of [3] = {x : x € I and x ~ 3} 
={x:x-3=4k}={x:x = 4k +3} 
={...,-9,-5,-1,5,9, 13,...} 


. Square brackets[ ] are used to denote the equivalence classes. 


Continue this process, we see that the equivalence class 


[4] = [0], [5] = (1} [6] = [2} [7] = [3} [8] = [0] 
Hence, total equivalence relations are [0], [1], [2], [3] and 
also clear 
Gi) T= [oJ U1] U2] UB] 
(ii) every equivalence is a non-empty. 
(iii) for any two equivalence classes [a] 1 [b] = 0. 


Partition of a Set 


If A be a non-empty set, then a partition of A, if 
(i) Ais a collection of non-empty disjoint subsets of A. 
(ii) union of collection of non-empty sets is A. 
ie., If Abe a non-empty set and A,, A», A3,A,4 are 
subsets of A, then the set {A,, Ay, A3, A 4} is called 
partition, if 
(i) Ay; VA,UVAZUA,Z=A 
(ii) Ay NAz,NAZNAgq =0 
For example, 
If A = {0, 1, 2,3, 4} and A, ={0}, A, ={1}, A, ={4} and 
A, = {2,3}, then we see that for P={A,, Az, A3, Aa} 
(i) all A,;, Ay, A3,A,4 are non-empty subset of A 
(ii) A, U A» U Az U A, = {0, 1, 2,3, 4} = A and 
(iii) A; 0A; #6,Vi# j(L7=12,3,4) 
Hence, from definition P={A,, A, A3, A4} is 
partition of A. 


Congruences 


Let m be a positive integer, then two integers a and b are 
said to be congruent modulo m, if a — b is divisible by m. 
ie., m)a—b (A 

a—b 


— + 


0 


*. a—b=ma, where dis a positive integer. 


The congruent modulo ‘m’ is defined on alla be Ibya=b 
(mod m), ifa-—b=md, XE I,. 


Example 27. Find congruent solutions of 155 =7 


(mod 4). 
Sol. Since, (2 Ses Pe a7] 
4 
and a=155,b=7,m=4 
4 aod _ 155-7 _ 148 
4 4 4 


[here,a = 155,b = 7] 
= 37 (integer) 
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Example 28. Find all congruent solutions of 8x =6 => emake 
(mod 14). a eee 
+3(A+ 
Sol. Given, 8x = 6 (mod 14) = ee 
8x — 6 
= , where 1. € I, x=h+ (441), where 2€ I, 
a rs and here greatest common divisor of 8 and 14 is 2, so there 
Sy = 14A +6 are two required solutions. 


8 For A =3and7, x =6and 13. 


Exercise for Session 3 


1. The values of b andc for which the identity f(x + 1) — f(x) =8x + 3is satisfied, where f(x ) = bx? + cx +d, are 
(a)b=2c=1 (b)b =4,c =-1 (c)b=-1c=4 (d)b=-1c=1 
2. If f(x) = — ; then f(ax ) in terms of f(x) is equal to 
x+ 
f(x)+a (b) (a- NfK(x)+at1 fe cos LAC ia awa (d) None of these 
1+ af (x) (at+ Nf(x)+a-1 (a-1)f(x)+a+1 
7 e a function satisfying f (x + y)=f(x)+f(y), Vx, y ER. =k,thenf(n),n €N is equal to 
3. If f be a functi isfying f f f R. lf f(1) =k, then f Ni | 
(a) k" (b) nk (c)k (d) None of these 
4. If g = {(1,1), (2,3), (3, 5), (4, 7)} is a function described by the formula g (x) = ax + B, what values should be 
assigned to o and B? 
(a)o= 1B =1 (b)a=2B=-1 (c)a=1B=-2 (d)a=-2B=-1 
5. The values of the parameter o for which the function f(x) =1+ ox, « #0 is the inverse of itself, is 
(a) -2 (b) 1 (c) 1 (d) 2 
6. Iff(x)=(a —x")"", where a > 0 andn EN, then fof (x) is equal to 
(aja (b) x (c) x” (d)a” 
7. \ff(x)=(ax? +b), the function g such that f (g(x)) = g (F(x)), is given by 
" 13 2 1 113 b 1/2 
(a) g(x) = (6) 60) (c) g(x) = (ax? + by” (d) g(x) = 
a (ax* + b) a 
8. Which of the following functions from / to itself are bijections? 
(a) f(x) =x? (b) f(x) =x + 2 (c) f(x) = 2x +1 (d) f(x) =x? +x 
9. Letf:R- {n} > R be a function defined by f(x) = . als where m #n. Then, 
x-n 
(a) f is one-one onto (b) f is one-one into (c) f is many-one onto (d) f is many-one into 
10. \ff(x +2y,x —2y)=xy, then f(x, y) equals 
2 2 2 2 2 2 2 2 
@7— (b) x —¥ qo. (d) X —¥ 
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Shortcuts and Important Results to Remember 


Every set is a subset of itself. 
Null set is a subset of every set. 


The set {0} is not an empty set as it contains one element 
0. The set {} is not an empty set as it contains one 
element 6. 


The order of finite set A of n elements is denoted by O (A) 
orn (A). 

Number of subsets of a set containing n elements is 2”. 
Number of proper subsets of a set containing n elements 
is2” -1. 

If A=, then P(A) =; .. n(P(A)) =1. 

The order of an infinite set is undefined. 


A natural number p is a prime number, if p is greater than 
one and its factors are 1 and p only. 


Finite sets are equivalent sets only, when they have equal 
number of elements. 


Equal sets are equivalent sets but equivalent sets may not 
be equal sets. 


If Ais any set, then A c Ais true but A c Ais false. 

If ACB, then AUB=B 

ACBSAcBandA#B 

xZAUBSxe€Aandx¢€B 
X~EANBSXE€AOXEB 

If A;, Ao,..., A, is a finite family of sets, then their union is 
denoted by 1 AjorA, UAp UAg U...U A. 


If A;, Ao, Ag, ..., Ay iS. a finite family of sets, then their 
n 

intersection is denoted by cs A 
[= 


or A, A Ap A AgA...AAy- 
R —Qis the set of all irrational numbers. 


Total number of relations from set A to set B is equal to 
n(A)n(B). 

The universal relation on a non-empty set is always 
reflexive, symmetric and transitive. 

The identity relation on a non-empty set is always 
anti-symmetric. 


23 


24 


25 


26 


27 


28 


29 
30 


31 


32 


33 


The identity relation on a set is also called the diagonal 
relation on A. 

For two relations R and S, the composite relations RoS, 
SoR may be void relations. 

Every polynomial function f : R > R of degree odd is 
ONTO. 

Every polynomial function f : R > R of degree even is 
INTO. 


(i) The number of onto functions that can be defined 
from a finite set A containing n elements onto a finite 
set B containing 2 elements = 2” —2 


(ii) The number of onto functions that can be defined 
from a finite set A containing n elements onto a finite 
set B containing 3 elements = 3” — 3-2" + 3 

Ifa set Ahas n elements, then the number of binary 

relations on A=n" . 

If fog = gof, then either f-' = g org! =f. 

If f and g are bijective functions such that f: A— B and 

g:B-C, then gof : A> Cis bijective. Also, 

(of)! =f og. 

Let f: A B,g:B—C be two functions, then 

(i) f and g are injective = gof is injective 

(ii) f and g are surjective = gof is surjective 

(iii) f and g are bijective = gof is bijective 


Let f: A B,g:B—C be two functions, then 

(i) gof : A> Cis injective =f : A > Bis injective 

(ii) gof : A— Cis surjective > g :B Cis surjective 

(iii) gof : A— Cis injective and g :B >Cis surjective > 
g :B Cis injective 

(iv) gof : A> Cis surjective and g :B Cis injective > 
f: A= Bis surjective 

An injective mapping from a finite set to itself is bijective. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 6 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d), out of which 
ONLY ONE is correct. 


Ex. 1 Two finite sets have m and n elements. The total 
number of subsets of the first set is 56 more than the total 
number of subsets of the second set. The values of m and n are 


(a)7,6 (b)6,3 (c) 5,1 (d) 8,7 
Sol. (b) Since, 2” — 2" =56=8x7=2> x7 
> ar(a™—" —1)=2? x7 


> n=3and2™-"=8=2? = n=3andm-n=3 


> n=3andm-3=3 => n=3andm=6 


Ex. 2 IfaN ={ax:xeEN}andbNAcN=dN, where b, 
cé€ Nare relatively prime, then 
(a) d = bc (b) c = bd 
(c)b =cd (d) None of these 


Sol. (a) bN = The set of positive integral multiples of b 
cN = The set of positive integral multiples of c 


“. DN CN = The set of positive integral multiples of bc 
=bceN 
d=be 


[.. band c are prime] 


Ex. 3 Ina town of 10000 families, it was found that 40% 
families buy newspaper A, 20% families buy newspaper B 
and 10% families buy newspaper C, 5% families buy newspa- 
pers A and B, 3% buy newspapers B and C and 4% buy news- 
papers A and C. If 2% families buy all the three newspapers, 
then number of families which buy A only is 

(a) 3100 (b) 3300 (c) 2900 —-(d) 1400 
Sol. (b) n(A) = 40% of 10000 = 4000 
n(B) = 20% of 10000 = 2000 
n(C) = 10% of 10000 = 1000 
n(A O B) =5% of 10000 = 500 
n(B AC) = 3% of 10000 = 300 
n(C A A) = 4% of 10000 = 400 
n(A A BOC) = 2% of 10000 = 200 
We want to find n(A 7 BS ACS) =n[A A(BUC)Y ] 
= n(A)—n[A A(BUC)]=n(A) = n[(A 0 B)U(ANC)] 
=n(A)-[n(A NB)+n(ANC)-n(ANBOC)] 
= 4000 — [500 + 400 — 200] = 4000 — 700 = 3300 


Ex. 4 Let R be the relation on the set R of all real numbers 
defined by aRb iff|a — b| <1. Then, R is 
(a) reflexive and symmetric (b) symmetric only 
(c) transitive only (d) anti-symmetric only 


Sol. (a). |a—aj\=0<1 > aRaVaeR 
“. Ris reflexive. 
Again, aRb = |a-b|<1 
> |b-—al|S1=>bRa 
*, Ris symmetric. 
Again, 1 R 2 and 2R1 but 2 #1 
“. Ris not anti-symmetric. 
Further, 1R2 and 2R 3 but 1 B 


.. Ris not transitive. 


[- [t-3]/=2>1] 


Ex. 5 The relation R defined on A = {1, 2, 3} by aRb, if 
|a* — b*|<5. Which of the following is false? 
(a) R = {(1, 1), 2, 2), (3, 3), (2, 1), (1, 2), (2, 3), 3 2)} 
(b)R'=R 
(c) Domain of R = {1, 2, 3} 
(d) Range of R = {5} 


Sol. (d) Let a=1 
Then, la? -b*|<5 = [1-7 | <5 
=> |b? -1|<5 > b=1,2 
Let a=2 
Then, |a® —b?| <5 
=> |4—b?|<5 = |b’ -4|<5 
Pe b=1,2,3 
Let a=3 
Then, |a? — b?| <5 
=> I9-b?|<5 => |b? -9|<5 > b=2,3 


R= {(1, 1), (1, 2), (2, 1), (2, 2), (2; 3), (3, 2), (3, 3)} 
R= {(y, x):(x, y)€ R} 
={(1, 1), (2, 1), (1, 2), (2, 2), (3, 2), (2, 3), (3, 3} = R 
Domain of R = {x :(x, y)€ R}= {1, 2, 3} 
Range of R= {y:(x, y)€ R}= {1, 2, 3} 


Ex. 6 IF F(x) = | vy 800 = FPO) and 
h(x) = fLF{f(x)}]. Then the value of f(x)- g(x)-h(x) is 
(a) 6 (b) -1 (c)1 (d) 2 
Sol. (b) *: eo= Firto= f[*]= =a _ ae 
and h(x) = fLALF(x)} = f(g(x)) 
rar aa 
f(x) g(x)-h(x) = a : ys l) pest 
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JEE Type Solved Examples : 


More than One Correct Option Type Questions 


This section contains 3 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct. 


© Ex. 7 If is the set of integers and if the relation R is 
defined over I by aRb, iffa — b is an even integer, a, b€ I, the 
relation R is 

(b) anti-symmetric 

(d) equivalence 


(a) reflexive 
(c) symmetric 
Sol. (a, c, d) 
aRb = a — bis an even integer, a, be I 
a—a=0/(even integer) 
(aa)ER, Vael 
“. Ris reflexive relation. 


Let (a, b)€ R = (a-— b) is an even integer. 


> — (b — a) is an even integer. 
> (b — a)is an even integer. 
> (b,a)ER 


“. Ris symmetric relation. 
Now, let (a, b)€ Rand(b,c)e R 


Then, (a — b) is an even integer and (b — c) is an even 


integer. 

So, let a-—b=2x,,x,El1 

and b-c=2x,,x,E1 
(a—b)+(b-c)=2x,+ x2) 

> (a-—c)=2%Ax,+ x,)>a-c=2x, 


*. (a—c) is an even integer. 
“. aRb and bRc = aRc 


Hence, R is an equivalence relation. 


So, R is transitive relation. 


JEE Type Solved Examples : 
Passage Based Questions 


This section contains 2 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 10 to 12) 


If A={x:|x|<2}, B= {x:|x-5| <2}, 
C = {x:|x|>x} and D = {x :|x|<x} 


A relation R on given set A is said to be anti-symmetric iff 
(a, b)€ Rand (b,a)E RSa=b),Vabea. 


*, Given relation is not anti-symmetric relation. 


-1 


» Ex. 8 If f(x) = 


(a) (="9,¢9) (b) (—e, — 1) 
(c)(-1 ») (d) (0, -) 
Sol. (b, c, d) 
Let y=f(x)=9"™ = ay+ xy=a-x 
atx 

_a1-y)_ a(1— x) 

+) ff") = f"(x)= Rees 
. f "(x) is not defined for x = -1. 
Domain of f '(x) belongs to (09, — 1) U (-1, °°). 
Now, for a = — 1, given function f(x) = —1, which is constant. 
Then, f '(x)is not defined. 

a#-1 
» Ex. 9 If f(x) = sini) , where[-] denotes the greatest 


x7 +x +1 
integer function, then 
(a) f is one-one 
(b) f is not one-one and non-constant 
(c) f is constant function (d) f is zero function 


Sol. (c, d) 
Ha sin ([x]m) =0 
f(x) =0 


: ['. [x] is an integer] 
= f(x) isaconstant function and also f(x) is a zero function. 


® 10. The number of integral values in AU B is 


(a) 4 (b)6 
()8 (d) 10 
11. The number of integral values in AQ C is 
(a) 1 (b) 2 
()3 (d) 0 
» 12. The number of integral values in AX D is 
(a) 2 (b) 4 
(c) 6 (d) 0 
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Sol. (Ex. Nos. 10 to 12) © 13. AX B equals 
A = {x:|x|<2}={x:-2< x <2}=(-2,2) (a) [1, ) (b) [1,3] 
B= {x:|x-5|S2}={x:-2<5x-5<2} (c)(— -, 3] (d) (— ©, 1) U(3, ©) 


={x132 x57} =[3,7] 


C = {x:|x|> x} = (xe: x <0} =(-, 0) » 14. A - B equals 


and D={x:|x|<x}=6 (a) (<2, e2) (b) (1,3) 

10. (). AUB=(-2,2) U[3,7] ae) ose) 
Integral values in A U Bare —1, 0, 1, 3, 4, 5, 6, 7. » 15. AUB equals 
“. Number of integral values in A U Bis 8. eee (b) (3, <2) 

11. (a) A NC =(-2, 2) A (-©9, 0) = (—2, 0) See (d) (13) 


Integral value in A 1 C is —1. 
Sol. (Ex. Nos. 13 to 15) 


A={x:x? -2x +2>0}= {x:(x -1) +1>0}=(-c, &) 
B={x:x" —4x +3<0}= {x :(x —1)(x —3) <0} 
={x:1< x <3}=[1,3] 


.. Number of integral values in A 1 C is 1. 
12. (2) AN D=(-2,2)N0=60 
.. Number of integral values in A M D is 0. 


Passage II 13. (b) AN B=(-~, &) [1,3] = [1,3] 
(Ex. Nos. 13 to 15) 14. (d) A — B=(-<, 0) = [1, 3] = (-22, 1) U (3, ©) 
If A={x:x? —2x+2>0} and B= {x:x? —4x+3<0} 15. (c) A U B= (-*, 2) U[1, 3] = (—29, 2) 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


= This section contains 2 examples. The answer to each © Ex. 17 If A= {2,3}, B={4,5} andC = {5, 6}, then 
example is a single digit integer ranging from 0 to 9 n{(A x B) U (BX C)} is 


(both inclusive). 
Sol. (8) °° A x B= {2,3} x {4, 5} 


@ Ex. 16 if f :R* - A, where A={x:-5 <x <oo is = {(2, 4), (2,5), (3, 4), (3, 5)} 

pe aa gees —5 and if | and BxC ={4,5}x {5,6} 

f (13) ene —1),A,/(A -1)}, the a of A is = 14,5), (4,6), (5.5), (5.6)} 

Sol. (3) f- (13) = {x : f(x) = 13} = {x : x° —5 = 13} *. (AX B)U(BX C) = {(2, 4), (2, 5), 3, 4), (3, 5). 
={x:x? =18}={x:x = +32} 
= (35 3/2} (4, 5), (4, 6), (5, 5), (5 6)} 
={j Ja=0. A(X —D} [given] Now, n{(A x B)U(BXxC)}=8 


N=3 
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JEE Type Solved Examples : 
Matching Type Questions 


= This section contains 1 examples. Example 18 have three 
statements (A, B and C) given in Column I and four 
statements (p, q, r and s) in Column II. Any given 
statement in Column I can have correct matching with 
one or more statement(s) given in Column II. 


© Ex. 18 


Column I Column II 


(A) |R={(x y):x<y;xy EN} (p) | Reflexive 


(B) |S={(xy):x+y=10;x%y EN} (q) | Symmetric 


(C) T={(x, y):x=yor (r) | Transitive 
x-y=1;x%yeEN} 


(D) U={(xy):x* =y*;xy EN} (s) | Equivalence 


Sol. (A) — (x); (B) > (q); (C) > (p); (D) > (p, @, 5, s) 
(A) R= {(x,y):x<y;x,ye N} 
x£x (x, x)ER 


So, Ris not reflexive. 


Now, (x, y)E RSx<yHy<x>S(y,x)ER 
“. Ris not symmetric. 
Let (x, y)€ Rand(y,z)eR 
> x<y and y<z5x<z>(x,z)ER 
“. Ris transitive. 
(B) « S={(x,y):x+y=10;x,ye N} 
: x+x=10 > 2x=10 > x=5 


So, each element of N is not related to itself by the 
relation x + y = 10. 


.. Sis not reflexive. 


Now, (x,y)€ESS> x+y=105y+x=10 
=> (yxjes 


JEE Type Solved Examples : 
Statement | and II Type Questions 


= Directions Example numbers 19 and 20 are Assertion- 
Reason type examples. Each of these examples contains 
two statements: 
Statement-1 (Assertion) and 
Statement-2 (Reason) 
Each of these examples also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below: 


(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 


(C) 


(D) 


“. Sis symmetric relation. 
Now, let (3,7)€ Sand(7,3)ES > (3,3)€S 
.. Sis not transitive. 
v T={(x,y):x=yorx-y=1;x,yeEN} 
we xSx 
So, (x,x)ET,VxEN 
T is reflexive. 
Let (3,2)€ T and3-—2=1 
> 2-3=-1 > (2,3)€T 
T is not symmetric. 
Now, let (3, 2) € T and (2, 1)€ T 
a 3-2=1land2-1=1 
Then, (3,1)¢ T [23-1=2#]1] 
T is not transitive. 


U ={(x, y):x” =y*;x, ye N} 

= ha et 
(x, x)EU 

. U is reflexive. 

Now, (x, y)€U =x” =y* 

=> y =x >(y,x)EU 

.. U is symmetric. 

Now, let (x, y)€U and(y, z)€U 


> x” =y* and y* =z” 

Now, = (x”)’ =(y*)’ 

=> (x7) =(y7)* => (x7) = (2?) 

> (x7) =(z*)P = x* =2z* => (x,z)EU 


U is transitive. 
Hence, U is an equivalence relation. 


(b) Statement-1 is true, Statement-2 is true; Statement-2 


is not a correct explanation for Statement-1 


(c) Statement-1 is true; Statement-2 is false 
(d) Statement-1 is false; Statement-2 is true 


© Ex. 19 Statement-1 /fAU B=AUC and 

AMB=AQC, thenB=C. 
Statement-2 AU (BN C) =(AU B)A(AUC) 
Sol. (a) We have, B= BU(AX B) 


=BU(ANC) [<-ANB=AQC] 


=(AUC)A(BUC) 
=(ANB)UC 
=(ANC)UC 
=C 
Hence, Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation of Statement-1. 


[-AUB=AUC] 


[<AANB=ANC] 


Ex. 20 Statement-1 /fU is universal set and B=U — A, 
then n(B) = n(U) — n(A). 
Statement-2 For any three arbitrary sets A, B and C, if 
C=A-B, thenn(C) =n(A) —n(B). 


Subjective Type Examples 


= In this section, there are 12 subjective solved examples. 


Ex. 21. If A=AUB, prove thatB=AQ B. 
Sol..- A=AOB 

ACAUWUB and AUBCA 

Now, letxeE Boxe AUB [by definition of union] 

[- ACA UB] 

[- ACA UB, 


S xEA 


S xEANB 


then also AC A 2M B] 
: BCAMBandANBCB 
ANB=B 


Hence, Hence proved. 


Ex. 22 Find the smallest and largest sets of Y such that 
YU ff, 2} = {1, 2, 3,5, 9}. 
Sol. Smallest set of Y has three elements and largest set of Y 
has five elements, since RHS set has five elements. 


.. Smallest set of Y is {3, 5, 9} 
and largest set of Y is {1, 2, 3, 5, 9}. 


Ex. 23 If P,Q and R are the subsets of a set A, then prove 
that R«(P* Wy Q*)" =(RX PY A(R XQ). 
Sol. We know that from De-Morgan’s law, 
A‘ OB =(A U BY ..-(i) 
Replacing A by P* and B by Q*, then Eq. (i) becomes 
Ly MO Petr Ory 
> PAQ=(P UY [ (AS) = A] ...Gii) 
wRx(PP UY =Rx(P AQ) [from Eq. (ii)] 
=(RX P) A(R Q) [by cartesian product] 
Hence, R x (P* UQ*)’ =(RX P)A(RX Q) 
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B=U-A=A’ 
n(B) =n(A’) =n(U) — n(A) 


So, Statement-1 is true. 


Sol. (c) *- 


But for any three arbitrary sets A, B and C, we cannot 
always have 


n(C) =n(A) — n(B) 


if C=A-B 
As it is not specified A is universal set or not. In case not 
conclude 


n(C) =n(A) — n(B) 


Hence, Statement-2 is false. 


Ex. 24 Check the following relations R and for reflexive, 
symmetry and transitivity. 
(i) aRb iff b is divisible by a, where a and b are natu- 
ral numbers. 
(ii) apB iff a is perpendicular to B, where & and B are 
straight lines in a plane. 

Sol. (i) The relation R is reflexive, since a is divisible by a, R is 
not symmetric because b is divisible by a but ais not 
divisible by b. i.e., aRb = bRa 
Again, R is transitive, since b is divisible by a and c is 
divisible by b, then always c is divisible by a. 

(ii) The relation p is not reflexive as no line can be 
perpendicular to itself. The relation p is symmetric, 
since a line & is perpendicular to B, then B is 
perpendicular to & and the relation £ is not transitive, 
since a line & is perpendicular to B and if f is 
perpendicular to y (new line), then @ is not 
perpendicular to y (since, is parallel to y). 


1-x 


Ex. 25 Let f:[0,1] [0,1] be defined by f(x) =——-; 
0< x <1and g:[0,1] > [0,1] be defined by ax 
8(x) =4x(1— x),0S x <1 
Determine the functions fog and gof. 

Note that [0,1] stands for the set of all real members x 
that satisfy the condition 0 < x <1. 


Sol. (fog)x = fig(x)} = fi4x(1—x)} Pe g(x) = 4x(1— x)] 


1-4x(1- <x) [ F(x) 1-x | 
__—_E_OoO os _ » ee 

1+4x(1- x) 1 1+ x| 
—1-4x 44x" (2x -1) 

1+4x-4x? 144x-4x? 
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and (gof)x = g{f(a}=g f - “| 


1+x 
1-x 
=4 1 
1+x 


Ex. 26 If A, B are two sets, prove that 
AU B=(A-B)U(B-A)U(AN B). 
Hence or otherwise prove that 
n(AU B) =n(A) +n(B) —n(AN B) 
where, n(A) denotes the number of elements in A. 
Sol. Letxe€ AUBS>xEAorxeB 
(xe Aand x ¢ B)or(x€ B andx¢ A) 
or (xe Aand x€ B) [from definition of union] 
S x€(A-B)orxe€(B-A)orxE ANB 
S x€(A- B)U(B- A) U(A NB) 
AUBC(A- B)U(B- A)U(A NB) 
and (A-B)U(B-A)U(ANB)CAUB 
Hence, A U B=(A — B)U(B— A) U(AN B) 
Let the common elements in A and B are z and only 
element of A are x (represented by vertical lines in the 


Venn diagram) and only element of B are y (represented by 
horizontal lines in the Venn diagram) 


n(A) = Total elements of A = x + z 
n(B) = Total elements of B= y + z 
n(A ~ B) = Common elements in A and B= z 


Now, n(A U B) = Total elements in complete region of A 
and B 

=xt+yt+z 

=(x+z)+(y+z)-z 

= n(A) + n(B)-n(A OB) 
Hence, n(A U B)=n(A) + n(B) — n(A OB) 


Ex. 27 Let A = {0: 2cos’ 0 + sin® < 2} and 


B={0:m /2<0<3m/2}. Then find AN B. 
Sol. *: 2cos?0 +sin® <2 


2(1—sin’@) +sin@ <2 
> 2sin’@ — sin >0 


> sin8(2sin8 — 1) 20 


ve Abs _i-x 
[-soondes] 


> sin® (sno - ;| =0 


1 
sin®8 <0andsin®@ = — 
2 


Now, the values of 8 which lie in the interval 7 <O0< a 
[-8= (020%) 
as 2 


31 
So, 8 satisfy sin® < 0 in the interval m <0 < a 


F ? 1; : Tt ST 
and 6 satisfy sin® = — in the interval — <0 < —. 
2 2 


Ex. 28 An investigator interviewed 100 students to deter- 
mine their preferences for the three drinks; milk (M), coffee 
(C) and tea(T). He reported the following: 10 students has 
all the three drinks M, C,T;20 had M and C; 30 had C and T, 
25 had M andT; 12 hadM only; 5 had C only and 8 hadT 
only. Using a Venn diagram, find how many did not take any 
of the three drinks? 

Sol. Given, M, C and T are the sets of drinks; milk, coffee and 
tea, respectively. Let us denote the number of drinks 
(students) contained in the bounded region as shown in 
the diagram by a, b, c, d, e, f and g, respectively. 


Then, g=10 

g+f=20 => f=10 

gt+e=30 > e=20 

d+g=25 >d=15 

and a=12,b=5,c =8 

Thus, total number of students taking drinks M or C or T 
=atbt+ctdt+etfrtg 


=12+54+8+154+204+10+10=80 


[.- g = 10] 


Hence, the number of students taking none of them drinks 
= 100 — 80= 20 


Ex. 29 Ina certain city, only two newspapers A and B are 
published. It is known that 25% of the city population reads 
A and 20% reads B, while 8% reads A and B. It is also known 
that 30% of those who read A but not B, look into advertise- 
ments and 40% of those who read B but not A, look into 
advertisements while 50% of those who read both A and B, 
look into advertisements. What per cent of the population 
read on advertisement? 


Sol. Let C = Set of people who read paper A 
and D = Set of people who read paper B 


Given, n(C)=25,n(D)=20,n(C 0 D)=8 
n(C 1 D’)=n(C)-—n(C ND) 

=25-8=17 

But total number of people who read A but not B = 30% 

.. Percentage of people reading A but not B = 30% of 17 
_ 30X17 51 
~ 100~—«*10 

and n(C’ ~ D)=n(D)-n(C A D)= 20-8 = 12 

Also, total number of people who read B but not A = 40% 


.. Percentage of people reading B but not A = 40% of 12 
_ 40x12 24 
1002S 

and given total people who read A and B = 50% 


.“. Total number of people who read A and B = 50% of 8 
50 x 8 


4 
100 
.. Percentage of people reading an advertisement 
51 


24 
=—+— +4=139% 
10. 35 


Ex. 30 An analysis of 100 personal injury claims made 
upon a motor insurance company revealed that loss or injury 
in respect of an eye, an arm, a leg occurred in 30, 50 and 70 
cases, respectively. Claims involving this loss or injury to two 
of these members numbered 44. How many claims involved 
loss or injury to all the three, we must assume that one or 
another of three members was mentioned in each of the 100 
claims? 


Sol. Let the set of people having injuries in eyes, arms or legs 
be denoted by E, A and L, respectively. Then, according to 
the problem, we have 


n(E UA UL) = 30,n(E) = 30 
n(A) = 50, n(L) = 70 
and n(ENAQNL’)U(ENA’ OL) 
U(E’ AN AOL)= 44 
or MENANL’)+n(EQNA’ AL) +n(E’ ANAL) = 44 
['. each case is mutually exclusive] 
or NEN A)-n(EQNAQL)+n(ENL)-n(EQNAQL) 
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+n(EQL)-n(ENAQL)= 44 
> nN(EMNA)+n(EQL)+n(AQL) 
—3n(EQNAOL)= 44...(i) 
n(E UA UL)=100 
“mE)+n(A)+n(L)-n(EOA)-n(A QL)-n(ENL) 
+ n(EAAOL)=100 
=> 304+50+70- {444+ 3n/ENANL) 
+n(EMAOL)=100 [from Eq. (i)] 
> 6-2n(ENAOL)=0 
nEALAA)=3 
Hence, there are three claims involved in loss or injury to 
all the three. 


Aliter 
Let = Set of people having injuries in eyes 
n(E) = 30 
A = Set of people having injuries in arms 
*. n(A) =50 
and __L = Set of people having injuries in legs 
n(L) =70 


Let us denote the number of injuries contained in the 
bounded region as shown in the diagram by a, b,c, d, e, f 
and g, respectively. 


Then, b+et+tft+g=30 ..-(i) 
at+dt+et+g=50 ..-(ii) 
c+d+f+g=70 ..(iii) 

d+e+f=44 ...(iv) 
anda+b+ct+dt+et+f+g=100 ...(v) 


On adding Eqs. (i), (ii) and (iii), we get 
at+b+c+2%&Adt+e+t+ f)+3g =150 
= 100-d-e-f—g+2(d+e+t+ f)+3g =150 
[from Eq. (v)] 


> d+et+f+2g=50 

> 44 +2¢ =50 [from Eq. (iv)] 
g =3 

Hence, there are three claims involved loss or injury to all 

the three. 


Ex. 31N is the set of natural number. The relation R is 
defined on N XN as follows: 


(a,b) R(c,d) @ ad(b+c)=bc(a+d) 


Prove that R is an equivalence relation. 
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Sol. Reflexive Sol. Graph of $ 
a a ale |x-3)<1 3-1<(x-3)<1 > 2<x<4 
rue. ra 
Hence, R is reflexive. sama eeist a eer se 
Symmetric (a, b) R(c, d) So, S consists of all points inside the square (not on x # 2, 4 
me ad(b + c) = be(a +d) and y # 2, 4) bounded by the lines x = 2, y= 2, x = 4 and 
= be(a + d) = ad(b +c) ale 
S cb(d + a) =da(c + b) Graph of E 
= (c,d) R(a, b) 4x’ + 9y? —32x —54y + 109 <0 
Hence, R is symmetric. = A(x? ax\4 oy? ~ 6y) +109 <0 
Transitive 3 4 
a 3 < 
Since, (a, b) R(c, d) = ad(b + c) = be(a + a) 7 ie Ma i 
_ 42 _ 92 
ss b+c _atd = (x= 4) re 3) <1 
be ad 32 2 
Se 1 ue 1 = i 4 1 So, E consists of all points inside and on the ellipse with 
c b dia centre (4, 3) and semi-major and semi-minor axes are 3 and 
S oe! 2, respectively. 
a bed 
YR 
Ghred = ts56 22 (i) ee peed 
a bed 
wad 1 1 1 1 3 
and similarly (c,d) R(e, f) @ —- 7 =—- 7 ...(ii) 5 
c 
GY 
From Eqs. (i) and (ii), 4 KL OPP 4 
(ati Re dmndleg Rie fies foes 3| Ga 
= (a, b) R(e, f) ) LULL” vee 
So, R is transitive. Hence, R is an equivalence relation. 14 
X 
Ex. 32 The sets S and E are defined as given below: OQ ie ee eT 
S={(x, y):| x —3|<1| and| y —3| <1} and 
E={(x,y): Ax2 + gy? ~ 32x —54y +109 <0}. From the above graph, it is evident that the double hatched 


(which is S) is within the region represented by E. i.e., $C E 
Show that SC E. 


Sets, Relations and Functions Exercise 1: 
Single Option Correct Type Questions 


= This section contains 39 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct 


1. 


10. 


If A and Bare two sets, then A A(A U B) equals 
(a) A (b) B 
(c) > (d) None of these 


. If Ris a relation from a set A to a set Band Sis a relation 


from a set Bto set C, then the relation SoR 
(a) is from A toC (b) is from C to A 
(c) does not exist (d) None of these 


. Let R= {(1,3), (2,2), (3, 2)} and S = {(2, 1), (3, 2), (2, 3)} be two 


relations on set A = {(1, 2, 3)}. Then, RoS is equal 


(a) {2 3), G, 2), 2 2)} (b) {(1, 3), (2, 2), B, 2), 2, 1), (2, 3)} 
(c) (3, 2), CL 3)} (d) (2, 3) G, 2)} 


. If X and Y are two sets, then X A(Y A XY equals 


(a) X 
(c) o 


(b) Y 
(d) None of these 


. For real numbers x and y, we write x Ry @x-—y+-~2 


is an irrational number. Then, the relation R is 
(a) reflexive (b) symmetric 


(c) transitive (d) None of these 


. Let f(x) =(x + 1)? —1,(x >—1). Then, the set 


S=fafio=af “(his 
(a, ee —_ = SI i=J-1 


2 
(c) {0, —1} 


(b) {0, 1, —1} 
(d) empty 


. The number of elements of the power set of a set 


containing n elements is 


(a) 2"~! (b) 2” (c) 2" -1 (d)2"*! 


. Which one of the following is not true? 


(a) A-BCA 
(c) ACA-B 


(b) B’- A’CA 
(d)ANB’CA 


, If A= {, 2,3} and B= 3, 8}, then(A U B) x(AN B)is 


(a) {G, 1), G, 2), 3, 3), B, 8)} (b) {1 3), @ 3), B, 3), @ 3)} 
(c) {, 2), (2, 2), 3, 3), (8, 8)} (d) {8 3), 8 2), (8 1), (8, 8)} 
Let A = {p, qg, r}. Which of the following is not an 
equivalence relation on A? 

(a) Ri = {(p, 9), (7), (P. r), (P, P)} 

b) R, = (7.9). p). (1), (@ DI 


( 
(c) Rs = {(P, P), (4, 9), (7), (P. DI 
(d) None of the above 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Let A={x:x isa multiple of 3} and B={x:xisa 


multiple of 5}, then AM Bis given by 
(a) {3, 6, 9} (b) {5, 10, 15, 20, ...} 
(c) {15, 30, 45, ...} (d) None of these 


Let A = {1, 2,3}, B= 3, 4} and C = {4, 5, 6}, then 


AU(BNC)is 

(a) {3} (b) {1, 2, 3, 4} 

(c) {1, 2,5, 6} (d) {1, 2, 3, 4,5, 64 

Let A = {x, y, z}, B= {u, v, w} and f : A > Bbe defined by 
f(x)=4, 


f(y) =v. f(z) = w. Then, f is 
(a) surjective but not injective 
(b) injective but not surjective 
(c) bijective 

(d) None of the above 


If A = {2, 4} and B= 3, 4,5}, then(A 7 B) x(A U B)is 


(a) {(2, 2), G3, 4), (4,2), ©, 4)} (b) {2, 3), (4 3), (4 5)} 
(c) {(2, 4), (3, 4), (4 4), (4, 5)} (d) {(4, 2), (4, 3), (4 4), (4 5)} 


In the set X = {a, b,c, d}, which of the following 


functions in X? 

(a) R, = {(, a) (@, b), (c, d), (a, c)} 
(b) Ry = {(a, d) d, c), (B, b), (c, c)} 
(c) Rs = {(@, b) (6, c), (¢ d), (b, d)} 
(d) Ry = {(a, a) (8, b), (c, c), (a, d)} 


The composite mapping fog of the map f: RR, 


f(x)=sinx and g:R>R,g(x)=x? is 
2 


(a)x’sinx  (b)(sinx)’ —(c) sin x” (d) sinx / x? 


Which of the following is the empty set? 
(a) {x: x is a real number and x? —1 = 0} 
(b) {x : xis a real number and x” + 1 = 0} 
(c) {x : xis a real number and x? —9 = 0} 


(d) {x : x is a real number and x? = x + 2} 


In order that a relation R defined on a non-empty set A 
is an equivalence relation. It is sufficient, if R 

(a) is reflexive 

(b) is symmetric 

(c) is transitive 

(d) possesses all the above three properties 


Let A = {p, q, r, s} and B= {1, 2,3}. Which of the following 
relations from A to Bis not a function? 

(a) R = {(p, 1), @ 2), (r 1), (s, 2)} 

(b) Ry = {(p, 1), (@ 2), (v1), (8, 1} 

(c) Rs = {(p, 1), (g, 2), (r, 2), (7, 2)} 

(d) Ry = {((p, 2), (g, 3), (vr, 2), (s, 2)} 
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20. 


ray 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 
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n/m means that n is factor of m, then the relation f is 


(a) reflexive and symmetric 

(b) transitive and symmetric 

(c) reflexive, transitive and symmetric 

(d) reflexive, transitive and not symmetric 


The solution of 8x =6(mod 14) are 

(a) [8],[6] (b) [8], [14] 

(c) [6],[13] (d) [8],[14],[16] 

Let A be a set containing 10 distinct elements, the total 


number of distinct functions from A to A is 
(a) 10! (b) 10!° (c) 2° (d) 2! -1 


Let A and B be two non-empty subsets of set X such that 


A is not a subset of B, then 

(a) A is a subset of the complement of B 

(b) Bis a subset of A 

(c) A and B are disjoint 

(d) A and the complement of B are non-disjoint 


f and hare function from A — B, where A = {a, b, c, d} 
and B= {s, t, u} defined as follows 


f(Q=Lf(b)=s, f(c)=s 
f(d) =u, h(a) =s, h(b)=t 
h(c) = s, h(a) = u, h(d) =u 


Which one of the following statement is true? 
(a) f and hare functions 

(b) f is a function and h is not a function 

(c) f and hare not functions 

(d) None of the above 


Let I be the set of integer and f : I — I be defined as 
f(x)= x”, xe I, the function is 


(a) bijection 
(c) surjection 


(b) injection 
(d) None of these 


Which of the four statements given below is different 
from others? 

(a) f: A 3B 

(b) fsx flex) 

(c) f is a mapping of A into B 

(d) f is a function of A into B 


The number of surjections from A = {1,2,...,n},n 22 
onto B = {a, b}is 

(a) "P, (b) 2" -2 

(c) 2” -1 (d) None of these 

Let f : R—> Rbe defined by f(x) =3x — 4, then f~'(x)is 


(a) (+4) (x4 


(c)3x+4 (d) not defined 


f :R— Risa function defined by f(x) = 10x —7. If 
g=f ', then g(x) equals 
1 XT x 


1 
@) 10x —7 ©) 10x +7 ©) 10 ) 


=7 
10 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


Let R be a relation defined by R= {(a, b): a= b}, where a 


and bare real numbers, then R is 

(a) reflexive, symmetric and transitive 

(b) reflexive, transitive but not symmetric 

(c) symmetric, transitive but not reflexive 

(d) neither transitive, nor reflexive, not symmetric 


If sets A and Bare defined as 

A={(x,y):y=e*,xe R} and B= {(x,y): y= x, xe Rh. 
(a) BCA (b) ACB 

()ANB=6 (d) AUB 

If f : A > Bis a bijective function, then f of is equal to 
(a) fof 

(b) f : 

(c) fr 


(d) I,(the identity map of the set A) 


If f(y) = <2, oy) =§ 2, th 
f(y) ia ais en ( fog )y is 


(1-7) 
(Ce eee or Cae 
ja-y’)  jaty’) (1-y?) 


If f :R— Ris defined by f(x) = 2x +|x|, then 


f (3x) -— f(—x) — 4x equals 
(a) f(x) (b)-f(x) © fx) — (d)2f(x) 


Let Rand S be two non-void relations on a set A. Which 


equal to 


of the following statement is false? 

(a) Rand S are transitive > R US is transitive. 
(b) R and S are transitive > R 1S is symmetric. 
(c) Rand S are symmetric > R US is symmetric. 
(d) Rand S are reflexive > R OS is reflexive. 


Let f: RR g:R—- Rbe two functions given by 
f(x) = 2x -3, g(x) = x? +5. Then, ( fog) '(x) is equal to 


o(2)'o(--J" oS) o (8) 
If f(x) =ax + band g(x)=cx +d, then f(g(x)) = g(f(x)) 
eS 


(a) f(a) = g(c) (b) f(b) = g(b) 

(c) f(d) = gtd) (d) f(c) = g(a) 

If f:R3R g:R—- Rbe two given functions, then 
f(x) =2 min (f(x)-— g(x),0) equals 

(a) f(x) + g(x) —| g(x) — f(x)| 

(b) f(x) + g(x) + | g(x) — f(x) 

(c) F(x) — g(x) + | g(x) — f(x)| 

(d) f(x) — g(x) —| g(x) — F(x)| 

Let f: ROR g:R- Rbe two given functions, such 


that f is injective and g is surjective, then which of the 
following is injective? 


(a) gof (b) fog (c) gog (d) fof 
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Sets, Relations and Functions Exercise 2 : 
More than One Correct Option Type Questions 


= This section contains 3 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which MORE THAN ONE may be correct. 
40. Let L be the set of all straight lines in the Euclidean plane. 
Two lines /, and 1, are said to be related by the relation R 
iff], is parallel to /,. Then, the relation Ris 


(a) reflexive (b) symmetric 


(c) transitive 


41. Let X = {1, 2,3, 4,5, 6} and Y = {1, 3, 5,7, 9}. Which of the 


(d) equivalence 


following is/are relations from X to Y? 


(a) R, ={(x, y):y=2+x,xEX,yeY} 
(b) Re = {0, 1), 2, 1), (3, 3), (4 3), (G, 5)} 
(c) Rs = {(1, 1), 0, 3), (3, 5), @ 7), 6 7)} 
(d) Ry = {(1, 3), (2,5), @ 4), (7, 9)} 


42. Let the function f : R— {-b} > R— {1} be defined by 
F(x) = 


xt+a 


(a # b), then 
x+b 


(a) f is one-one but not onto 
(b) f is onto but not one-one 
(c) f is both one-one and onto 
(d) f "(@) =a-2b 


Sets, Relations and Functions Exercise 3: 


Passage Based Questions 


= This section contains 2 passages. Based upon each of 
the passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 
(b), (c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Q. Nos. 43 to 45) 


Let f and g be real valued functions defined as 


Tx? +x-8 x<l |x|, x<-3 
f(@x= 4x +5, l<x<7 g(x) =30, —3<x<2 
8x + 3, x>7 x°+4,x2>2 


43. The value of (gof) (0) + (fog) (3) is 


(a) -8 (b) 0 
(c) 8 (d) 16 
44, The value of 2 fog) (7) — (gof) (6) is 
(a) 9 (b) 11 
(c) 13 (d) 15 


45. The value of 4(gof’) (2) — (fog) (9) is 
(a) 0 (b) 2 (c) 5 
Passage II 
(Q. Nos. 46 to 48) 
R, on Z defined by (a, b) € R, iff|a—b| <7, R, onO 
defined by (a, b)€ R» iffab=4 and R; on R defined by 
(a, b)€ R; iff a” — 4ab+3ab" =0. 
46. Relation R, is 


(a) reflexive and symmetric (b) symmetric and transitive 


(d) 9 


(c) reflexive and transitive (d) equivalence 


47. Relation R, is 


(a) reflexive (b) symmetric 


(c) transitive (d) equivalence 


48. Relation R; is 


(a) reflexive (b) symmetric 


(c) transitive (d) equivalence 


Sets, Relations and Functions Exercise 4: 


Single Integer Answer Type Questions 


= This section contains 6 questions. The answer to each 
question is a single digit integer, ranging from 0 to 9 
(both inclusive). 


49. In a group of 45 students, 22 can speak Hindi only and 
12 can speak English only . If (2A + 1) student can speak 
both Hindi and English, the value of A is 


50. tA=|xjcosx>—1 and ox and 


1 
={x|sinx> Zand < xn] andifmh <A B< my, 
2 3 


the value of (A + |) is 
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51. IfS=R A={x:-3<x<7} and B={x:0<x<10}, the 
number of positive integers in AAB is 


52. Two finite sets have m and n elements. The total number 
of subsets of the first set is 48 more than the total 


number of subsets of the second set. The value of m — n is 


53. If two sets A and Bare having 99 elements in common, 
the number of elements common to each of the sets 


AX Band Bx Aare 121A’, the value of A is 


Sets, Relations and Functions Exercise 5: 


Matching Type Questions 


= This section contains 2 questions. Questions 54 and 
55 have three statements (A, B and C) given in Column 
I and four statements (p, q, r and s) in Column IT and 
questions 70 and 71 have four statements (A, B, C and 
D) given in Column I and five statements (p, q, r, s 
and t) in Column II. Any given statement in Column 
I can have correct matching with one or more 
statement(s) given in Column II. 


54. The functions defined have domain R. 


Column I Column II 
(A) |7x +1 (p) | onto [—1, 1] but not one-one 
[0, 7] 
(B) | cosx (q) | one-one on [0, 71] but not 
onto R 
(C) | sinx (r) | one-one and onto R 
(D) |} 1+ Inx (s) | one-one on (0, °°) 


59. The domain of the function f(x) is denoted by 


Dr. 
Column I Column II 
(| fj aiG—~ tan" (? =) (p) vu, [2kn, (2k + 1)r] 
then Dy is 
(B) | f(x) = logy) (1 — logy, (q) | [-4,-2] V[0, 2] 


(x* —5x + 16)), then Dr is 


(C) f(x) = cos [ 


is 


} then Dr (r) | (2,3) 


2+ sinx 


(D) f(x) = J(sinx) + ./(16 — x’), then (s) 


Dy is 


Sets, Relations and Functions Exercise 6: 


Statement | and II Type Questions 


= Directions Question numbers 56 to 59 are 
Assertion-Reason type questions. Each of these 
questions contains two statements : 
(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1. 
(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1. 
(c) Statement-1 is true, Statement-2 is false. 


(d) Statement-1 is false, Statement-2 is true. 


56. Statement-1 Ifa set A has n elements, then the 


2 
number of binary relations on A=n” . 
Statement-2 Number of possible relations from A to 


A=2" 


97. Statement-1 If A = {x| g(x) =0} and B= {x| f(x) =0}, 
then A A Bbe a root of {f(x)}” + {g(x)}* =0. 
Statement-2 xe ANBSxeEAorxe B. 

58. Statement-1 P(A) P(B) = P(A B), where P(A) is 
power set of set A. 

Statement-2 P(A) U P(B)= P(A UB) 
59. Statement-1 If Sets A and Bhave three and six 


elements respectively, then the minimum number of 
elements in A U Bis 6. 


Statement-2 A B=3. 
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Sets, Relations and Functions Exercise 7: 


Subjective Type Questions 


= In this section, there are 15 subjective questions. 


60. 


61. 


62. 


63. 


64. 


65. 


Let A = {x: x is a natural number}, 
B={x:x is an even natural number}, 


C ={x:x is an odd natural number} 
and D = {x: x is a prime number}. 


Find 
(i) ANB (ii) ANC 
(iii) BAD (iv) CAD 


Let U be the set of all people and M = {Males}, 

S= {College students}, 

T = {Teenagers}, W = {People having height more than 
five feet}. 


Express each of the following in the notation of set 
theory. 


(i) College student having heights more than five feet. 
(ii) People who are not teenagers and have their height 
less five feet. 
(iii) All people who are neither males nor teenagers nor 
college students. 


The set X consists of all points within and on the unit 
circle x” + y” =1, whereas the set Y consists of all points 
on and inside the rectangular boundary x = 0, x = 1, 
y=-—1and y=1. Determine X UY and X MY. Illustrate 
your answer by diagrams. 


In a group of children, 35 play football out of which 20 
play football only, 22 play hockey; 25 play cricket out of 
which 11 play cricket only. Out of these 7 play cricket and 
football but not hockey, 3 play football and hockey but not 
cricket and 12 play football and cricket both. 

How many play all the three games? How many play 
cricket and hockey but not football, how many play hockey 


only? What is the total number of children in the group? 


Of the members of three athletic team in a certain 
school, 21 are on the basketball team, 26 on the hockey 
team and 29 on the football team. 14 play hockey and 
basketball, 15 play hockey and football, 12 play football 
and basketball and 8 play all the three games. How 


many members are there in all? 


In a survey of 200 students of higher secondary school, it 
was found that 120 studied Mathematics; 90 studies 
Physics and 70 studied Chemistry; 40 studied 
Mathematics and Physics; 3 studied Physics and 
Chemistry; 50 studied Chemistry and Mathematics and 
20 studied none of these subjects. Find the number of 


students who studied all the three subjects. 


66. 


67. 


68. 


69. 


70. 


ii, 


In a survey of population of 450 people, it is found that 
205 can speak English, 210 can speak Hindi and 120 
people can speak Tamil. If 100 people can speak both 
Hindi and English; 80 people can speak both English and 
Tamil, 35 people can speak Hindi and Tamil and 20 
people can speak all the three languages, find the 
number of people who can speak English but not a Hindi 
or Tamil. Find also the number of people who can speak 
neither English nor Hindi nor Tamil. 

A group of 123 workers went to a canteen for cold 
drinks, ice-cream and tea, 42 workers took ice-cream, 36 
tea and 30 cold drinks. 15 workers purchased ice-cream 
and tea, 10 ice-cream and cold drinks, and 4 cold drinks 
and tea but not ice-cream, 11 took ice-cream and tea but 
not cold drinks. Determine how many workers did not 


purchase anything? 
Let n be a fixed positive integer. Define a relation R on I 
(the set of all integers) as follows: 
a R biff n| (a— b)ice., iff (a — b) is divisible by n. Show 
that Ris an equivalence relations on I. 
N is the set of positive integers. The relation Ris defined 
on N x Nas follows: 
(a, b) R(c,d) = ad = be 

Prove that Ris an equivalence relation. 
The following relations are defined on the set of real 
numbers. 

(i)aRbS|a—b|>0 

(ii) a Rb |al =|D| 
(iii) aRb&|a|=|b| 
(iv)aRb@i+ab>0 
(v)aRbs|al<b 


Find whether these relations are reflexive, symmetric or 
transitive. 


Let A = {x:-1< x <1}= B for each of the following 
functions from A to B. Find whether it is surjective, 
injective or bijective 
a x 
(i) f(x) = 2 
(ii) g(x) =|x| 
(iii) h(x) = x| x| 
(iv) k(x) = x? 


(v) I(x) = sintx 
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If the functions f and g defined from the set of real 

numbers R to Rsuch that f(x)=e* and g(x) =3x -2 

then find functions fog and gof. Also, find the domain of 

the functions ( fog)' and (gof)™'. 

If f(x) = is — 
x” +2x 


Show that f is one-one. Also, find the function 
d( f(x) 


dx 


, then find the domain and range of f. 


and its domain. 


74, 


If the functions f, g and h are defined from the set of 


real numbers R to Rsuch that 


f(x)= x? -1, g(x) = v(x? +1), 


0, if x<0 
A(x) = : 
x, if x20 


Then, find the composite function hofog and determine 
whether the function fog is invertible and h is the 
identity function. 


Sets, Relations and Functions Exercise 8 : 
Questions Asked in Previous 13 Year's Exam 


= This section contains questions asked in IIT-JEE, 
AIEEE, JEE Main & JEE Advanced from year 2005 


to 


75. 


76. 


77. 


78. 


79. 


year 2017. 


Let R = {(3, 3), (6, 6), (9, 9), (12, 12), (6, 12), (3, 9) be a relation 
on the set A = {3, 6, 9, 12}. 
The relation is [AIEEE 2005, 3M] 
(a) an equivalence relation 

(b) reflexive and symmetric only 

(c) reflexive and transitive only 

(d) reflexive only 


Let W denotes the words in the English dictionary. 

Define the relation R by R= {(x, y)= W xX W} the words x 

and y have atleast one letter in common, then R is 
[AIEEE 2006, 3M] 

a) not reflexive, symmetric and transitive 

b) reflexive, symmetric and not transitive 

c) reflexive, symmetric and transitive 


pe ee ae 


d) reflexive, not symmetric and transitive 
Let R be the real line, consider the following subsets of 
the plane R x R such that [AIEEE 2008, 3M] 
S={(x,y):y=x+land0< x <2} 
T = {(x, y): x —y is an integer}. 
Which one of the following is true? 


(a) Both S and T are equivalence relations on R 

(b) S is an equivalence relation on R but T is not 

(c) T is an equivalence relation on R but S is not 

(d) Neither S nor T is an equivalence relations on R 


If A, Band C are three sets such that AM B= AMC and 
AUB=AUC, then [AIEEE 2009, 4M] 
(al ANB=0 (b) A=B 
(c) A=C (d) B=C 


Let S = {1, 2,3, 4}. The total number of unordered pair of 


[lIT-JEE 2010, 5M] 
(d) 41 


disjoint subsets of S is equal to 
(a) 25 (b) 34 (c) 42 


80. 


81. 


82. 


83. 


Consider the following relations. 


R= {(x, y)|x, y are real numbers and x = wy for some 
rational number w } 


“9 


and qm = pn}, then 


m,n, p and q are integers such that n, q #0 


[AIEEE 2010, 4M] 
(a) neither R nor S is an equivalence relation 


(b) S is an equivalence relation but R is not an equivalence 
relation 


(c) Rand S both are equivalence relations 


(d) Ris an equivalence relation but S is not an equivalence 
relation 


Let P = {0 :sin® — cos@ = V2 cos} and 
Q = {0 :sin® + cos = V2 sin0} be two sets. Then, 
[lIT-JEE 2011, 3M] 


(a)P CQandA-P#¥0 (b)O¢P 

()P€Q (d) P=Q 

Let f(x) =x” and g(x) =sin x for all x € R.Then, the set 
of all x satisfying (fogogof )(x) = (gogof ) (x), where 

( fog)(x) = f(g(x)) is [IIT-JEE 2011, 3M] 
(a) + Jnm,n €{0,1,2,...} 

(b) + nt, ne {1,2,3,...} 

(c) - + Qnt,n €{...,-2, -1,0,1,2,...} 

(d) 2nm, n € {...,-2, —1, 0, 1, 2, ...} 

Let R be the set of real numbers. 


Statement-1 A ={(x,y)€ Rx R:y-— xis an integer} is 
an equivalence relation on R. 
Statement-2 B= {(x,y)e€ RX R: x =ay for some 


rational number ©} is an equivalence relation on R. 
[AIEEE 2011, 4M] 


(a) Statement-1 is true, Statement-2 is true; Statement-2 is 


not a correct explanation for Statement-1 
(b) Statement-1 is true, Statement-2 is false 
(c) Statement-1 is false, Statement-2 is true 


(d) Statement-1 is true, Statement-2 is true; Statement-2 is a 


correct explanation for Statement-1 


84. Let A and Bbe two sets containing 2 elements and 4 


elements, respectively. The number of subsets of A x B 
[JEE Main 2013, 4M] 


having 3 or more elements, is 
(a) 220 (b) 219 (c) 211 (d) 256 
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85. If X = {4" -3n-1:ne N}andY = {9(n—-1):n = N}, where 


N is the set of natural numbers, then X UY is equal to 


[JEE Main 2014, 4M] 
(a) X (b) Y (c) N (d) Y-X 


86. Let A and B be two sets containing four and two 


elements, respectively. Then, the number of subsets of 
the set A x B, each having atleast three elements is 

[JEE Main 2015, 4M] 
(a) 275 (b) 510 (c) 219 (d) 256 


Answers 


Exercise for Session 1 
1.(b) 2. (d) 3. (c) 4. (b) 5. (a) 6. (c) 
7.(d) 8c) 9. (a) 10.(c) 11. (d) 


Exercise for Session 2 


I.(c) 2. (b) 3. (b) 4.(c) 5.(c) 6c) 
7.(b) 8. (a) 9.(a) 10. (c) 


Exercise for Session 3 


1.(b) 2. (c) 3. (b) 4.(b)  5.(b) 6. (b) 
7.(d)  8.(b) 9.(b) 10. (a) 


Chapter Exerises 
1. (a) 2. (a) 3. (a) 4. (d) 5. (a) 6. (c) 
7.(b) — 8.(c) 9.(b)  10.(d) 11. (c) ‘12. (b) 
13.(c) 14.(d) —15.(b) 16. (c)_—-17.(b)_—«‘18. (d) 
19.(c) 20.(d) 21. (c) ~—-22.(b)~—23.(d)_—-24. (b) 
25.(d) 26.(b) —27.(b) ~—-28.(a) ~—-29.(c) 30. (b) 
31.(b) 32.(d) 33.(c) ~—-34.(d)_—35.(a)_— 36. (d) 
37.(c) 38. (d) 39. (d) 40. (a,b,c,d) 41. (a,b,c) 
42. (c,d) 43.(b)  44.(a) 45d) 46.(a)_—47.(b) 
48.(a) 49.(5)  50.(1) 51.3) 52.2) 53.(9) 
54. (A) > (x); (B) > (q); (©) > (p); D) > (s) 
55. (A) > (s); (B) > (2); (C) > (p); (D) > (aq) 
56.(b) 57.(c) 58.(c) _—-59.(a) 
60. (i) B (il) C (iii) {2} (iv) {x : xis an odd prime, natural number} 
61. (i) S AWG) T’ OW’ (iit) (MUT USY’ 


62. X UY = {(x, yi t+ y <i or0<x<land-1< y<1} 
X AY ={@, y)ix + y¥ Slandx2 0} 


63. 5, 2, 12, 60 64. 43 65. 20 66. 45, 110 
67. 44 
70. (i) Not reflexive, symmetric, not transitive 
(i1) Reflexive, symmetric, transitive 
(iii) Reflexive, not symmetric, transitive 
(iv) Reflexive, symmetric, not transitive 
(v) Not reflexive, not symmetric, transitive 
71. (i) Injective (i1) Injective 
(iii) Bijective (iv) Not injective 
(v) Surjective 
72. (fog)x = &*~7;x ER (gof)x = 3e° — 2;x ER 
Domain of (fog)! (x) = (0, ©). 
Domain of (gof) | (x) = (-2, ©). 


73. = R- {fh} 
(l- x) 
= I 
oO 2 , Domain of oO R- { 
dx (l-x) Ix 


z 
a< 
74. (hofog) x = . a = . his not an identity function and fog is not 
x 20 


invertible. 
75.(c) 76. (b) 77. (c) 78. (d) 79.(d) 80. (b) 
81.(d) 82. (a) 83. (a) 84. (b) 85.(b) 86. (c) 


> (V2 — 1) is an irrational number. 


a) 
and (2, 3) € R, then(2 -—3+ V2) is an irrational number. 
> (V2 - 1) is an irrational number. 
(,3)eRS0-3+ V2) is an irrational number. 


> (V2 — 2) is an irrational number. 


So, (1, 2) € R and (2, 3) € R (1, 3) € R (by any way) 
1. By Venn diagram. .. Ris not transitive relation. 


=x? 4+14+2x-1=x7’+2x 


eeeeeeeeeis S={x: fix) = fa} 


Sis the set of point of intersection of (y = x) and tf. 


Now, solve y =xand f(x) =x? + 2x 
It is clear that AN (AU B)=A 
x" +2x=x 


R S 2 
A B B C x +x=0 
x(x+1)=0 
R S 


7. Let set A contains n elements. 
Power set of A is the set of all subsets. 
*, Number of subsets of A ="C, + "C, + "C, +...+ "C, =2" 


-. Power set of A contains 2” elements. 
8. By Venn diagram, it is clear that 


R 
oe A-BCA and B’-A’CA and ANB’ CA 


SoR is the relation from A to C. 


but Ag A-B 
3. R={(1, 3), (2, 2), : a 9. A={1, 2,3} 
S ={(2, 1), (3, 2), 
aa B={3, 8} 
AU B={1, 2,3, 8} 
AN B=} 
belt (A U B)x(AN B) =(1,2,3, 8} x 3} 
= {(1, 3), @ 3), @, 3) (8, 3)} 

10. A={p,qr} 


RoS ={(2, 3), (2, 2), (3, 2)} 
4. XA(YAXY =X A(YUX’) 
=(X NY’ )U(X 9 X’) 


a eal R= Kr gulrs Puls GQ} 


Here, (p, p) € R,, so R, is not reflexive relation. 


R, = (p,q), (Gr), (P. 1), (P, PI} 


(q, q) € R,, so R, is not reflexive relation. 


So, R, is not an equivalence relation. 


5. xRy = (x-yt V2) is an irrational number. So, R, is not an equivalence relation. 


Para et a R= {(p. P). (4.9). (r, 7), (P @)} 
Then, x — x + J2 = V2 which is an irrational number. R, is an reflexive relation. 


xRx,VxeER (p, a) € R, but (q, p) € R; 
*, Ris an reflexive relation. R, is not symmetric relation. 
xRy S(x-yt J2 ) is an irrational number. So, R, is not equivalence relation. 
=>-(y-x- V2) is an irrational number. 11. A={x: xis a multiple of 3} 


=>(y-x- 2) is an irrational number. ae a ones . NY 

B={x: xis a multiple of 5} 
B={x:x=5n,neN} 

So, xRy = yRx ..R is not a symmetric relation. AB ={x: xis a multiple of both 3 and 5} 
Let (1, 2) € R, then(1 —2 + a2) is an irrational = {15, 30, 45, ...} 


number. 


yRxeeo(y-xt V2) is an irrational number. 


6. f(x) =(x+1)?-1 fie 2] 


12. Az=({1, 2,3}, B= {3, 4}, C ={4, 5, 6} 
> BOce= {4} 
and AU(B OC) = {1, 2, 3, 4} 

13. A={x, y, z}, B= {u, v, w} 
Now, f: A> B 


f is one-one and f is onto. 


14. A= {2, 4} 
B= {34,5} 
AQ B= {4} 


AU B={2,3, 4,5} 
(A 7 B)X(A U B) = {(4, 2), (4 3), (4 4), (4 5)} 
15. X ={a, b,c, d} 
R, = {(, a), (@, b), (c,d), @ ©)} 
(a, b) € R, and(a,c) € R, 
..R, is not a function. 


R, = (4 4), d, ¢), (b, b), (6 c)} 


x 
ae, 
ee 
ras 
Le 
Hence, R, is a function. 
16. f:ROR 
=> f(x) =sinx andg:R-~R 
=> &(x) = x? 


Range of gis R* U {0}, which is the subset of domain of f. 
.. Composition of fog is possible. 


fog = f(g(x)) = f(x") 


=sinx* 
17. x°-1=0 
—3 x=-11 
-.xisreal,q x’? +1=0 
=> x=ti 


-. xis notreal, x? -9=0 


=> CaaS 
-.xisreal x?-x-2=0 
=> x=2,-1 
*, xis real. 
18. By definition for equivalent relation. 
R should be reflexive, symmetric, transitive. 


19. -. x - coordinates of two brackets are same. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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n ; 
— means that n is a factor of m. 
m 


So, f is reflexive. 
+: A number is a factor of itself. 
Now, if nis a factor of m, then mis not a factor of n 


.. f is not symmetric. Let n is a factor of mand mis a factor of 
s, then it is true that n is a factor of s. 


.. f is transitive. 
8x -—6 
A =——,, where € 1, 


14A +6 
8x=144 +6 > x= us 


aa 4 “( + 1), when A € I 


and here greatest common divisor of 8 and 14 is 2, so there are 
two required solutions. 


for’ =3andA =7, x =6, 13 or x =[6][13] 
n(A) = 10 
Total number of distinc Functions from A to A = 107°. 


AcXandBcxXandAcCB 


In all 3 possible cases, 


A BB xX A B xX 


A = {a, b,c, d} 
B={s, t, u} 


A B 
a 
1 
ee 


It is clear that f is a function. 

But in relation h, a have h image s and u. 
So, his not a function. 

f(x)ax?, x EZ 


. f is not one-one 

Range of f is set of whole number. 
Which is a subset of Z. 

.. f is not onto. 


It is obvious. 


828 = Textbook of Algebra 


27. A=({1,2,...,.n}n 22 32. f: ADB 
B ={a, b} f is a function, then f Tisalsoa oo function. 
Number of into functions from A to B =2 ie function (f~ Ae 


Total Numer of functions from A to B = [n(B) J" =? 


“. Total Number of onto functions from A to B = 2" —2 
28. f:ROR 

=> f(x) =3x-4 

f is one-one onto function. 


oo Let =3x-4 = 
y+4 ene Tron” eer ) 
3 
Replace x by y > y = — =f (x) and (fog)y = f(g(y)) = f 5] 
29. f:ROR y - y : 
x ise Yat y oe kee 
It is clear that f is one-one and onto. / __ Sar 
.. Let y =10x-7 (+y’) ay) 
34. f:ROR 
x=¥4T 2 51g) 7 eee 
Lf x+7 When x 2 0, then f(x) =2x + x =3x 
= T= 10 When x <0, then f(x) =2x-x=x 
30. R={(a,b):a>b} Now, when x > 0 
We know that, a >a f£Bx) — f(-x) — 4x = 36x) -(-x) -— 4x =9x + x - 4x 


=6x ee 4 


(aa)ER,VaeR 


Ris a reflexive relation. Whenseu a ae 
Let (a,b) ER fx) — f(-x) — 4x =3x —(-3x) — 4x = 2x =2f(x) 
= az2b 35. Let A={1,2,3}, R={(1, 1) (1,2) 
aad ba and S = {(2, 2), (2,3)} 
> (b,a)ER be the transitive relation on A. 
So, R is not symmetric relation. Then, R U S = {(1, 1,) (1, 2)(2, 2) (2, 3)} 
Now, let (a, b) € Rand (b,c) € R. R U Sis not transitive, because (1,2) € RUS 
= a>b-and be and (2,3) é€ RUS but (1,3) €R US. 
> a>c 36. f:ROR 
:ROR 
> (a,c) ER ae 
*, Ris a transitive relation. a(x) = ee 
31. A={(xy):y =e", xe R} 3 : 
ey eeen) = (fog)(2) = fal) = fle? + 5)=2(x° +5) 3 
=2x° +7 
Now, let y =2x° +7 
2x3 =y-7 


Replacing x by y, we get 


7 sy 
. 2 


1/3 
nas : (fog) (x) = (2 ~ ") 


37. 


38. 


39. 


40. 


M1. 


42. 


f(x) =ax+b 
a 
F(g(x)) = a(f(x)) 
Poa = g(ax + b) 
accx + d)+ b=c(ax+b)+d 
acx+ad+b=acx+be+d 
ad+b=cb+d 
F(a) = g(b) 
f:RORg:ROR 
fx) =2 min f(x) — @(x),0) 
Let f(x) — g(x) > 0, then 
F(x) = f(x) — g(x) —| f(x) x)| and f(x) — g(x) < 0, then 
F(x) = 2[ f(x) - ate) = 190) — a(x)] — | F(x) — g(x)| 
f:R— Rand g:R- Rsuch that f is injective and +g is 


surjective. 
Then, g may be one-one or many-one. 


If g is one-one, then gof is one-one. 

fog is one-one 

gog is one-one 

But if g is many-one, then gof is not one-one. 
fog is not one-one. 

gog is many-one 

Now, fofis one-one 


Relation R on the set of all straight lines in the plane is of 
parallel line. 


A line is parallel to itself. So, R is reflexive. 
If], is parallel to 1, , then /, is parallel to 1,. 
.. Ris symmetric relation. [I,, 1, € L] 

Let 1,, 1,, 1, € L 

I, is parallel to 1, and 1, is parallel to J,. 
Then, |, is parallel to 1,. 

. Ris transitive relation. 

So, R is equivalence relation. 

X = {1, 2,3, 4,5} 

Y = {1, 3, 5, 7, 9} 

(a)R, ={(4 y):y=2+xxEX,yeY} 


x=1 y=2 
x=2 y=4 
x=3 y=s 
x=4 y =6 
x=5 y=7 


So, R, is a relation from X to Y. 


(b) R, = 40, 1), (2, 1), G: 3) (4, 3), (5, 5)} 
R,cxXxXY 
(c) R; = {(1, 1), (1, 3), (3, 5) 65, 7)} 
R,coXxXY 
(d)R, EX XY 
fFiR=LNS R- 
x+ra 
fixy=- 


Let x, x, € Dy 
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xX,+a x ,+a 
oy 1 _* 
b x, +b 


=> xx, + bx, + ax, + ab = x,x. + ax, + bx, + ab 


829 


[a #b] 


> D(x, — X_) = a(x, — X») 
> (x, — x,)(b-—a) =0 
=> X, = Xp 
.. f is one-one function. 
Now, let y= ai 
x+b 
xy+by=x+t+a 
x(y —1) =a —by 
a—b = a-—b 
=~ and fy) => 
pos yet 
yeR-{l} 
xis defined, Vy € R — {1} 
f7(2) 4." - ag oh 


oe (Q. Nos. 43 to 45) 


[a #b] 


(gof)(0) = g(f(0)) = g(7(0)* + 0- - 

= ea = o = 

and — (fog) (-3) = f(g(-3 ie 10)’ +0-8=-8 

(gof )(0) + (fog) i“ =—-8+8=0 
44. (fog)(7) = f(g(7)) = f7’ + 4) = f(63) 

= 8(53) + 3 = 427 

and (gof )(6) = g(f(6)) = g(4 X6 +5) + g(29) 
=(29)? + 4=845 

2 fog)(7) — (gof )(6) =2 x 427 — 845 =9 


45. (gof)(2) = g(f(2)) = g(4 x2 + 5) = g(13) 


= (13)? + 4=173 


and (fog)(g) = f(g(9)) = f9" + 4) = f(85) 
=8 X85 +3 =683 
A(gof)(2) — (fog)(9) = 4 x 173 — 683 =9 


Sol. (Q. Nos. 46-48) 
46. We have, (a, b) € R, iff|a — b| <7, where a, b Ez 
Reflexivity Leta ez 


=> a-a=0 
> |a—a| <7 
=> 0<7 
> (a,a)ER, 
.. The relation R, is reflexive. 
Symmetry 
(a, b) € R, 
=> ja—b| <7 = |Hb-a)| <7 
=> |b—al\ <7 => (b,a)ER, 


.. The relation R, is symmetric. 

Transitivity We have (2, 6), (6,10) € R, because 
2-6 =4<7 and |6-10|=4<7 

2-10|=8 £7 

(2,10) € R, 


Hence, the relation R, is not transitive. 


Also, 
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47. We have (a, b) € R, iffab = 4, where a,b €Q 50. . eee and0Q<x<7m 
Reflexivity 5 <Q and(5)(5) =25 #4 2 
27 27 
Fe (5,5) € Ry > ——<x<— and 0<x<7 
The relation R, is not reflexive. 3 3 
2 
Symmetry > 0<x< = 
a,b)ER 
> ab=4 > ba=4 a alae s| 
=> (b, a) € R, 
“. The relation R, is symmetric. Again, sinx > : and 2 <x<n 
1 1 
Transitivity We have (s, | ; (; s € R, because tT 51 
2 2 > <x< and —<x<m7 
; ‘ 6 6 3 
am = = 1 51 
s(*as a (Joes oe 
3 6 
Also, 8(8) =64 #4 [a 5% 
B=\—,— 
(8,8) ¢ R, [3° 6 


3 
. The relation R, is not transitive. [x 2n 

48. We have, (a, b) € R, iff a” — 4ab + 3b” =0 Now, ANB= [3° = 
wherea,be R 


T 2n 
Reflexivity 3 SANB< 3) 
a’ — 4a-a + 3d* = 4a’ — 4a” =0 
leaen: Here X= - and w=- 
.. The relation R, is reflexive. A+ = 
Symmetry 51. Here, A=[-3,7), B =(0, 10) 
Pe ae. - - and  $ =(~00, o 
=> a’ — 4ab + 3b“ = 0, we geta=b anda =3b A=8=[-50] and B= A=1710) 
a ek AAB =(A — B) U(B— A)=[-3, 0] U [7, 10) 
— b* — 4ab + 3a° =0 


.. Positive integers are 7, 8, 9. 
we get b =a and b =3a 


(a, b) € R, (b, a) € R, 52 
.. The relation R, is not symmetric. 


Number of positive integers =3 
. As2™—2" = 48 =16 x3 =2* x3 
: => an(2™-" —1) =2* (2? -1) 
Transitivity We have (3, 1), (1 :| eR, “ n=4 and m-—n=2 


n=4 and m=6 
because (3)* — 4(3)(1) + 3(1)* =9 -12 +3 =0 


Now, m—-n=2 
aah ay «0 (2) | (2) =1 one 53. n((A x B) A(BX A)) =n((A 2 B) X(BO A)) 
3 3 3.3 =n(A  B)-n(Bo A) 


=n(A A B)-n(A- B) 


1 
Also, e :| é R,, because : 
3 =99x99=121x9 


2 
1 1 1 16 . = 
(3)? +-0)()43(2] =9-44+-=— #0 - =9 
3 3 3.3 54. (A)y =7x+1 
.. The relation R, is not transitive. f(x) =7x +1 
49. Given, a = 22, Y 
=12 
7 H E (0,1) 
x’ ox 
a 
and a+b+c=45 Let XX € Dy, 
=> 224+b+12=45 then F(x) = f(%) 
b=11=2A 41 => 7x,+1=7x,+1 > x, =x, 


=> X=5 fisone-one, VxeER 


yol 


Now, y=7xt+1> x= 


for each y € R, we getx ER 
f is onto function 
(B) y =cosx 
for x €[0,t]} y €[-1 1] 
.. f is one-one on [0 7], 
VxeR y e[-1, 1] 
y is not onto R. 
(C) y =sinx or f(x) =sinx 
for x €[0, 7], y €[0, 1] 


Oui) 


3 2 2 


.. f is not one-one on (0,7), 
Vx eRandy €[-1, 1] 
.. f is onto [-1, 1]. 
(D) y =1+ Inx and f(x) =1+ Inx 
y is defined for x € (0,00) 


Let xX; x, € Dr 
then f(x) = f(xy) 
=> 1+ Inx, =1+ Inx, 
=> X, = Xy 


.. f is one-one, V x € (0, °) 


55. (A) Let y =./3 —x + sin? =) 


For y to be defined 3 — x = 0 on -1 <= <1 
x<3 (i) 
=o S3= 2055 
and -1<x<4 (ii) 
From Eqs. (i) and (ii), we get 
x €[-1,3] 


(B) Let y = log, {1 — log,)(x” —5x + 16)} for y to be defined 
x’ —5x +16 >0and1 — log,,(x? —5x + 16) > 0 


2 
5 39 
E = *) + re > Oand log,,(x” —5x + 16) <1 


which is true, VxeR ...(i) 
=> x" —5x + 16 <10 

=> x? -5x+6<0 = (x—3)(x—2) <0 

> PA i a ...(ii) 


From Eqs. (i) and (ii), x € (2, 3) 


(C) Lety=cos — for y to be defined 


2+ sinx 
acer ‘ < 
dice 2 Zi E 1<sinx <1] 
2+ sinx [1 <2+sinx <3 | 


Multiplying by (2 + sin x) 
—(2+sinx) <2<2+sinx 


=> -2-sinx <2 |2<2+sinx 


56. 


57. 


58. 


59. 


60. 
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=> —sinx <4 |sinx20 
> sinx >—4 | 2nt<x<(2n+1)t,nez (i) 


We know that sin x € [-1, 1] 
an xeER 
From Eqs. (i) and (ii); x € [2km, (2k + 1)1] 


Domain = As [2kn,(2k + 17)] 
el 


(D) y =Vsinx + ./16 — x’ for y to be defined 


16-x’>0 


... (ii) 


sinx 20 


xe[2kn(2k+1)t],kel .i) |-4S5 x4 ...(ii) 
From Eqs. (i) and (ii), we get 
x e[-4,-12] U [0, 1] 
Let 


A = {y, Ay, 03... , An 


2 
Then, the number of binary relations on A=n"*") =n" 


2 
and number of relations form A to A =2”*" =2" 


Both statements are true but Statement-2 is not a correct 
explanation for Statement-1. 


Leta €(AM B)>Qa€A andaeB 


=> g(a) =0 
and f(@)=0 
= {f)}’ + {g@)}’ = 0 


=> Qisa root of {f(x)}’ + {g(x)}’ =0 

Hence, Statement-1 is true and Statement-2 is false. 
Let xe P(AXNB) 

= xc(AnB) 


oS xCA and xcB 
eS x € P(A) and x € P(B) 
eS x € P(A) A P(B) 


P(A B) c P(A)A P(B) 


and P(A) A P(B) c P(A B) 
Hence, P(A) A P(B) = P(A 2 B) 
Now, consider sets A = {1},B={2} = AU B={i,2} 


P(A) = {6, {1}}, P(B) = {6, {23}. 
and P(A U B)= {6 {1}, {2}, {1, 2} # P(A) U P(B)} 
Hence, Statement-1 is true and Statement-2 is false. 
n(A U B) =n(A) + n(B)—n(A 2 B) 

=3+6-n(AN B)=9-n(AN B) 
As maximum number of element in(A M B) =3 
.. Minimum number of elements in(A 7 B) =9-3 =6 


Both statements are true; Statement-2 is a correct explanation 
for Statement-1. 


A ={x: xis a natural number} 


B={x: xis an even natural number} 
C ={x: xis an odd natural number} 


D={x: xis a prime number} 
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(i) AN B={x:x=2n,neN}=B 

(ii) A A C = {x: xis an odd natural number} = C 
(iii) B 7 D ={x: xis prime natural number} = {2} 
(iv) CA D={x: xis odd prime natural number} 


61. U =Set of all people 
M = {Males} 

S = {College students} 

T = {Teenagers} 
W = {People having height more than 5 feet} 

(i) College students having heights more than 5 feet =S ~W 


(ii) People who are not teenagers and having their heights 
less than 5 feet = T’ 7 W’ 


(iii) All people who are neither males nor teenagers nor 
college students =(M UT USY 


X={(uy)ix? ty? <1} 
Y={(x,y):0<x<1-1<y<ti} 

X UY =((x,y):x? + y’ Slor0<x<land-1<y <1} 
X AY ={(x, y): x? + y’ <1and x > 0} 


62. 


A y 
0,1 t 
(0, 1) 0, 1) 
x’ >X 
(+1, 0) Vx x’ « Tila. 
(0, -1) ae 
=) 
vy’ { 
Y Y 
A» 
0, 1) 
(0, 1) 
< x X~ > 
oyya.n”* Gji.n” 
et (0, -1) 
¥. 
Y’ Y 
63. Given, a=20 (i) 
e+ ft+g=15 (ii) 
b+d+f+g=22 (iti) 
c=11 ...(iv) 
F 
C 
oy 
H 
c+td+et+g=25 ..(v) 
> dt+t+e+g=14 ...(vi) 
e=7 ...(vii) 
f=3 ...(viii) 
From Eqs. (vii), (viii) and (ix), 
e+g=12 ...(ix) 


e=7,f=3,g=5 


From Eq. (vi), d =2 

From Eq. (iii) b +24+3+4+5=22 

: b=12 

20, b =12,c=11,d =2,e=7, f =3,g=5 
Number of children play all the three games = g =5 


Hence, a 


Number of children play cricket and hockey but not football 
=d=2 

Number of children play hockey only = b = 12 

Total number of children in the group 


=atb+c+tdt+e+ft+g=60 
64. a+ fte+g=21 ...(i) 
b+d+f+g=26 ...(ii) 
c+td+e+g=29 (iii) 
ft+g=14 ..(iv) 
g+d=15 .-(v) 
e+ g=12 ...(vi) 
£=8 ...(vii) 
2 H 
(1\ 
—- 
F 
From Eggs. (vii) and (vi), e = 4 
Form Eqs. (vii) and (v), d =7 
From Eqs. (vii) and (iv), f =6 
From Eq. (iii), ¢ + 7+ 4+ 8=29=c =29—-19=10=c 
From Eq. (ii), b+ 7+6+8=26>b=26-21—5 b=5 
From Eq. (i), a+6+4+8=21>5a=21-185 a=3 
n(B)+nH)+nF) =at+b+ct+dt+et+ftg 
=34+54+104+74+44+648=43 
65. at+e+ft+g=120 ...(i) 
b+d+f+g=90 (ii) 
e+ f+cet+d=70 (iii) 
gt+f=40 ..(iv) 
f+d=30 .-(v) 
e+ f =50 ...(vi) 
M oa 
(<) 
a 
C 
U-(a+b+c+d+t+e+f+g)=20 
> at+tb+c+d+et+f+g=180 ...(vii) 
From Eqs. (i) and (iv), a+e=80 ...(viii) 
From Eggs. (ii) and (iv), b+d=50 ...(ix) 


66. 


67. 


From Eqs. (iii) and (v), e +c=40 
from Eqs (viii), (ix) & (x), a+ b+c+d+et+e=197 
from (xi), (vii) and (iv), 197 -e + 40 =180 

170 —e + 40 =180 


e =210 — 180 =30 


From Eq. (vi), e + f =50 


=> 30+ f =50 
=> f =20 
b+e+ f+g=205 
a+d+f+g=210 
c+d+e+g=120 

f + g=100 

e+ g =800 

d+ g=35 

g =20 


From Eqs. (vi) and (vii), d =15 

From Eqs. (vii) and (v), e = 60 

From Eqs. (vii) and (iv), f =80 

From Eq. (i), b + 60 + 80 + 20 =205 = b =205 — 160 
= b=45 =Can speak English but not Hindi or Tamil. 


From Eq. (ii) a + 15 + 80 + 20 =210 

=> a+115=210= a=95 
From Eq. (iii), c+ 15 + 60 + 20 = 120 

=> c =120-95 > c=25 


People who can speak neither E nor H nor T 
= 450 —(95 + 45+ 25 + 15 + 60 + 80 + 20) 
= 450 — 340 = 110 

c+ftgte=42 


b+d+gt+e=36 
at+f+d+g=30 


gte=15 

ft+g=10 
d=4 

e=11 


...(xi) 


...(i) 
...(ii) 


...(iii) 
...(iv) 


.. (vi) 


...(vii) 
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From (iv) and (vii), g+11=15> g=4 
From (v) and (viii), f+ 4=10 > f =6 
From (i),c+6+4+11=42 => c=21 
From (ii), b +4+4+11=365 b=17 
From (iii),a@+6+4+4=30>a=16 
Number of required persons 
=123-(16+17+21+4+114+6+ 4) 
= 123 —79 
= 44 
aRb iff n |(a — b)| i.e. (a — b) is divisible by n. 
Reflexivity a — a =0 which is divisible by n. 
So, (a,a)ER,Vael 


.. Ris reflexive relation. 


Symmetry Let(a,b)eR 


833 


..(viii) 


...(ix) 
...(Xi) 


...(xii) 


Then, (a, b) € R= (a — b) is divisible by n. 
> —(b — a) is divisible by n. 

> (b — a) is divisible by n. 

=> (b,a)ER 


.. Ris symmetric relation. 


Transitivity Let (a, b) € R,(b, c) € R, then (a — b) and (b — c) 


are divisible by n. 
a —b=nk, and b —c=nk, 
(a — b) + (b —c) =n(k, + k,) 
a—c=n(k, +k,) 
(a — c) is divisible by n. 
(a,c)ER 


.. Ris transitive relation. 


UUUUY 


“. Ris an equivalence relation. 


R defined on N x N such that 
(a, b) R(c,d) = ad =be 
Reflexivity Let(a,b)—eNxN 
> abe N => ab=ba 
> (a, b) R (a, b) 
.. Ris reflexive on, N x N. 
Symmetry Let(a, b),(c,d)éeNXN, 
then (a, b) R (c,d) ad = bce 
=> cb =da 
> (c, d) R (a, b) 
“. Ris symmetric on N x N. 
Transitivity Let (qa, b), (c,d), (e, fy) eNxXN 
Then, (a, b) R(c,d) =ad = be 
(c,d) R(e, f) = cf =de 
From Eqs. (i) and (ii), (ad) (cf) = (bc) (de) 
=> af =be 
> (a, b) R(e, f) 
.. Ris transitive relation on N x N. 
“. Ris equivalence relation on N x N. 


[ky, k, € I] 


...(i) 
...(ii) 
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(i) aRb S|a—b|>0 
Reflexivity a—a=0 
(a,a)¢R 
.. Ris not reflexive 


Symmetry (a,b)eR=>|a-—b|>0 


=> |-(b —a)>0| 
=> |b-a|>0 
> (b,a)ER 


.. Ris symmetric relation 
Transitivity (a,b) eR and (b,c)eER 


=> ja—b|>0 and |b-c|>0 
> |a—b|+|b-c|>0 [by addition] 
Now, leta>band b> c, thena>c 
ja—b|+|b-—c|=a—b+b-c=a-c>0 
> ja—c|>0 


If a<bandb>c, then 
ja—b\|+|b-c|=-(a—b)+(b-c)=-a+t+2b-c 
>» ja—c|>0 
.. Ris not transitive relation. 

(ii) aRb & |a| =|b| 
Reflexivity We have, |a|=|a| 
> aRaVa 


.. Ris reflecxive relation. 


Symmetry aRb=>|a|=|b| 

= |b] =| 

=> bRa 

“. Ris symmetric relation. 
Transitivity (a,b) ¢ Rand(b,c)eER 


= |a|=|b| and |b] =|c| 
= |a| =e| 
> (a,c)ER 


.. Ris transitive relation. 

(iii) aRb = |a| = |b| 
Reflexivity For anya € R, we have |a| = |a| 
So, aRa Va 
-. R is reflexive relation. 

Symmetry aRb= |a|=|b| 

> |b| <|a| 

.. Ris not symmetric relation. 

Transitivity aRb and bRc >|a| 2|b| and|b| =|c| 
> ja| =|c| 

=> aRec 

.. Ris transitive relation. 

(iv) aRb 1+ ab>0,Va,beER 
Reflexivity Leta ¢R>1+a-a=1+a’>0 
> (a,a)ER 
“. Ris reflexive on R. 

Symmetry Let (a, b) € R, then(a,b) ER 


> 1+ab>0 
> 1+ ba>0 
> (b,a) ER 


“. Ris symmetric on R. 


1 
Transitivity We observe that [. :| e€ Rand 


(3 ; -} € R but (1, —1) € R because 


1+(1)(-1)=0#0 
.. Ris not transitive on R. 


(v) aRb |a| <b 


Reflexivity Let —1 € R, then |—1| £(-1) 

.. Ris not reflexive relation 

Symmetry Now, let —3R 4, then |4| £ —3 

=> 4R-3 

..Ris not symmetric relation 

Transitivity aRb and bRc > |a| < b and|b| <c 
Then, jalSc =aRc 


.. Ris transitive relation. 


71. A={x:-1<xs} 


B={x:-1<xs} 


: x 
@) fx)= > 
2 
Let XX, EA 
ae! 
f(a) = fl) = == 
2 2 
=> X, =X, 
. f is one-one function. 
Now, let y st aoxa2y 
> -1sy<<l 
=> —2<$2y $25-2<8 x2 
Let x €[-1,1] 


“. There are some value of y for which x does not exist. 
So, f not onto. 


(ii) g(x) = |x| 
For x =—1, g(-1)=1 
and for x=1, g(1)=1 
.. f is not one-one function 
Let y =|x|, then y 20 
.. f is not onto. 
2 >0 
(iii) A(x) =x|x)=4" > ** 
=<"; x¥ <0 
y=x? 


ya-x? 


From figure, it is clear tat h is one-one and onto i.e., 
bijective. 


(iv) k(x) = x? 


kK(1) =1 
k(-1) =1 


So, k is many-one function. 


and 


From figure, y € (0, 1) 

“. y is not onto function. 
(v) y =U(x) =sintx 

for 


x=1, 11) =sint =0 


for x=~-1, l(—1) =sin(—7) = 0 
..l is not one-one. 

Now, -1<x<l1 

=> “TN SUXST 
=> -1Ssint x <1 
“. y is onto function. 

Hence, ! is surjective function. 


72. (fog)x = f(3x —2)=e*~? 


and (gof)x = g(e”) =3e" —2 

Let (fog)x=y > e* *=y 

> 3x-2=log.y => x= 2B 
_ 2+log.y 


=> (fog) '(y) - 


=> y>0So, domain of (fog) is (0, ©). 


Now, again let (gof)x =3e* —2 
=> parse 
aad 
x=lo 
(2 
eS +2 
= (gof)10) = bog {2} 
Clearly, yt+2>05y>-2 
. Domain of (gof)” is (-2, ©). 
2 
73. (x)= 2 * 
f x? 42x 
x(x -1) 
aera 
eee 
(x + 2) 
Dy ={x: x? + 2x #0} 
={x:x eR -—{0, —2}} 
Now, let y= = 
x+2 
=> yx + 2y =x-1> xy —-1)=-(1+2y) 


...(i) 


...(ii) 


[from Eq. (i)] 
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at pan! 3 
1-y 


Now, for y = 1, x is not defined. 


1 
Now, ca ela 
1 
Now, let Xj, Xq D, 
Pe! | X,—1 
Then, f(x,) = f(x) = +— = 


Xp+2 Xp t2 


=> Xx, + 2x, - x, -2= xXx, —- xX, +2x,-2 


> X, = Xp 
.. f is one-one function. 
Now, let y= = 

Ae 
Then, = = 

1l-y 

= 1+2 = 

= POT bh feaysr= fo 


Replace y by x, we get f-'(x) = aie 


(1 — x) 2-(1 + 2x) (-1) 
Gag) 

_2-2x+1+2x 

(=x) 


pon 
= Pre (x)} 


Domaner. {f-| (x)}=R-f1} 
dx 
f(x)=x° 1 
et ere _ 49 if x<0 
B(x) = yx rie)= {Oe x20 
*. (hofog) (x) = (hof) {g(x)} 
=(hof) x? +1 
=h{ f(x’ +1)} 
=Afy(x? + 1)? —1}=h(x? +1-1) 
=h(x?)= x? 
(fog) (x) = f{g(x)} 
2 
= fix? +1) =(V? +1) —1=x°+1-1=x" 
Let y =(fog)x =x", Vx R 


If x =1, theny =1 
If x =—1, then y =1 


[-t x” > 0] 


and 


So, fog is not one-one, so it is not invertible h(x) =)” 
For x =-1,h(-1) = 0and for x = —2, h(-2) = 0 


.. his not identity function. 
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Here, (3, 3), (6, 6), (9, 9), (12, 12) So, it is Reflexive and 
(3, 6), (6, 12), (3, 12) So, it is Transitive 
Here, reflexive and transitive only. 
Clearly, (x, x)eR,VxEW 
So, R is reflexive. 
Let (x, y) € R, then (y, x) € Ras x and y have atleast one letter 
in common. So, R is symmetric. But R is not transitive. 
e.g. Let x = INDIA, y = BOMBAY and z = JUHU 
Then, (x, y) € Rand(y, z) € Rbut(x,z)éR 
T={(% y):x-yel} 
As 0 € I, so T is a reflexive relation. 
Ifx-yeIl=>y-xel 
..T is symmetric also. 
Ifx—y=Iandy-—z=I12 
Then, x-z=(x-y)+(y-z)=1,+1, €1 
‘, T is also transitive. 
Hence, T is an equivalence relation. Clearly, x # x + 1=(x, x) €S 


..S is not reflexive. 


. ANB=ANC>B=Cand AUB=AUCSB=C 
Hence, B=C 
For disoint sets, AM B= 


Each element in either A or B or neither. 
81:A=BiffA=B=96 


.. Total ways = 3" 


Otherwise, A and B are interchangable 


.. Number of unordered pair for disoint subsets of 


3°41 
S= =41 
2 
xRy need not implies yRx. 
P 
eis “2qm=pm> ms" is reflexive. 
n q s on 
ee Sea symmetric. 
nq qin 
and mo P Ps! _5qm=pn, pt =4qr 
nqq it 
mor. iad 
=> mt = nr=>— S — is transitive. 
nit 


“. Sis an equivalence relation. 
P : sin® — cos@ = /2 cos® = tan@ = V2 +1 


OvainO' 2 cond S42 sae Send = eed 
2-1 


_ P=Q 
*» (fogogof) (x) = (gogof) (x) 
(sinsin x’)? = sinsin x” > sinsinx” = 0or1 
> x=+ Vnt,n € {0, 1, 2, 3,...} 
Statement-1 A = {(x, y) € RX R: y — xis an integer} 


(a) Reflexive xRy :(x — x) is an integer 
which is true. 


Hence it is reflexive. 


84. 
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(b) Symmetric xRy :(x — y) is an integer. 
= —(y — x)is also an integer. 
*, (y — x) is also an integer. 
=> yRx 
Hence, it is symmetric. 
(c) Transitive x Ry andy Rz 
= (x —y)and(y — z) are integere and. 
=(x-—y )+(y —z) is an integer. 
= (x — z) is an integer. 
=>xRz 
.. It is transitive 
Hence, it is equvalence relation. 
Statement-2 
B={(x,y)€RxXR:x=y for some reational number } 
If a =1, then 
xRy : x =y (To check equivalence) 
(a) Reflexive xRx: x = x (True) 
.. Reflexive 
(b) Symmetric xRy:x=y>y =x=> yRx 
.. Symmetric 
(c) Transitive xRy and yRz>x=y 
and y=z=>x=z = xRz 
*, Transitive 
Hence, it is equivalence relation. 
..Both are true but Statement-2 is not correct explanation of 
Statement-2 
*" Ax B has 8 elements. 
.Number of subsets = 2° = 256 


Number of subsets with zero element = °C, =1 
Number of subsets with one element = °C, =8 


Number of subsets with one elements = °C, = 28 


Hence, Number of subsets of A x B having 3 or more elements 
= 256 —(1+ 8 + 28) = 256 —37 =219 
Since, 4” —3n—-1 =(1+3)" —3n-1 
= (14+ "C, 34+ "C,-37+ "C3°3° +...4"C, -3")-3n-1 
= 3°("C, + "C,°34...4."C,-3"~7) 


= 4" —-3n-1isa multiple of 9 for n > 2 
For n =1, 4" -3n-1=4-3-1=0 

For n = 2, 4" —-3n-1=16-6-1=9 

.4" —3n—1is multiple of 9 for alln € N. 


It is clear that X contains elements, which are multiples of 9 
and Y contains all multiples of 9. 


XCY ie, XUY=Y 
n(A) = 4,n(B) =2 > n(Ax B) =8 
The number of subsets of A x B having at least three elements 
= °C, + °C, + °C, +...4°C, 
= 2° -PO,+°C,+°C,) 
= 256 -(1+8 +28) =219 


